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Preface 


This  volume  contains  the  2003  Annual  Progress  Reports  of  the  postdoctoral  fellows 
and  visiting  scholars  of  the  Center  for  Turbulence  Research.  In  2003  CTR  sponsored  19 
resident  Postdoctoral  Fellows,  5  Senior  visiting  scholars,  4  doctoral  students  and  hosted 
9  Research  Associates.  The  volume  contains  progress  reports  on  a  wide  range  of  sub¬ 
jects  reflecting  the  impact  of  the  dynamic  subgrid  scale  model  on  new  application  areas, 
and  the  close  association  of  CTR  with  efforts  funded  at  Stanford  University  by  the  De¬ 
partment  of  Energy,  the  Air  Force  Office  of  Scientific  Research  and  the  U.S  Office  of 
Naval  Research.  The  development  of  core  technology  for  gas  turbine  application  remains 
the  largest  component  of  CTR’s  effort.  This  reflects  the  support  received  by  CTR  from 
NASA’s  Ultra  Efficient  Engine  Technology  Program  in  turbulent  combustion  research. 
Close  coordination  with  the  efforts  supported  by  DOE’s  ASCI  program  at  Stanford  en¬ 
ables  rapid  transfer  of  progress  in  fundamental  understanding  and  modeling  to  realistic 
aircraft  engine  simulations.  Several  reports  show  progress  in  simulation  of  multiphase 
flows  in  general,  and  sprays  in  particular.  Level  set  methods  have  been  developed  to 
model  the  primary  breakup  of  sprays,  and  adaptive  level  set  methods  have  been  applied  to 
study  three-dimensional  breakup  of  drops.  A  new  Eulerian-Lagrangian  formation  shows 
great  potential  for  the  extension  of  particle  methods  to  the  dense  regime  in  sprays.  Ad¬ 
vances  in  multiphase  flow  simulation  enabled  new  studies  in  other  problems  such  as  the 
Richtmyer-Meshkov  instability.  Major  progress  has  been  made  in  transferring  the  multi¬ 
phase  technology  to  the  unstructured  LES  code  being  developed  to  simulate  realistic  gas 
turbine  combustors.  Simulation  of  the  flow  in  turbine  blade  cooling  passages  shows  the 
power  of  the  immersed  boundary  technique  in  enabling  realistic  simulations  in  complex 
geometry,  and  is  a  good  example  of  the  continuing  and  indispensable  research  at  CTR  on 
numerical  methods.  The  increased  number  of  reports  on  geophysical  and  astrophysical 
applications  reflects  an  active  effort  at  CTR  to  contribute  to  all  of  NASA’s  enterprises. 
Close  collaborations  with  scientists  from  NASA’s  Solar  D5mamics  Observatory  (SDO) 
project  have  been  established.  New  macroscopic  models  of  radiative  transfer  are  being 
developed  for  application  to  the  soot  problem  in  combustion  and  to  atmospheric  and 
solar  simulations.  The  application  of  improved  sub-grid  scale  models  in  cloud  simula¬ 
tions  show  great  potential  in  improving  the  predictive  capability  of  atmospheric  codes. 
Early  indications  point  to  a  similar  success  in  improving  simulations  of  the  sun  interior. 
New  transport  equations  for  sparse  particle  systems  such  as  clouds,  have  been  derived 
and  will  be  applied  to  cloud  seeding  by  aircraft  contrails.  Ocean  modeling  is  becoming 
of  increased  importance  to  NASA  in  support  of  its  mission  to  understand  and  protect 
our  home  planet.  Efforts  in  this  area  have  focused  on  simulating  regional  ocean  patterns. 
Other  efforts  show  continued  support  by  CTR  of  fundamental  studies  in  turbulence  and 
other  multiscale  phenomena.  These  theoretical  efforts  have  been  the  seed  of  new  ideas 
and  will  continue  to  be  of  interest  to  CTR. 
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Macroscopic  models  of  radiative  transfer  as 
applied  to  computation  of  the  radiation  field  in 
the  solar  atmosphere 

By  J.-F.  Ripoll,  A.  A.  Wray 


1.  Motivation  and  objectives 

The  two  stream  method,  also  called  the  two-flux  approximation,  distinguishes  between 
incoming  and  outgoing  radiation  for  improved  accuracy  relative  to  one-stream  methods 
while  retaining  reduced  numerical  cost  relative  to  full  RTE  solutions  (Mihalas  k  Mihalas 
1984;  Siegel  k  Howell  2001).  It  assumes  different  radiation  from  each  source,  each  uni¬ 
form  over  its  half-space,  which  constitutes  the  weak  point  of  the  method. 

This  concept  has  recently  been  used  by  Dubroca  k  Klar  (2002),  where  they  derive  a 
unidimensional  macroscopic  moment  radiation  model  for  each  stream;  they  call  this  a 
half  moment  model.  The  pressure  closure  is  obtained  by  using  maximization  of  entropy 
(Minerbo  1978),  which  allows  them  to  avoid  any  isotropic  assumption  about  the  radiative 
intensities. 

In  this  paper  a  new  three  dimensional  half-moment  model  for  radiative  transfer  is  pre¬ 
sented  for  a  gray  medium.  It  describes  the  evolution  of  the  zeroth  and  first  directional 
half  moments  of  the  radiative  intensity.  The  closure  is  provided,  similarly  to  Dubroca 
k  Klar  (2002),  by  the  maximum  entropy  concept.  This  work  generalizes  that  model  to 
three  dimensions. 

The  splitting  of  the  direction  of  propagation  fi  into  two  pieces,  12+  and  12“,  in  Dubroca 
k  Klar  (2002)  was  done  by  cutting  the  12-space  in  a  static  sense,  meaning  that  the  same 
definition  of  -h  and  —  was  used  at  all  points  in  the  domain.  This  direction  splitting  is 
clearly  the  best,  at  least  the  most  intuitive  one,  for  unidimensional  problems,  but  this  is 
not  necessarily  true  for  multi-dimensional  problems.  As  a  matter  of  fact,  and  in  contrast, 
the  splitting  is  here  done  dynamically  according  to  the  direction  of  the  total  radiative  flux 
at  each  point.  At  any  point  of  the  domain,  our  model  considers  that  the  radiative  flux 
defines  the  main  direction  of  propagation,  the  positive  direction  12+ ,  and  a  negative  one, 
in  the  opposite  direction,  12“ .  This  dynamic  way  of  splitting  the  domain  of  directions 
appears  to  be  a  natural  one  for  multidimensional  problems. 

This  particular  choice  for  the  splitting  also  allows  the  pressure  model  to  be  analytically 
computed,  which  is  not  the  case  for  a  static  definition  of  the  half  moments.  However,  it 
does  have  a  very  unfortunate  consequence:  since  the  half  spaces  12+  and  12“  are  depen¬ 
dent  on  the  radiative  flux,  they  become  variable  in  time  and  space.  The  integration  of 
the  radiative  transfer  equation  (RTE)  over  these  subspaces  is  then  complicated.  Never¬ 
theless,  if  the  radiation  is  assumed  isotropic  in  the  plane  perpendicular  to  the  direction 
of  propagation,  which  we  believe  is  a  reasonable  assumption  for  a  two-direction  model, 
the  integration  of  the  RTE  over  these  spaces  can  be  done.  Unfortunately,  the  integration 
introduces  unclosed  border  terms  involving  the  intensity  in  this  plane.  A  closure  will  then 
be  provided  below  by  a  model  for  this  intensity. 

In  order  to  derive  the  radiative  pressure  tensor  and  then  to  be  able  to  close  the  system. 
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a  further  assumption  is  necessary:  the  positive  component  of  the  flux  is  assumed  to  be 
nearly  parallel  to  the  total  flux,  the  negative  one  becoming  then  necessarily  anti-parallel 
This  is  obviously  true  in  one  dimension,  but  not  in  general,  and  constitutes  our  main 
assumption  in  the  pressure  derivation.  It  holds  nevertheless  exactly  in  two  important 
limits:  at  radiative  equilibrium  and  for  strongly  anisotropic  radiation. 

The  model  presented  here  (the  derivation  being  done  in  Ripoll  &  Wray  (2003)),  called 
the  model,  is  a  hyperbolic  system  consisting  of  a  total  of  eight  equations  in  three 

dimensions,  four  equations  for  each  direction.  Each  half  model  has  the  classical  form  of 
a  macroscopic  moment  model  in  which  the  pressure  tensor  is  constructed  from  the  well- 
known  Eddington  tensor  with  a  particular  Eddington  factor.  Moreover,  different  source 
and  border  terms  occur.  The  latter  introduce  couplings  between  the  macroscopic  and 
microscopic  quantities  and  between  the  +  and  —  streams,  through  the  intensity  in  the 
plane  perpendicular  to  the  flux. 

One  of  the  major  advantages  of  this  model  is  that  independent  incoming  and  outgoing 
boundary  conditions  are  allowed,  which  is  not  possible  with  full  moment  models.  More¬ 
over,  the  flux  stays  limited  by  the  speed  of  light  and  the  underlying  intensity,  which  can 
always  be  deduced  from  the  macroscopic  quantities.  The  flux  is  described  by  a  Planck 
function  at  radiative  equilibrium  or  by  one  (or  two)  Dirac  function(s)  in  one  (or  two) 
direction(s)  of  propagation  in  the  anisotropic  limit(s).  Furthermore,  the  maximum  en¬ 
tropy  closure,  which  has  been  often  applied  to  radiative  transfer  (see  for  instance  (Ripoll 
2004))  will  be  shown  as  a  very  useful  and  powerful  concept  allowing  the  derivation  of 
new  accurate,  well-defined,  and  robust  models. 

The  main  theoretical  application  of  the  half  moment  model,  treated  in  this  paper,  is  its 
reduction  to  a  full  moment  model,  called  M^,  for  the  particular  but  important  case  of  a 
hot,  opaque  source  radiating  in  a  cold  transparent  (or  semi-transpaxent)  medium  for  very 
specific  applications,  such  as  stellar  interiors  or  atmospheres,  or  combustion  problems. 
This  model  consists  of  four  equations  and  is  derived  from  the  half  moment  model  with 
fairly  simple  arguments.  The  model  is  tested  on  a  simple  test  case  for  different  values 
of  the  opacity  and  will  be  shown  to  give  very  good  results,  better  than  those  obtained 
from  either  the  Pi  or  Mi  closures.  For  all  problems  presented  in  this  paper,  the  solutions 
obtained  by  the  new  models  are  compared  with  those  obtained  by  using  a  ray-tracing 
solver  of  the  RTE.  It  will  be  shown  numerically,  partially  here  and  mostly  in  Ripoll  Sc 
Wray  (2003),  that  the  model  constitutes  an  improvement  of  the  existing  closures 
and  may  be  particularly  useful  for  treating  radiation  in  stellar  interiors  or  atmospheres. 

The  problem  of  a  modeled  solar  atmosphere,  in  which  the  opacity  is  roughly  approx¬ 
imated  by  that  at  a  wavelength  of  500  nm  (Vernazza  et  al.  1981),  will  be  solved  and 
discussed.  The  radiation  field  is  obtained  from  the  model  at  reasonable  accuracy. 

The  structure  of  the  paper  is  as  follows.  In  section  2,  the  model  is  presented.  In 

section  3,  for  the  particular  case  of  a  hot,  opaque  source  radiating  into  a  cold  medium, 
the  half  moment  model  is  reduced  to  the  model.  In  section  4,  we  first  solve  a  simple 
and  academic  problem  to  validate  the  models,  followed  by  a  simplified  solar  atmosphere. 
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2.  The  Half-Moment  Model 

2.1.  The  radiative  transfer  equation 
The  radiative  transfer  equation  in  an  non-scattering,  emitting,  and  absorbing  gray  medium 
is  given  by 

-dj  +  n  •  V7  =  aB{u,  T)  -  al,  (2.1) 

c 

where  the  intensity  I  =  /(t,  r,  H,  z/)  is  a  function  of  the  time  t,  the  position  r,  the  direction 
of  propagation  ft  and  the  frequency  u.  The  Planck  radiative  intensity  B  describes  the 
isotropic  emission  of  the  medium  at  frequency  i/  and  temperature  T.  Here  c  is  the  velocity 
of  light  and  a,  the  spectral  absorption  coefficient  or  opacity,  is  assumed  to  be  independent 
of  i/.  By  integrating  the  RTE  over  frequency  and  introducing  the  quantity  J(t,r.fl)  = 
J(t,  r,  lit,  z/)  dz/  =  ( / ) t,  we  obtain 

i9(J  +  n-VJ  =  ^r^  -aJ,  (2.2) 

c  47r 

where  the  constant  o  is  given  by  a  =  (87r®A;^)/(15/i^c^), 

2.2.  Derivation  of  the  Half-Moment  Model 

Two  half  spaces,  defined  by  the  direction  of  propagation  of  the  radiation,  are  introduced, 
splitting  the  domain  fl  into  2  disjoint  pieces,  fl'^  and  such  that  ft  =  U  fl~j 
n  n“  =  0,  and 

=  {«  /  Fr/Fr  •  n  >  0},  (2.3) 

12-  =  {1^  /  Fr/Fr  ‘  n  <  0},  (2.4) 

where  Fr  designates  the  radiative  flux  and  Fr  its  normj.  fl^  are  then  two  unit  half 
spheres,  obtained  by  cutting  the  sphere  fl  by  the  plane  perpendicular  to  the  flux  vector 
Fr,  Px  =  {Q  /  FR'fl  =  0}. 

The  three  first  moments,  Er,  Fr,  and  Fr,  respectively  the  radiative  energy,  flux 
vector  and  pressure  tensor,  of  the  radiative  intensity  I  according  to  the  frequency  and 


the  direction  are  defined  by 

Ffl  =  (nj)n,  Pfi  =  i(fl®nj)fj,  (2.5) 

o  c 

In  a  similar  way,  the  half  moments  Er^,  F^,  and  are  defined  by 

ER^  =  l{J)n±^  F|  =  (nJ)ni,  P±  =  i  (n®f2  J)^^  ,  (2.6) 

c  c 

By  construction,  the  following  properties  hold 

Er  =  Er+  +  Er-,  Fr  =  F++F^,  Pr  =  P++P«.  (2.7) 

Three  unit  vectors  of  propagation  n,  n'*',  n"  are  defined  according  to  the  direction  of 
the  radiative  flux  and  half  fluxes: 

u^Fr/Fr,  n+  =  F+/7'+,  n-  =  F^/F«,  (2.8) 


It  is  assumed  herein  that  the  positive  component  of  the  flux  can  be  taken  to  be  approx¬ 
imately  parallel  to  the  flux  itself,  ~  ±n  (hypothesis  HI).  This  assumption  is  true 

t  We  will  denote  the  integration  of  a  function  /  over  the  variables  X,  Y,  Z  as  {f)x,Y,z 
J  for  the  sake  of  brevity,  the  norm  of  a  vector  v  will  be  always  denoted  as  v. 
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when  the  radiation  is  isotropic  or  strongly  anisotropic  but  is  less  accurate  in  intermediate 
cases.  As  a  consequence  of  the  previous  definitions,  the  negative  component  of  the  flux 
then  becomes  anti-parallel  to  the  flux  F^.  The  previous  relationship  among  the  radiative 
fluxes  can  then  be  rewritten  as 

Fr  =  F+n+  +  F^n-  ~  -  F^  n.  (2.9) 

Integrating  the  radiative  transfer  equation  (2.2)  over  each  half  direction  leads  to 

/  dtJdn+  f  n  •  VJdfl  =  laraT*  -  caE^.  (2.10) 

Jni  Jni  2 

Multiplying  the  radiative  transfer  equation  (2.2)  by  SI  and  integrating  over  the  half 
directions  leads  to 

If  dtSlJdSl  +  cf  Sle>Sl-VJdSl=lccTaT^n^ -cF^.  (2.11) 

C  Jn±  yn±  ^ 

The  two  subspaces  have  been  chosen  in  order  to  partition  the  domain  in  a  physically 
natural  way  and  to  allow  the  radiative  pressure  to  be  closed  (see  section  2.3).  But  the 
partitioning  causes  the  bounds  of  integration  over  to  depend  on  the  flux  and  hence 
on  x,y,z,t,  and  so  disallows  commuting  derivatives  and  integrals  over  Nevertheless, 
it  has  been  possible  to  perform  these  integrals.  The  following  relationships  hold  provided 
that  the  radiation  is  assumed  to  be  isotropic  in  the  plane  perpendicular  to  the  direction 
of  the  flux  (hypothesis  H2),  for  example  if  described  or  modeled  by  a  radiative  intensity 
Ij_  such  as  that  in  the  next  section. 


/  dtJ  dSl  oi  dtE^, 

./n± 

(2.12) 

/  n- VF|-7r7xVn=^, 

(2.13) 

f  dtSlJdSlc:idtFi--Jxdtn^, 

(2.14) 

n  <g)  S7  •  V  J  '  p^, 

(2.15) 

where  J±  =  {I±)^-  These  relationships  are  derived  in  Ripoll  &  Wray  (2003)  using  as¬ 
sumption  (H2)  which  leads  to  canceling  of  two  of  the  border  terms  in  (2.12)  and  in 
(2.15)  and  to  a  simple  form  of  (2.13)  and  (2.14).  Thus,  the  model  is  given  in  three 
dimension  by 

dtE^  +  V  •  -  TT JxV  •  ix±  =  ^caaT*  -  caE%,  (2.16) 

^dtF%  -  ^  Jx9tn±  +  cV  •  =  ^caaT*n^  -  (rF|.  (2.17) 

The  closure  of  the  model  will  be  provided  by  models  for  the  radiative  pressure  and  J± 
in  the  next  section. 
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2.3.  Closure  of  the  Half-Moment  Model 
2.3.1.  A  model  for  the  pressure 

A  special  radiative  intensity  I*  with  the  following  form  is  chosen 


in  which 


2hu^ 

(? 


T 


and  where  A  and  B  are  defined  on  and  Ct  as  follows 
A+n**"  on  n  •  f2  >  0 


A  = 


and  B  = 


An  on  n  •  n  <  0 


B"^  on 
B~  on 


n  •  n  >  0 
n  •  n  <  0 
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(2.18) 


(2.19) 


(2.20) 


This  intensity,  determined  by  the  so-called  maximum  entropy  closure,  provides  a  way 
to  close  the  radiative  pressure  by  approximating  it  with  computed  from  I*.  This 
constitutes  the  third  and  last  assumption  (H3)  used  here  to  derive  the  model. 

If  the  scalar  B  and  the  vector  A  are  defined  from  the  two  constraints  Er  =  and 

Fii  =  intensity  /*,  defined  in  (2.18),  maximizes  the  radiative  entropy 

under  these  constraints  (Minerbo  1978).  The  subdivision  into  12+  and  fl~  does  not  change 
this  property,  and  as  a  direct  consequence  of  (2.7)  we  have  that  the  restricted  intensities 
I*^±  maximize  the  radiative  entropy  under  the  constraints  Er^  =  ” 

(n/*)  .  Unfortunately,  it  is  not  possible  to  obtain  a  closed  form  for  the  pressure  using 

these  constraints  directly;  instead  we  use  HI  to  approximate  the  constraints  as  follows 

W  ^  (nr(±n)>,,„± ,  (2.21) 

The  abbreviated  notation  /*(n^)  is  used  to  denote  I*  as  defined  using  A  in  (2.20),  and 
/*(dbn)  denotes  I*  using  instead 

A  =  A'^'n''’  Cii  A"*"!!  on  n  •  n  >  0  ;  A  =  A'^n"  ~  — A~n  on  n  •  fi  <  0,  (2.22) 


which  corresponds  to  the  use  of  HI  in  the  definition  (2.20).  The  computation  of  A,  from 
now  approximated  by  (2.22),  and  B  is  shown  in  done  in  Ripoll  Sz  Wray  (2003).  Actually, 
the  assumption  HI  was  not  needed  before  this  point  of  the  derivation. 

The  radiative  pressure  tensor  P t  is  approximated  by  Pt*,  computed  in  Ripoll  &  Wray 
(2003),  and  is  written 


p|=  /  f  n(8)nj*(n=^)dn  =  p|* ~  f  n®nj*(±n)dn 

~  =  D%Er^  = 

where  has  the  form  of  the  well-known  Eddington  tensor  evaluated  for  an  anisotropy 
f'*'  =  given  by 


D±=D«(f±)  = 


,  3x(/±)-l  f±®f± 


Id-I- 


.±2 


2 


(2.23) 
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in  which  the  Eddington  factor  x  is 


x(/*) = 


1+6/±  +  Vi  +  12/±-12/±^ 


if  >  0.5  and  xif^)  =  elsewhere. 


(2.24) 


There  is  then  no  coupling  between  outgoing  and  incoming  radiation  in  the  pressure  model. 
The  isotropic  and  anisotropic  limits  0  and  /  — )^  1)  of  the  model,  which  define  its 

range  of  validity  are  discussed  in  Ripoll  &:  Wray  (2003).  The  corresponding  range  of 
is  [1/2,1];  this  range  will  hold  numerically  as  well  if  the  limitation  on  the  Eddington 
factor  X  Is  enforced  as  in  (2.24),  but  not  otherwise.  The  Eddington  factor  is  hence  in 
total  agreement  with  the  domain  of  definition  of  /^.  Without  this  limitation  on  x? 
lower  than  1  /2  implies  a  radiative  intensity  defined,  problematically,  in  terms  of  an  A 
with  a  negative  norm. 


2.3.2.  A  model  for  I±  and  J± 

The  radiative  intensity  I* ,  which  has  been  used  to  derive  mean  absorption  coefficient 
(Ripoll  et  al  2001),  can  be  used  as  well  to  model  the  border  terms  coming  from  the 
integration,  since  I*  is  isotropic  in  the  plane  perpendicular  to  the  flux  and  we  have 


±  =  —  exp(^)  -  1 


(2.25) 


since  =  0  for  n  G  Px  and  is  given  in  Ripoll  Sz  Wray  (2003).  is  a  Planck 

function  evaluated  in  when  radiation  are  isotropic  and  vanishes  when  radiation  are 
anisotropic  in  the  direction  of  the  flux.  The  main  problem  of  this  model  is  that  the 
intensity  is  reconstructed  from  the  plus  and  minus  macroscopic  quantities.  There  is  then 
two  intensities  which  should  have  the  same  value  in  P±,  but  nothing  can  guaranteed 
it.  The  definition  of  /t  in  Px  in  then  not  obvious  and  we  propose  simply  an  average  of 
the  two  values  II  . 


r.  ^1'^  + 


7*  +  7* 


where  JT  ^  is  given  by 


aT^  _  6(1 -A^)^ 

47rP±^  “  47r  + 


1  _  2/±  +  ./-12/±^  +  12/±  4- 1) 


/±(6/±  +  1  +  V-12/±^  +  12/±  +  1) 


(2.26) 


(2.27) 


(2.28) 


j;  is  a  function  of  Tp  and  f=^  which  decrease  from  their  isotropic  values  P 


I 2it  (note  that 


aT^I^'K  at  equilibrium)  to  their  anisotropic  values  J* 


0.  Moreover,  it  can  be  seen  that  could  constitute  a  rough  model  for  Jx- 

One  could  think  the  average  (2.26)  is  arbitrary  and  any  average  of  the  form  J\_ 
(aJj^"^  +  6J2~)/(^  +  could  have  been  chosen.  Actually,  <2  =  1  and  6  =  1  is  the  only 
combination  allowing  the  model  (2.26)  to  get  the  exact  isotropic  value  Jx  =  Pfi/(47r)  = 
{Et  +P^)/(47r).  (The  demonstration  is  obvious  using  (2.28)  with  /=*=  — >  1/2  in  (2.26)). 
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Finally,  the  8  equations  in  three  dimension  of  the  model  are 

+  V  •  F|  -  TT  V  •  n±  =  IcaaT^  -  c(tE%  ,  (2.29) 

Li 

-dt¥%  -  -Jiatn±  +  cV  •  (Dfl(f±)  Er^)  =  \caaT'^n^  -  aF%  (2.30) 

C  C  41 

and  have  been  derived  using  the  three  assumptions  HI,  H2,  and  H3,  The  positive  and 
negative  quantities  are  then  only  coupled  by  the  model  for  given  in  (2. 26)- (2. 28), 
which  constitutes  the  last  approximation,  and  when  the  full  moment  are  reconstructed. 


3.  A  new  3D  moment  model  for  a  hot  opaque  medium  emitting  in  a  cold 
medium 

Prom  the  half  moment  model,  a  new  moment  model  is  derived  for  a  particular,  but 
nevertheless  important,  case:  a  hot  opaque  source  emitting  in  a  cold  medium.  It  can 
be  seen  in  (2. 29)- (2. 30)  that  the  non-linearity  of  the  radiative  pressure  does  not  allow 
reducing  a  closed  full  moment  model  from  the  sum  of  the  two  half-moment  models  in 
the  general  case.  As  a  matter  of  fact,  this  sum  leads  to 

dtER  +  V  •  Fii  =  oraT^  —  cctEr,  (3.1) 

iatFfl  +  cV  •  (Dfl(f+)£:H+  +  Dfi(f-)£;fl-)  =  -ctFr,  (3.2) 

C 

where  the  border  terms  have  canceled  when  added,  as  did  the  half  emission  terms  of  the 
flux  equations,  and  where  a  pressure  remains  which  is  expressed  in  terms  of  unclosed 
quantities. 

Prom  this  system,  it  is  however  possible  to  reconstruct  a  full  closed  moment  model  in 
the  particular  case  of  a  hot,  opaque  opaque  source  emitting  in  a  cold,  transparent  (or 
semi-transparent)  medium.  We  will  discuss  at  the  end  of  this  section  how  the  source  and 
the  exterior  medium  must  be  characterized  with  regard  to  their  temperature  and  opacity. 

We  now  discuss  the  two  domains  in  this  particular  problem. 

1)  First,  inside  the  hot,  opaque  source  where  radiation  can  be  considered  as  nearly 

isotropic  (/^  0.5),  the  linear  Pi  limit  holds  for  both  half-moment  models  since  in  this 

limit 

=  5(^5  +  Er)  =  (3-3) 

The  condition  0.5  implies  /  0.  We  will  assume  for  this  model  that  radiation 

can  be  considered  isotropic  for  /  <  0.5.  It  should  be  noticed  that  radiation  is  usually 
considered  nearly  isotropic  for  /  <  0.3  (the  Pi  validity  domain);  we  assume  that  it  is 
possible  to  extend  this  range  to  /  <  0.5  without  too  much  impact  on  the  solution  because, 
for  many  applications,  the  anisotropic  factor  /  is  predominantly  either  close  to  0  or  1. 
The  latter  case  will  be  handled  next. 

2)  Within  the  cold,  transparent  medium,  a  cold  equilibrium  is  assumed  for  the  negative 
half  moments  while  the  positive  ones  are  strongly  anisotropic  due  to  the  radiating  source, 
implying  f'^»  0.5. 

The  exterior  medium  is  assumed  to  be  cold  enough  such  that  <<  Ej  and  ||Er.  “  ||  << 
(or  indifferently  Fr.~  «  Fr.'^  Vi  —  1..3).  Then  Er  ~  E^  and  Fr  ~  E^  lead 
to  /  ~  and  hence  f  »  0.5.  Finally,  using  these  approximations 

Pr  =  Dh+E+  +  Br~e^  ~  D,2(/+)E+  -  D+(/)Eh. 


(3.4) 
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It  must  be  noticed  now  that  the  Eddington  factor  Dj(/),  given  in  (2.23)-(2.24)  is 
limited  by  construction  to  =  1/3  when  /+  <  0.5,  and  since  /+  /,  this  leads  to  the 

Pi  closure  when  radiation  is  isotropic.  This  tensor  then  naturally  makes  the  transition 
from  Dj  =  1/3  to  D^{f).  Thus  the  same  full  moment  model  is  found  to  be  valid  inside 
the  hot,  opaque  medium  and  the  cold  one  and  is  able  to  establish  the  transition.  The 
radiation  field  is  hence  fully  described  by  this  model,  called  here  ,  which  is  written 


with 


dtEn  +  V  •  Fi?  =  caaT^  -  cctEr, 
+  cV  •  (Dj(/)  Er)  =  -<7Fr, 


(3.5) 

(3.6) 


^Uf)  = 


1-X+(/)t.,  ,  3x+(/)-l  f®f 
2  2  P 


(3.7) 


and 

Y+ff)  =  - if  /  >  0.5  and  xif)  =  1/^  elsewhere.  (3.8) 

^  l+6f  +  y/l  +  12f-12P 

This  four  equation  model  gives  equations  for  the  full  moments  and  for  a  range  of  the 
anisotropy  /  €  [0, 1).  It  should  be  noticed  here  that  this  reduction  to  a  full-moment  sys¬ 
tem  is  only  possible  because  the  positive  flux  always  radiates  in  the  full  flux  direction, 
whatever  this  direction  is.  With  a  classical  splitting  of  the  flux,  where  the  positive  com¬ 
ponent  of  the  flux  is  statically  defined,  such  a  reduction  is  not  possible  since  incoming 
and  outgoing  radiation  cannot  be  distinguished. 

This  model  describes  radiation  emitted  by  a  source  which  is  isotropic  inside  (Pi  must 
be  valid  inside)  and  radiating  into  a  exterior  domain  in  a  strongly  anisotropic  way.  This 
signifies  that  this  exterior  medium  is  not  radiating  much  compared  to  the  source,  but 
might  for  example  absorb  part  of  emitting  radiation  of  the  source  provided  that  it  does 
not  re-radiate  towards  the  source.  Moreover,  if  the  exterior  medium  is  too  opaque  or  too 
hot,  the  anisotropy  factor  will  stay  lower  than  0.5  and  the  model  will  simply  reduce  to 

Pi. 

The  domain  of  validity  of  is  then  quite  large.  It  will  be  valid  in  many  applications 
where  the  main  interest  is  to  compute  the  heat  loss  of  a  source  by  radiation  in  a  non¬ 
remitting  medium,  in  particular  for  luminous  flames  and  fires  burning  in  ambient  air  and 
for  stars  radiating  into  their  thin  atmospheres. 

We  will  see  in  the  next  section  that  this  model  gives  results  very  close  to  those  obtained 
by  a  RTE  ray-tracing  solver. 


4.  Numerical  Results 

4.1.  A  black  hot  sphere  radiating  into  an  infinite  semi-transparent  cold  gas 

The  first  case  is  a  hot  black  sphere  of  radius  r  =  1  which  emits  at  an  intensity  =  1  into 
an  infinite  absorbing  cold  gas  (T  =  0)  of  two  different  and  small  opacities  a  =  0.1,0.01. 
In  terms  of  macroscopic  quantities,  we  have  inside  the  sphere:  E^^  =  27r,  =  ±7r, 

Er^  =  47r  and  ¥r^  =  0. 

For  this  case  the  positive  flux  will  remain  positive  and  the  negative  quantities,  which 
vanish,  do  not  need  to  be  computed.  Moreover,  the  exact  value  of  Jj_,  which  here  is 
simply  J±  =  0,  is  used.  The  outgoing  boundary  conditions  are  drER"^  =  0,  drF%  =  0  at 
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Figure  1.  Radiative  quantities:  energy,  flux  and  anisotropy.  Left:  c7  =  0.1.  Right:  cr  =  0.01 


Figure  2.  Comparison  between  5  models  for  a  =  0.1.  Left:  Radiative  Energy.  Right:  Radiative 

Flux. 

r  =  1.6,  similarly  drEji  =  0,  drFji  =  0  for  the  full  moment  models,  in  order  to  simulate 
an  infinite  domain. 

We  compare  in  Fig.  1,  the  steady  states  of  the  radiative  energy,  flux,  and  anisotropic 
factor  given  by  to  those  obtained  by  the  RTE  solver  for  cr  =  0.1, 0.01.  Results  are 
in  very  good  agreement  for  each  of  these  quantities. 

We  compare  in  Fig.  3-2,  both  radiative  energy  and  flux  obtained  by  five  models  for 
these  opacities:  RTE,  Mi,  Pi  and  the  new  M^.  Results  obtained  by  the  RTE  and 

the  solvers  were  presented  in  the  two  previous  figures.  The  full  moment  methods 

Ml ,  Pi  and  M^^  are  solved  from  inside  the  hot  sphere  since  no  boundary  conditions  can 
be  prescribed  at  r  =  1,  contrary  to  the  RTE  and  the  Mj^^  solvers.  is  in  its  range 
of  applicability  and  gives  results  almost  as  good  as  those  of  Mj .  It  might  be  presumed 
that  the  small  difference  between  them  comes  from  the  difference  of  the  boundary  con¬ 
ditions.  In  all  cases,  Pi  gives  mostly  wrong  results  (for  cr  =  0.01,  the  anisotropic  factor 
/  =  ¥r/Er  found  by  Pi  at  r  =  1.0  is  around  5,  meaning  a  speed  of  light  five  times 
overestimated).  Surprisingly,  Mi  gives  a  good  computation  of  the  flux  for  all  cases,  but 
a  rough  computation  of  the  energy. 
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Radiative  Flux. 


These  results  valid  the  models  and  let  presume  that  they  will  provide  an  accurate 
description  of  radiative  fields  of  the  solar  atmosphere,  which  presents  the  same  main 
characteristics  of  this  simple  geometry. 

4.2.  Computation  of  the  radiation  field  of  the  solar  atmosphere 

The  temperature  and  opacity  profiles  of  the  sun  are  taken  from  Stix  (1989).  These 
values  are  obtained  from  model  C  of  Vernazza  et  al  (1981)  and  are  representative  of 
a  quiet  sun.  The  temperature  and  opacity  profiles  are  truncated  before  the  transition 
layer  to  the  corona,  which  is  here  considered  as  a  zero  density  zone.  Confronted  with  the 
difficulty  of  determining  mean  absorption  coefl^cients  for  the  solar  atmosphere,  which  are 
needed  to  model  the  opacity,  we  obtained  the  opacity  from  the  optical  depth  r  at  500  nm 
{o-  =  drsoo/dr). 

The  interior  of  the  sun  is  assumed  to  be  opaque  enough  to  be  represented  by  a  black 
body  emitting  at  6910K,  which  is  the  temperature  at  25 /cm  below  the  surface.  Outgoing 
boundary  conditions  are  identical  to  the  previous  case.  In  Fig  4,  the  in  spherical 
coordinates  with  spherical  symmetry  is  solved  and  compared  to  the  RTE  ray  tracing 
solution  for  the  solar  atmosphere. 

The  radiative  temperature  computed  by  is  coincident  with  the  one  computed  by 
the  RTE  solver  close  to  the  sun.  Far  away,  the  model  finds  a  different  plateau  value 
(between  4960ii!^  and  4938iir)  from  the  RTE  solver  (between  A700K  and  4650i^).  At 
r  =  6.97  X  10®  m,  the  error  in  the  radiative  temperature  from  the  model,  which  finds 
4950/^  instead  of  4682A:,  is  5.72%.  At  r  =  6.98  x  10®  m,  the  error  is  6%.  The  radiative 
flux  computed  by  both  models  presents,  close  to  the  sun,  a  small  spike  followed  by  a 
smooth  bump  close  to  the  surface  which  is  due  to  the  opacity  profile.  The  error  of  the 
flux  computed  by  Ml*^  is  maximal  at  the  top  of  the  spike  where  it  reaches  17%,  while  at 
the  top  of  the  bump  the  error  is  around  10%.  Outside  this  highly  variable  zone,  the  profile 
of  the  radiative  flux  is  computed  with  a  precision  of  5%  by  the  model.  Moreover,  it 
should  be  noticed  that,  in  this  particular  example,  radiation  is  near  isotropic  (/  c::  0.5), 
a  condition  in  which  the  error  introduced  by  is  maximal,  but  it  remains  as  we  can 
see  very  admissible. 
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Figure  4.  Radiation  field  of  the  sun  atmosphere.  Left:  Radiative  and  matter  Temperatures. 

Right:  Radiative  Flux. 


5.  Conclusion 

A  new  three  dimensional  half  moment  model,  called  has  been  derived  using  a 

dynamic  definition  of  the  half  quantities  and  the  maximum  entropy  closure.  The  direction 
space  is  cut  into  two  pieces  according  to  the  direction  of  propagation  of  the  total  flux, 
at  each  time  and  position.  This  splitting  allows  the  radiative  pressure  to  be  closed,  using 
the  standard  maximum  entropy  closure,  with  approximate  constraints,  but  introduces 
non-trivial  border  terms. 

By  assuming  that  radiation  is  isotropic  in  the  plane  perpendicular  to  the  flux,  Pj., 
which  seems  admissible  for  a  two-flux  model,  the  radiative  transfer  equation  has  been 
integrated  on  these  moving  half-directional  spaces.  The  integration  is  difficult  but  leads 
to  small  and  simple  expressions;  the  border  terms  account  for  the  rotation  needed  to  set 
the  directional  space  in  the  direction  of  the  flux.  The  value  of  the  intensity  in  P±  must 
be  known,  and  a  model  for  this  quantity  has  been  proposed. 

An  immediate  application  of  this  work  has  been  presented:  for  the  particular  case  of  a 
three  dimensional  hot,  opaque  source  emitting  into  a  non  re-emitting  medium,  the  half 
moment  model  has  been  reduced  to  a  new  full  moment  model,  called  here  M^. 

The  model  is  here  tested  for  the  case  of  a  hot  one-dimensional  Gaussian  source  radiating 
into  media  of  various  opacities.  Very  good  agreement  has  been  shown  between  the  RTE 
and  the  model  independently  of  the  opacity.  The  relevance  and  the  correctness  of 
the  closure  has  been  shown,  in  one  dimension,  for  a  case  theoretically  similar  to  the  solar 
atmosphere. 

The  radiation  field  of  a  solar  atmosphere  with  an  approximate  opacity  has  been  com¬ 
puted  with  the  Ml  model.  The  results  of  are  not  as  good  as  those  presented  in  the 
previous  theoretical  problem:  the  error  is  always  around  5%  for  all  unknowns,  except  in  a 
small  transitional  zone  where  the  flux  error  reaches  its  maximal  value  of  17%.  The  solar 
problem  close  to  the  surface,  being  near  isotropic,  is  a  case  for  which  the  accuracy  of  M^ 
should  be  lowest,  but  is  nevertheless  found  to  be  admissible. 
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Subgrid  scale  modeling  in  solar  convection 
simulations  using  the  ASH  code 

By  Y.-N.  Young,  M.  Mieschf  and  N.  N.  Mansour 


1.  Motivation  and  objectives 

The  turbulent  solar  convection  zone  has  remained  one  of  the  most  challenging  and 
important  subjects  in  physics.  Understanding  the  complex  dynamics  in  the  solar  con¬ 
vection  zone  is  crucial  for  gaining  insight  into  the  solar  dynamo  problem.  Many  solar 
observatories  have  generated  revealing  data  with  great  details  of  large  scale  motions  in 
the  solar  convection  zone.  For  example,  a  strong  differential  rotation  is  observed:  the 
angular  rotation  is  observed  to  be  faster  at  the  equator  than  near  the  poles  not  only 
near  the  solar  surface,  but  also  deep  in  the  convection  zone.  On  the  other  hand,  due 
to  the  wide  range  of  d5mamical  scales  of  turbulence  in  the  solar  convection  zone,  both 
theory  and  simulation  have  limited  success.  Thus,  cutting  edge  solar  models  and  numer¬ 
ical  simulations  of  the  solar  convection  zone  have  focused  more  narrowly  on  a  few  key 
features  of  the  solar  convection  zone,  such  as  the  time-averaged  differential  rotation.  For 
example,  Brun  &:  Toomre  (2002)  report  computational  finding  of  differential  rotation  in 
an  anelastic  model  for  solar  convection,  A  critical  shortcoming  in  this  model  is  that  the 
viscous  dissipation  is  based  on  application  of  mixing  length  theory  to  stellar  dynamics 
with  some  ad  hoc  parameter  tuning. 

The  goal  of  our  work  is  to  implement  the  subgrid  scale  model  developed  at  CTR  into 
the  solar  simulation  code  and  examine  how  the  differential  rotation  will  be  affected  as  a 
result.  Specifically,  we  implement  a  Smagorinsky-Lilly  subgrid  scale  model  into  the  ASH 
(anelastic  spherical  harmonic)  code  developed  over  the  years  by  various  authors.  Readers 
are  referred  to  (Clune  et  al.  1999)  and  (Miesch  1998)  for  a  detailed  description  of  the 
ASH  code.  This  paper  is  organized  as  follows.  In  §2  we  briefly  formulate  the  anelastic 
system  that  describes  the  solar  convection.  In  §3  we  formulate  the  Smagorinsky-Lilly 
subgrid  scale  model  for  unstably  stratified  convection.  We  then  present  some  preliminary 
results  in  §4,  where  we  also  provide  some  conclusions  and  future  directions. 


2.  The  anelastic  equations  of  motions 

In  the  solar  convection  zone,  the  depth  extends  over  many  density  scale  heights  and 
thus  the  effects  of  stratification  need  to  be  captured  despite  the  fact  that  acoustic 
timescales  are  much  shorter  than  the  large-scale  convection  timescales.  An  appropri¬ 
ate  approach  is  to  filter  out  sound  waves  while  maintaining  the  density  stratification, 
namely  the  anelastic  approximation  first  proposed  by  Gough  (1969)  and  later  adapted  to 
the  solar  convection  zone  by  Gilman  Sz  Glatzmaier  (1981).  In  stellar  models,  a  fluid  layer 
is  unstable  if  the  layer  is  superadiabatic.  The  degree  of  superadibaticity  is  quantified  as 

t  High  Altitude  Observatory,  National  Center  for  Atmospheric  Research,  Boulder,  Colorado, 
80301 
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(Gilman  k  Glatzmaier  1981) 


where  d  is  the  depth  of  the  convection  zone,  Cp  the  specific  heat  capacity  at  constant 
pressure,  s  the  entropy,  and  r  the  radial  coordinate.  The  entropy  gradient  is  calculated 
at  some  fiducial  level  in  the  convection  zone.  In  the  sun,  the  departure  from  adiabaticity 
in  the  convection  zone  is  extremely  small  (Christensen-Dalsgaard  et  al  1993), 

e  <  10-^  (2.2) 

If  we  assume  that  the  velocity  in  the  horizontal  (transverse  to  gravity)  directions  is  mostly 
driven  by  pressure  gradients,  the  coupling  between  vertical  and  horizontal  velocities  leads 
to  the  following  relationship  between  the  convection  velocity  v  and  sound  speed  Cs 

~  y/e  1,  (2.3) 

where  A4  is  the  Mach  number  of  the  flow. 

The  basic  idea  in  the  anelastic  approximation  is  to  expand  the  variables  in  terms  of 
the  small  parameter  e,  and  collect  terms  of  the  zeroth  and  first  orders.  As  is  usually 
found  in  perturbation  theory,  the  zeroth  order  equations  describe  the  basic  state,  which 
remain  stationary  over  timescales  at  which  the  first  order  variables  vary.  The  fundamental 
equations  are  the  compressible,  stratified  Navier-Stokes  equations  in  a  rotating  reference 
frame 


/9(^  +  (v-V)v)  =-VP  +  /og  +  2vxf2o  +  V-P,  (2.4) 

+  p0v  ■  Vs  =  -V  ■  q  +  2up  (cy eij  -  i(V  •  v)^)  -  p£,  (2.5) 

^+V-(^v)=0,  (2.6) 

where  s  is  the  entropy,  ©  is  the  temperature,  and  £  is  the  nuclear  energy  generation  rate. 
The  viscous  stress  7)  is  defined  as 

P  =  2/>i^(ey-i(V-v)5y),  (2.7) 

and  q  is  the  composite  non-convective  heat  flux,  defined  as 

q  =  -  KrpCpVe.  (2.8) 

and  the  various  transport  coefiicient  such  as  the  viscosity  thermal  diffusion  «,  and 
radiative  thermal  diffusion  Kr  are  assumed  to  be  functions  of  the  radial  coordinate  only. 

Upon  substituting  the  variables  expanded  in  terms  of  the  small  parameter  e,  at  ze¬ 
roth  order  we  obtain  the  hydrostatic  equation.  Denoting  the  zeroth  order  terms  with  a 
subscript  0,  the  equations  at  the  leading  order  are 

—  +  A  -  -pog, 

Po  =  72.(0000, 


(2.9) 

(2.10) 
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where  A  is  the  radial  gradient  of  a  mean  turbulent  pressure 

A  =  ([po(v  .  V)v  -  V  ■  7^  -  2po{y  X  no)]r)t  •  (2.11) 

The  angular  brackets  in  Equation  (2.11)  denote  horizontal  averages,  and  the  square 
brackets  denote  the  radial  component  of  the  enclosed  vector.  We  evaluate  A  only  as  we 
update  the  reference  state  (denoted  with  a  subscript  0). 

At  the  next  order,  we  obtain  the  anelastic  equations  for  compressible,  stratified  fluids 


dpov 

dt 


4-  /9o(v  ■  V)v  =  ~VP  +  V  ■  4-  pg  +  2po(v  x  Oo)  4-  Ar,  (2.12) 


ds 


po^o^  4-  po©ov  •  V(so  4-  s)  =  V  •  («:poBoV(so  4-  s)  +  KrPoC'pV(0o  4-  ©)) 
ot 


+2i/po  (eijCij  -  i(V  •  -  po£,  (2.13) 

V  •  (a)v)  =  0,  (2.14) 


and 

p  P  G  P  s 

po  Pq  00  7P0  Cp 

We  note  that  both  the  reference  state  and  perturbation  terms  have  been  retained  in 
Equation  (2.13)  because  the  gradient  of  the  reference  state  entropy  (sq)  varies  in  ampli¬ 
tude  from  0(e)  in  the  convection  zone  to  0(1)  in  the  convectively  stable  region.  This 
scaling  is  also  true  for  the  term  involving  thermal  diffusion  of  the  reference  temperature 
(KrdGo/dr).  We  retain  the  term  KrdG/dr  because  we  wish  to  allow  for  small  deviations 
of  the  radiative  heat  flux  from  spherical  symmetry. 

The  viscosity  coefficient  u  is  assumed  to  be  a  function  of  the  reference  density  po*  The 
functional  dependence  is  obtained  from  mixing  length  theory,  and  the  specific  value  is 
chosen  in  an  ad  hoc  fashion  for  a  given  numerical  resolution  and  combination  of  parame¬ 
ters.  Our  main  goal  in  this  work  is  to  replace  these  “mixing  length”  viscosity  and  thermal 
diffusivity  with  those  based  on  Smagorinsky  subgrid  scale  model.  More  details  will  be 
presented  in  §3. 

The  reference  state  is  crucial  in  the  simulation  of  the  anelastic  system.  In  the  ASH  code, 
the  reference  state  is  updated  only  every  few  hundred  steps  of  advancing  the  anelastic 
equations.  During  the  update  process,  the  following  equations  are  solved  simultaneously 
for  the  reference  pressure  Pq  and  density  po: 


1  dso  __  1  dlnPo  dlnpo 

Cp  dr  'y  dr  dr  ^ 
dPo 

=  -P09. 

Using  the  reference  entropy  gradient  (dso/dr)  and  gravity  (p(r’))  profiles  from  the 
previous  time  step,  Equations  (2.16)  and  (2,17)  are  solved  for  the  reference  pressure 
and  density.  Figure  1  is  an  example  from  one  of  the  ASH  simulations.  With  similar 
reference  states  and  viscosity  profiles  to  those  illustrated  in  figure  1,  simulations  of  the 
ASH  code  have  successfully  generated  differential  rotation  profiles  that  are  similar  to 
the  solar  observations.  An  example  from  ASH  simulations  is  illustrated  in  figure  2.  The 
numerical  resolution  for  figure  2  is  65  x  128  x  256  in  the  radial,  latitudinal,  and  azimuthal 


(2.16) 

(2.17) 
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Figure  1.  Reference  state  from  ASH  simulations,  the  horizontal  axis  is  radial  coordinate  in  imits 
of  solar  radius.  Panel  (a):  Reference  pressure  (dyne/cm^)  within  the  convection  zone.  Panel  (b): 
Reference  density  (g/cm^).  Panel  (c):  the  “mixing  length”  viscosity  (cm^/sec)  as  a  function  of 


directions.  The  left  panel  is  a  filled  contour  plot  of  the  averaged  angular  velocity  as  a 
function  of  latitude  and  radius,  while  the  right  panel  shows  the  angular  velocity  at  five 
latitudes  as  a  function  of  radius  from  the  bottom  to  the  top  of  the  convection  zone.  For 
this  particular  case,  the  viscosity  is  a  prescribed  function  of  radius  as  shown  in  figure 
1(c),  and  the  Prandtl  number  is  fixed  at  1/4.  This  corresponds  to  the  AB  case  in  Brun 
&  Toomre  (2002),  in  which  the  differential  rotation  inside  the  convection  zone  is  most 
prominent  among  all  the  simulation  data  presented  in  Brun  k.  Toomre  (2002).  Figure 
2  is  from  simulations  conducted  on  the  NAS  A/ Ames  SGI  cluster  with  different  initial 
conditions.  A  typical  differential  rotation  from  solar  helioseismic  observations  is  shown  in 
figure  2(c)  (same  as  figure  1(b)  in  Brun  k  Toomre  (2002)).  The  close  similarity  between 
observational  solar  differential  rotation  and  the  simulation  data  shows  great  promise  that 
better  results  may  be  obtainable  if  the  conveciton  model  is  refined  by  building  in  more 
physics.  For  example,  the  viscosity  and  thermal  diffusivity  may  be  replaced  by  better 
dynamical  models.  Addition  of  a  mechanism  to  couple  the  convection  zone  with  the 
tachocline  below  may  result  in  better  agreement  between  simulation  and  observational 
data.  As  a  preliminary  initiative  we  have  undertaken  is  to  first  improve  the  model  for 
viscosity  using  Smagorinsky-Lilly’s  model. 
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Figure  2.  Panels  (a)  and  (b):  Differential  rotation  for  the  AB  case  in  Brun  &  Toomre  (2002) 
with  different  initial  conditions.  Panel  (c)  is  the  time-averaged  rotation  rates  from  five  years  of 
GONG  data. 


3.  Smagorinsky-Lilly  subgrid  scale  model 

The  principle  underlying  the  Smagorinsky  subgrid  scale  model  is  the  balance  of  pro¬ 
duction  of  subgrid-scale  turbulent  kinetic  energy  and  dissipation  of  isotropic  turbulence 
energy  at  the  characteristic  eddy  size.  Let  the  subgrid  turbulent  production  rate  be  de¬ 
noted  by  V,  then  for  a  given  turbulent  viscosity  i/y,  the  subgrid  turbulent  production 
rate  is 

V  =  2vTeijeij.  (3.1) 

The  dissipation  at  scale  I  is  /I,  where  ^  is  a  characteristic  turbulent  velocity.  Finally, 
to  find  an  expression  for  ut  in  terms  of  the  resolved  quantities,  we  utilize  the  PrandtPs 
assumption:  ut  =  Ciql^  and  upon  substituting  q  into  the  dissipation  rate  and  equating 
dissipation  and  production  rates,  we  obtain  the  Smagorinsky  subgrid  scale  model 

j/ji  =  {Cgl)  \j2eijeij ,  (^•^) 


where  Cs  is  a  constant  in  the  range  of  0.1  <  <  0.3.  Lilly  (1962)  later  extended  the 

Smagorinsky  model  to  turbulence  in  unstably  stratified  convection.  Due  to  the  stratifi¬ 
cation  an  additional  parameter,  the  Richardson  number,  appears  in  the  expression  for 
the  eddy  viscosity.  The  idea  that  led  to  Lilly’s  eddy  viscosity  is  very  similar  to  the  above 
argument  underlying  the  Smagorinsky  model:  buoyancy  production  or  consumption  must 
also  be  accounted  for  in  the  subgrid  energy  balance.  Thus  in  the  stratified  case,  the  dis¬ 
sipation  consists  of  contribution  from  both  eddy  dissipation  and  thermal  diffusion.  The 
Smagorinsky-Lilly  eddy  viscosity  is  simply  the  modified  Smagorinsky  model  with  the 
inclusion  of  stratification  effect 


i/ji  —  ( 0  ^  y^2e4j  Cj  j 


1 - R%i 

Vt 


nO.5 


(3.3) 


Here  kt  is  the  eddy  thermal  diffusivity,  and  the  flux  Richardson  number  is  defined  as 


2eijeij  or 


(3.4) 
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Figure  3.  The  left  pannel  is  the  reference  entropy  gradient  (erg/g  K  m)  and  the  right  pannel 
is  the  averaged  Smagorinsky-Lilly  viscosity  (cm^/sec)  as  functions  of  r  in  units  of  solar  radius. 


Alternatively,  the  flux  Richardson  number  can  also  be  defined  through  entropy  as 

_  g  dsp/dr 


where  dso/dr  is  the  reference  entropy  gradient.  In  spherical  geometry,  we  choose  the 
length  scale  I  as 

A(r)r^ 

Lffidx  + 

where  A(r)  is  the  radial  grid  spacing  at  location  r,  Lmax  is  the  maximum  (latitudinal) 
angular  mode  index. 

Figure  3  shows  the  reference  entropy  gradient  and  the  averaged  Smagorinsky-Lilly 
viscosity  as  a  function  of  radius.  Near  the  bottom  of  the  convection  zone,  the  reference 
entropy  gradient  is  positive,  implying  a  stably  stratified  region.  This  corresponds  to  the 
small  bump  seen  in  the  Smagorinsky-Lilly  viscosity  profile. 

In  the  simulations  we  start  from  a  stationary  configuration  with  a  negative  reference 
entropy  gradient  throughout  the  convection  zone.  The  boundary  conditions  for  the  ve¬ 
locity  are  stress  free,  which  are  not  necessarily  realistic  but  numerically  convenient.  As 
we  are  mostly  interested  in  the  differential  rotation  profile  in  the  convection  zone,  the 
parameters  and  initial  reference  state  are  chosen  to  be  the  same  as  the  AB  case  in  Brun 
k  Toomre  (2002).  We  first  obtain  a  turbulent  convection  zone  using  the  mixing  length 
viscosity  and  thermal  diflPusivity.  As  the  simulation  progresses,  the  differential  rotation 
profile  reaches  a  statistically  stationary  state.  We  then  replace  the  mixing  length  vis¬ 
cosity  and  thermal  diffusivity  with  the  Smagorinsky-Lilly  model  with  some  prescribed 
constant  coefficient  At  present  we  average  Smagorinsky-Lilly’s  eddy  viscosity  over 
latitudinal  and  azimuthal  angles.  Strictly  speaking  this  is  inconsistent  with  the  energy 
balance  principle  that  gives  rise  to  the  eddy  viscosity.  We  are  now  implementing  a  local, 
three-dimensional  version  of  the  Smagorinsky-Lilly  model,  which  requires  a  considerably 
tedious  alteration  of  the  ASH  code.  For  the  following  results,  we  present  ASH  Simula^ 
tions  using  the  averaged  Smagorinsky-Lilly  eddy  viscosity  as  a  test  study  to  see  how  the 
differential  rotation  may  differ  from  that  obtained  with  the  “mixing  length”  viscosity 
and  thermal  diffusivity. 
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Figure  4.  Eddy  viscosity  (cm^/sec)  using  the  length  scale  defined  in  Equation  (4.1)  (solid  line) 
and  the  mixing  length  viscosity  (dashed  line).  On  the  right  is  the  functional  form  of  f{r)  used 
in  constructing  the  eddy  viscosity. 

4.  Preliminary  results  and  future  directions 

Our  experiences  so  fax  show  that  the  averaged  Smagorinsky-Lilly  eddy  viscosity  (as 
shown  in  figure  3)  is  too  small,  and  simulations  (with  resolutions  65  x  128  x  256)  blow  up 
soon  after  the  Smagorinsky-Lilly  viscosity  is  activated.  A  significant  difference  between 
the  mixing  length  viscosity  and  the  averaged  Smagorinsky-Lilly  viscosity  is  that  the  eddy 
viscosity  is  much  smaller  at  the  boundaries.  Similar  issues  arise  in  large  eddy  simulations 
of  the  atmospheric  flows,  and  it  is  usually  necessary  to  incorporate  a  smooth  transition 
from  the  eddy  viscosity  to  a  wall-model  viscosity  near  the  boundary.  In  the  solar  case,  we 
can  combine  the  mixing  length  viscosity  with  the  eddy  viscosity  using  a  choice  of  length 
scale  I  as  follows 

=  +  (4.1) 

where  Isl  is  the  length  scale  in  Equation  (3.6)  and  Im  is  defined  as 


Here  f{r)  consists  of  two  error  functions  so  that  /(r)  =  1  in  the  bulk  of  the  convection 
zone,  and  /(r)  =  0  at  the  boundaries  of  the  convection  zone.  Figure  4  shows  the  resul¬ 
tant  eddy  viscosity  (left  panel)  for  a  given  choice  for  /(r)  (right  panel).  Figure  5  shows 
the  differential  rotation  at  a  instant  in  time  from  simulations  using  the  length  scale  in 
Equation  (4.2). 

It  is  clear  from  comparing  figure  5  and  figure  2  that  the  differential  rotation  rates 
are  very  different  near  the  top  of  convection  zone.  In  fact  the  solar  observation  suggests 
that  the  rotation  rates  decrease  near  the  top  of  convection  zone,  which  is  the  opposite 
of  the  trend  in  figure  5.  However,  near  the  bottom  and  in  the  bulk  of  the  convection 
zone,  the  rotation  rates  from  the  ASH  simulations  using  the  combined  eddy  viscosity 
are  very  similar  to  those  in  figure  2.  This  implies  that  we  may  expect  to  find  similar 
differential  rotation  profile  once  we  implement  a  better  model  than  Equation  (4.2)  for 
the  eddy  viscosity  near  the  top  of  convection  zone.  Better  results  may  be  obtained  as 
well  once  we  implement  the  fully  local  Smagorinsky-Lilly’s  eddy  viscosity. 
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r/Ro 

Figure  5.  Panels  (a)  and  (b);  Differential  rotation  using  the  eddy  viscosity  with  a  transition 
to  the  mixing  length  viscosity  near  the  boundaries  of  convection  zone. 
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Dynamic  turbulence  modelling  in  large-eddy 
simulations  of  the  cloud-topped  atmospheric 

boundary  layer 

By  M.  P.  Kirkpatrick,  N.  N.  Mansour,  A.  S.  Ackerman  and  D.  E.  Stevens  \ 


1.  Motivation  and  Objectives 

The  use  of  large  eddy  simulation,  or  LES,  to  study  the  atmospheric  boundary  layer 
dates  back  to  the  early  1970s  when  Deardorff  (1972)  used  a  three-dimensional  simulation 
to  determine  velocity  and  temperature  scales  in  the  convective  boundary  layer.  In  1974 
he  applied  LES  to  the  problem  of  mixing  layer  entrainment  (Deardorff  1974)  and  in  1980 
to  the  cloud-topped  boundary  layer  (Deardorff  19806).  Since  that  time  the  LES  approach 
has  been  applied  to  atmospheric  boundary  layer  problems  by  numerous  authors. 

While  LES  has  been  shown  to  be  relatively  robust  for  simple  cases  such  as  a  clear, 
convective  boundary  layer  (Mason  1989),  simulation  of  the  cloud-topped  boundary  layer 
has  proved  more  of  a  challenge.  The  combination  of  small  length  scales  and  anisotropic 
turbulence  coupled  with  cloud  microphysics  and  radiation  effects  places  a  heavy  bur¬ 
den  on  the  turbulence  model,  especially  in  the  cloud-top  region.  Consequently,  over  the 
past  few  decades  considerable  effort  has  been  devoted  to  developing  turbulence  models 
that  are  better  able  to  parameterise  these  processes.  Much  of  this  work  has  involved 
taking  parameterisations  developed  for  neutral  boundary  layers  and  deriving  corrections 
to  account  for  buoyancy  effects  associated  with  the  background  stratification  and  local 
buoyancy  sources  due  to  radiative  and  latent  heat  transfer  within  the  cloud  (see  Lilly 
1962;  Deardorff  1980a;  Mason  1989;  MacVean  Sz  Mason  1990,  for  example).  In  this  pa¬ 
per  we  hope  to  contribute  to  this  effort  by  presenting  a  number  of  turbulence  models 
in  which  the  model  coefficients  are  calculated  d3niamically  during  the  simulation  rather 
than  being  prescribed  a  priori. 

The  dynamic  procedure,  first  proposed  by  Germano  et  al.  (1991),  computes  model 
coefficients  using  information  contained  in  the  resolved  velocity  and  scalar  fields.  In  this 
sense  dynamic  models  can  be  considered  self-calibrating,  a  feature  that  makes  them  an 
appealing  choice  for  dealing  with  the  complex  interactions  between  the  hydrodynamics, 
radiation  and  cloud  microphysics  occurring  within  clouds.  Nevertheless,  while  d5mamic 
turbulence  models  have  been  used  with  considerable  success  for  complex  engineering 
flows  (see  Boivin  et  al  2000;  Branley  &  Jones  2001,  for  example),  their  application  to 
atmospheric  flows  has  been  very  limited. 

The  objective  of  this  paper  is  to  present  a  set  of  dynamic  turbulence  models  written 
in  a  form  appropriate  for  large  eddy  simulations  of  the  atmospheric  boundary  layer  in 
which  the  flow  is  described  using  equations  of  motion  in  anelastic  form  .  The  models  are 
tested  using  simulations  of  a  nocturnal  marine  stratocumulus  cloud  observed  during  dur¬ 
ing  the  second  D)mamics  and  Chemistry  of  Marine  Stratocumulus  (DYCOMS-II)  field 
experiment.  This  test  case  includes  a  number  of  features  that  typically  cause  problems 
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in  simulations  of  the  atmospheric  boundary  layer,  including  the  presence  of  a  strong 
temperature  inversion  at  the  level  of  the  cloud  top,  and  positive  feedback  loops  involv¬ 
ing  turbulent  entrainment  across  the  inversion,  radiation  and  cloud  microphysics.  As 
such,  these  simulations  provide  a  good  test  for  the  utility  of  our  models.  Simulations 
are  performed  using  the  atmospheric  boundary  layer  LES  code,  DHARMA,  (Stevens  &c 
Bretherton  1999;  Stevens  et  al  2000),  with  dynamic  turbulence  models  computed  using 
the  new  LLAMA  code  presented  here. 


2.  Dynamic  turbulence  models  for  the  anelastic  equations 

The  dynamics  of  the  cloud-topped  atmospheric  boundary  layer  can  be  described  using 
equations  for  conservation  of  mass,  momentum,  liquid  water  potential  temperature  and 
total  water  mixing  ratio.  These  equations  are  written  in  the  anelastic  form  of  Ogura  Sz 
Phillips  (1962)  in  which  the  thermodynamic  variables  such  as  pressure  p  are  decomposed 
into  an  isentropic  base  state  po  (corresponding  to  a  uniform  potential  temperature  ^o) 
and  a  dynamic  component.  Following  Clark  (1979),  the  dynamic  component  is  further 
decomposed  into  an  initial  environmental  deviation  in  hydrostatic  balance  pi  and  a  time- 
evolving  d5mamic  perturbation  P2  to  give 

p{x,  2/,  2,  t)  =  po{z)  +  Pi {z)  +  P2{x,  y,  z,  t).  (2.1) 


After  subtracting  hydrostatic  balances,  the  resulting  continuous  equations  are  written, 


dgoUi  d{goUiUj)  dp2  ^  go0v2  ^  ^  rr 

—  +  +  if, 

deoO:  ,  d{eo&t^i)  _  „ 
deogt  ,  dieoqtUj)  _  „ 

9{QoUj)  Q 
dxj 


(2.2) 

(2.3) 

(2.4) 

(2.5) 


Here  Ui  are  the  Cartesian  components  of  the  velocity  vector,  g  the  density,  Sij  the  Kro- 
necker  delta,  Cijk  the  permutation  tensor,  fj  the  Coriolis  parameter,  g  the  acceleration 
due  to  gravity,  qt  the  total  water  mixing  ratio  and  Of  =  {0i  —  ^o)/^o  a  scaled  liquid  wa¬ 
ter  potential  temperature.  Total  water  mixing  ratio  is  the  sum  of  the  liquid  and  vapour 
mixing  ratios, 

gt  =  gc  +  gv  =  .  (2-6) 

Qd 

where  gc,  gv  and  ga  are  the  density  of  the  condensed  water,  water  vapour  and  dry  air 
respectively.  Liquid  water  potential  temperature  is  defined  as 


ei  =  e- 


Lqc 

CpdTTQ 


(2.7) 


Here  L  is  the  latent  heat  of  vaporisation,  Cpd  l^he  specific  heat  at  constant  pressure  for 

dry  air  and  tto  =  (?^)  ^  pressure  and  Rd  the  gas  constant  of 

dry  air.  The  virtual  potential  temperature  9y  appearing  in  the  buoyancy  term  of  the 
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momentum  equations  is  given  by 


Ov  =  0  Oo  —  ^Qv~Qc  ) 


(2.8) 


where  Ry  is  the  gas  constant  for  water  vapour.  The  terms  Hg*  and  Hq^  are  source 
terms  that  include  parameterisations  for  physical  processes  such  as  radiation,  precipita¬ 
tion  and  the  effects  of  the  global  atmospheric  circulation. 

In  a  large  eddy  simulation,  the  equations  are  filtered  to  remove  from  the  solution  those 
fluctuations  that  cannot  be  resolved  by  the  numerical  method.  For  the  anelastic  equations 
it  is  convenient  to  use  a  density-weighted  or  Favre  filter,  where  a  Favre  filtered  variable 
is  defined  as  (^  =  Q(i>/Q.  Application  of  this  filter  to  the  equations  gives 


&QaUi 

1 

d{QQUiUj) 

- 

+  Sag 

dt 

dxj 

dxi 

&eo^i 

4- 

digodfuj) 

-  — 

die; 

dt 

dxj 

-  11$* 

dxj  ’ 

1 

diSoQtUj) 

~  T4  — 

d-ygt 

dt 

dXj 

dXj  ’ 

Qo^v2 

Oo 


-  UjkQo^kfj  +  Hui 


dx, 


dxj 


=  0, 


with  subgrid  scale  stresses  and  fluxes  given  by 


Tij  —  Qq  {uiUj  UiUj^  , 

■ye;  =  Qo  . 

Iqt  =  eo  {mj  -  QtUj)  . 


(2.9) 

(2.10) 

(2.11) 

(2.12) 


(2.13) 

(2.14) 

(2.15) 


We  have  assumed  here  that  fj  is  constant  so  that  the  Coriolis  term  is  linear  -  an  assump¬ 
tion  that  is  valid  when  the  domain  is  small  compared  to  the  Rossby  radius  of  deformation. 
The  source  terms  H  are  shown  without  an  overbar  since  they  are  parameterisations  rather 
than  exact  terms. 

The  Smagorinsky  model  (Smagor insky  1963)  for  the  subgrid  scale  stress  is 


—  Tij  —  -^SijTkk  — 
where  Dij  is  the  strain  rate  tensor, 

2\dxj^  dxi)  A^dTk 


(2.16) 


(2.17) 


Here  and  elsewhere  in  this  paper  the  superscript  “  is  used  to  denote  the  anisotropic  part 
of  a  tensor.  The  eddy  viscosity  Km  is  given  by 


Km  = 


(2.18) 


with  \D 


=  \J2DijDij  and  C  a  dimensionless  coefficient.  Stratification  effects  are  ac- 
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counted  for  using  the  correction  of  Lilly  (1962), 

=  (1  —  K^sgs)  ^  Pisgs  ^  1 
Cq  0  Risgs  — 

where  the  subgrid  scale  flux  Richardson  number  is  estimated  using 

g/OodByfdz 
nisgs—  „  ■ 


(2.19) 

(2.20) 


(2.21) 


Pr^gs  is  the  subgrid  scale  turbulent  Prandtl  number,  which  we  set  to  a  constant  value  of 
PTsgs  =  0.4. 

The  mixed  model  of  Bardina  et  al.  (1983),  combines  the  Smagorinsky  model  with  the 
scale  similarity  model  of  Bardina  et  al  (1980),  The  model  is  derived  by  rewriting  the 
subgrid  scale  stress  tensor  in  terms  of  resolved  and  unresolved  parts  of  the  velocity  field 
Ui  =  tti  using  the  decomposition  of  Germano  (1986).  For  the  anelastic  equations  this 
decomposition  takes  the  form 

+  (2.22) 

where  the  modified  Leonard,  cross  and  SGS  Reynolds  terms  are 

I'ij  =  -  ^i^j)  (2.23) 

~  ■■  (2.24) 

Rij  =  -  w'i^'i)-  (2.25) 

The  modified  Leonard  term,  which  contains  only  resolved  scale  quantities,  can  be  calcu¬ 
lated  explicitly  leaving  the  modified  cross  and  SGS  Reynolds  terms  to  be  parameterised 
using  the  Smagorinsky  model, 


(2.26) 


Martin  et  al  (2000)  note  that,  with  the  mixed  model,  the  isotropic  part  of  the  subgrid 
scale  stress  rij  can  be  represented  at  least  partially  by  the  isotropic  part  of  the  modified 
Leonard  term.  In  fact  they  obtained  the  closest  agreement  with  experiment  for  their 
compressible  flow  test  cases  when  they  assumed  that  the  isotropic  part  of  L*j  models  the 
whole  of  ^SijTkk-  We  have  adopted  the  same  approach  in  Eq.(2.26). 

In  dynamic  versions  of  these  models,  the  model  coefficient  C  is  calculated  dynamically. 
To  achieve  this,  a  test  filter  is  applied  to  the  velocity  and  scalar  fields  to  extract  informal 
tion  from  the  smallest  resolved  scales.  Application  of  a  spatial  test  filter  (denoted  here 
by  a  caret)  to  the  filtered  momentum  equations  gives 


9eo^i  , 

r\  .  **  r\ 


(2.27) 


In  order  to  rewrite  this  equation  in  a  form  similar  to  Eq.(2.9)  we  adopt  a  Favre  test  filter 
}  =  g(t)/Q  giving 


.  dQoUiUj)  dpl  ,  .  'QQ0y2  ^  ~  ^  f 


OXi 


^ijkQo^kf j  Kui  • 


(2.28) 


Since  density  varies  only  in  the  z  direction,  this  equation  can  be  simplified  considerably 
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by  using  two-dimensional  horizontal  test  filter  rather  than  a  three-dimensional  one.  The 
Favre  test  filter  is  then  equivalent  to  a  spatial  test  filter, 


and  the  density  field  is  unchanged  by  the  test  filtering  operation,  that  is, 

^0  “  ^0* 

Prom  Eqs.(2.29)  and  (2.30),  with  horizontal  test  filtering  Eq.(2.28)  becomes 

dQoUi  ,  d{QQUiUj)  dpl  ^  ^  ^  ^  ^  ~  ^  ,  tr 

-m~  +  —d^  =  ~  ~ 

Extracting  the  resolved  stress  -Cy  =  gQ{uiUj  —  UiUj)  then  gives 


&eoUi  digpUjUj)  ^  _^2 
dt  dxi  dx 


+  +  ^iiQ29  -  ^ijkQo^kfj  +  -ffui  “ 


dfjj  _  dHjj 
dxj  dXi 


(2.29) 

(2.30) 

(2.31) 

(2.32) 


Alternatively,  application  of  the  grid  and  test  filters  together  to  the  continuous  equations 
gives 


..'s. 

dpoUj  digpUjUj)  _  dp 


dTu 


dt 


dx. 


+  Si3%g  -  e,^k-QoUkfi  +  Hu,-^ 


dx. 


where 


(2.33) 

(2.34) 

(2.35) 

The  dynamic  procedure  assumes  that  the  same  parameterisation  that  is  used  to  pa- 
rameterise  the  SGS  stress  at  the  grid  filter  level  Tij  can  be  used  to  model  the  test  level 
stress  Tij.  The  test  level  stress  for  the  Smagorinsky  and  mixed  models  are  written  as 


'^ij  —  Qo  UiU^  . 

Comparison  of  Eqs.(2.32)  and  (2.33)  gives  the  Germano  identity, 

Lij  =  Tij  -  Tij. 


Tfj  =  »2poCA2 


D 


and 


Tij=L*J'-2goCA^ 

respectively.  Here  Cg  is  given  by 


D 


X  1/2 


DuCb, 

^'^sgs  ^  1 
^  1) 


(2.36) 

(2.37) 

(2.38) 

(2.39) 


—  ^1  Risgs  j 

Cb  =0 

with  the  test  level  Richardson  number  given  by 

^  _  g/00  de^/dz 

^'^sgs  —  ^ 

Pr,gs\D\^ 

The  test  level  modified  Leonard  term  in  the  mixed  model  L^f  is  found  by  decomposing  Ty 


(2.40) 
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in  a  manner  similar  to  the  decomposition  of  Tij  (see  Eq.(2.22)).  Substituting  Ui  =  Ui-^u^ 
into  Eq.(2.34)  gives 

=  +  (2.41) 

where  the  modified  Leonard,  cross  and  Reynolds  terms  at  the  test  level  are 


-  ^i^i) 

(2.42) 

(2.43) 

Rtj  =  -  «)• 

(2.44) 

In  Eqs.(2.36-2.44)  we  have  again  used  the  fact  that  we  assume  a  horizontal  test  filter  so 
that  Eqs. (2,29-2.30)  can  be  used  to  simplify  the  equations. 

The  decomposition  shown  in  Eqs. (2.42-2.44)  is  different  from  that  derived  by  Zang 
et  al  (1993),  who  used  a  decomposition  based  on  Ui  —  at  both  the  grid  and  test 

level,  rather  than  the  form  u,  =  +  u”  used  here  for  the  test  level.  As  noted  by  Vreman 

et  al  (1994),  the  latter  is  more  consistent  with  the  dynamic  procedure  since  the  test  level 
stress  should  be  written  in  terms  of  test  filtered  velocity  components  in  order  to  make 
the  test  level  parameterisations  analogous  to  those  used  at  the  grid  level. 

Substituting  the  parameterisations  for  the  subgrid  scale  stress  Tij  (Eq.(2.26))  and  test 
level  stress  Tij  (Eq.(2.37))  into  the  Germano  identity  (Eq.(2.35))  gives 


QoiuiUj  -  UiUj)  =  eoiuiUj  -  -  2gQCA? 


DijCB 


(2.45) 


—QoiuiUj  —UiUj)  -f  2^0^^^  DijCs^ 


Removing  the  constant  factor  Qq^  and  contracting  tensors  using  the  least  squares  approach 
of  Lilly  (1992)  gives  an  equation  for  the  model  coefficient  in  the  dynamic  mixed  model, 


<MijiC*j-Hij)> 
<  2MhiMki  > 


(2.46) 


where 


—  UiUj  UiUj^ 


Mij  = 


D 


DijCB  -  \D 


DijCB, 


(2.47) 

(2.48) 


Hij  —  (UiUj  UiUj^  (UiUj  Uilij^^ 

a  is  the  ratio  of  the  test  and  grid  filters 

a  =  A/A, 


(2.49) 

(2.50) 


and  <  >  indicates  averaging  on  horizontal  planes.  Equivalently,  for  the  dynamic  Smagorin- 
sky  model. 


(2.51) 

<  2MkiMki  > 

The  models  outlined  above  use  the  original  dynamic  procedure  of  Germano  et  al 
(1991)  and  require  averaging  in  homogeneous  directions  to  remain  stable.  Ghosal  et  al 
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(1995)  recast  the  dynamic  procedure  as  a  constrained  variational  problem  and  used  this 
approach  to  develop  a  “dynamic  localization  model”  that  does  not  require  averaging. 
This  model,  however,  requires  the  solution  of  an  integral  equation  and  is  computationally 
expensive.  A  less  expensive  alternative  proposed  by  Piomelli  &  Liu  (1995)  involves  finding 
an  approximate  solution  to  the  integral  equation  by  using  the  value  of  C  at  the  previous 
time  step  to  give  a  first  approximation  C*.  Applying  their  procedure  gives  localised 
versions  of  the  models.  The  coefficient  for  the  localised  dynamic  Smagorinsky  model  is 
given  by 


C7=- 


2AkiAki 


(2.52) 


where. 


Aij  = 


Bij  = 


D 


DijCs, 


Bij  Cq  . 


(2.53) 

(2.54) 


The  coefficient  for  the  localised  dynamic  mixed  model  is 

{L\j-Hij-2C^ij)Aij 


C  =  - 


2  Aij  Aij 


(2.55) 


with  Aij  and  Bij  given  by  Eqs.(2.53)  and  (2.54)  respectively  and  Hij  given  by  Eq.(2.49). 

We  note  here  that  by  using  a  horizontal  test  filter  we  have  reduced  the  complexity  of 
our  models  considerably.  With  three-dimensional  test  filtering  the  models  would  be  of 
similar  complexity  to  the  equivalent  dynamic  models  for  compressible  flow  whereas,  when 
a  horizontal  filter  is  used,  the  models  for  the  anelastic  equations  become  similar  to  those 
for  incompressible  flow.  In  fact,  if  the  discretisation  operator  is  taken  as  being  equivalent 
to  the  first  level  of  grid  scale  Favre  filtering  (that  is,  we  assume  implicit  filtering  at  the 
grid  scale),  then  the  only  difference  in  the  implementation  occurs  in  the  mixed  model, 
where  the  second  grid  scale  filter  in  the  formula  for  Hij  (Eq.(2.49))  is  a  Favre  filter  that 
must  be  applied  explicitly. 

An  interesting  feature  of  the  localised  dynamic  model  is  that,  if  unconstrained,  it  can 
calculate  negative  values  for  the  model  coeflftcient,  and  thus  predict  regions  of  negative 
eddy  viscosity.  While  such  regions  may  be  interpreted  as  regions  of  backscatter,  or  energy 
transfer  from  small  to  large  scales,  Ghosal  et  al.  (1995)  and  Carati  et  ai  (1995)  note  that 
the  dynamic  Smagorinsky  model  has  no  information  about  how  much  energy  is  actually 
available  in  the  subgrid  scales.  Consequently,  there  is  no  mechanism  by  which  such  a 
“counter-gradient  diffusion”  model  for  backscatter  can  be  turned  off  once  all  the  subgrid 
scale  energy  has  been  removed.  For  this  reason  we  chose  to  clip  the  eddy  viscosity  at 
zero.  For  the  localised  model  backscatter  is  therefore  included.  For  the  plane  averaged 
dynamic  Smagorinsky  model,  however,  the  effect  of  backscatter  is  included  in  an  average 
sense  through  a  reduction  of  the  plane  averaged  model  coefficient.  As  noted  above,  in  the 
mixed  model  the  Leonard  term  allows  backscatter,  so  there  is  no  need  to  resort  to  using 
a  negative  eddy  viscosity. 

The  Smagorinsky  and  mixed  models  for  the  subgrid  scale  fluxes  of  the  scalar  variables 
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7,  =  \d\  ^Cb,  (2.56) 

7.^  =  eoi^j  -  <t>Uj)  D  (2.57) 

Here  (j)  is  generic  scalar  representing  61  or  qt.  The  mixed  model  includes  a  term  repre¬ 
senting  the  scalar  equivalent  of  the  modified  Leonard  term, 

=  Qo{^ Wj  -  (2.58) 

Equations  for  the  model  coefficients  are  then  written  in  a  form  analogous  to  that  used 
for  the  subgrid  scale  stress.  For  the  plane  averaged  dynamic  Smagorinsky  model, 

(7  ^2  ^  _<  FjEj  >  ^2.59) 

<FkFk>' 


where  the  resolved  flux  Ej  is  given  by 


Ej  =  </>iL  —  4>u. 


(2.60) 


For  the  dynamic  mixed  model, 


<  FkFk  > 


where 


Gj  =  -  ?u))  -  -  4>Uj). 

The  coefficient  for  the  localised  dynamic  Smagorinsky  model  is  given  by 


where 


{E^-c;Qi)Pi 

^  Pkpk 


P,=c.=>aHB|^Cb, 

1^1 


(2.61) 


(2.62) 


(2.63) 


(2.64) 


(2.65) 

(2.66) 


j 

The  coefficient  for  the  localised  dynamic  mixed  model  is 

(Ei  -  Gj  -  C^i)Pi 

■■■■■■■-’  (2.67) 

with  Pj  and  Qj  given  by  Eqs.(2.65)  and  (2.66)  respectively,  and  Gj  given  by  Eq.(2.63). 

Close  to  the  rough  surface  at  the  bottom  of  the  domain  the  size  of  the  turbulent  eddies 
decreases  and  the  turbulence  models  described  above  do  not  give  the  correct  dissipation. 
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The  standard  Smagorinsky  model  is  over-dissipative  while  the  dynamic  models  are  under- 
dissipative.  With  the  standard  Smagorinsky  model  we  use  a  damping  function  suggested 
by  Mason  (1994), 

""  A2  {k{z  +  zo)f' 

where  k  is  the  Von  Karman  constant  and  zq  the  roughness  length.  With  all  models  we 
also  add  a  surface  layer  stress  term  suggested  by  Brown  et  al.  (2001).  This  stress  takes 
the  form 

r3fc  =  -  j  Csfca{z)po\u\4>dz,  (2.69) 

where  Csfc  is  a  scaling  factor,  a(z)  a  smoothing  function,  |w|  the  horizontal  wind  speed 
and  (j>  the  dependent  variable.  At  present  we  follow  Chow  k  Street  (2002)  and  choose 
Csfc  to  give  Tsfc  equal  to  half  the  surface  flux  at  the  first  grid  point  above  the  wall. 


3.  Simulation  results 

The  test  case  chosen  for  the  simulations  is  the  first  research  flight  (RFOl)  of  the  second 
Dynamics  and  Chemistry  of  Marine  Stratocumulus  (DYCOMS-II)  field  experiment.  The 
computational  domain  extends  3.2km  in  the  two  horizontal  directions  and  1.5km  in  the 
vertical  direction,  with  96  x  96  x  128  cells  in  the  x,y  and  2:  directions  respectively.  Cell- 
spacing  is  uniform  in  the  horizontal  directions  and  stretched  in  the  vertical  direction  to 
give  cells  of  height  5m  close  to  the  bottom  surface  and  in  the  vicinity  of  the  inversion. 
This  grid  is  typical  of  that  currently  used  in  large  eddy  simulations  of  the  atmospheric 
boundary  layer.  The  spatial  discretisation  uses  a  second-order  centered  scheme  with 
no  flux  limiting,  while  time  integration  uses  a  second  order  Runge-Kutta  scheme.  The 
simulation  is  integrated  over  a  period  of  four  hours.  Further  details  of  the  simulation 
set-up  are  described  in  Kirkpatrick  et  al.  (2003)  and  will  not  be  repeated  here. 

In  the  following  we  compare  results  obtained  with  four  of  the  SGS  turbulence  models 
described  above:  the  standard  Smagorinsky  (SM),  dynamic  Smagorinsky  (DSM),  dy¬ 
namic  mixed  (DMM)  and  localised  dynamic  Smagorinsky  model  (LDSM).  The  standard 
Smagorinsky  model  uses  a  constant  coefficient  of  Cs  =  C^^^  =  0.18  and  a  Prandtl 
number  of  Prggs  —  0.4.  For  reference,  we  also  show  results  obtained  with  no  SGS  model. 

Figure  1  shows  vertical  profiles  of  condensed  water,  liquid  water  potential  temperature, 
eddy  viscosity  and  diffusivities  and  SGS  Prandtl  number  predicted  by  the  various  models. 
These  profiles  are  calculated  by  averaging  over  horizontal  planes  as  well  as  over  a  time 
period  of  30  minutes.  All  profiles  are  calculated  for  the  last  half  hour  of  the  simulation, 
that  is  for  t  =  3.5  -  4h.  The  dynamic  Smagorinsky  models  give  quantitatively  similar 
profiles  to  the  standard  Smagorinsky  model.  LDSM  gives  somewhat  higher  average  eddy 
viscosity  and  diffusivities  than  DSM.  This  is  because  negative  values  of  eddy  viscosity 
predicted  by  LDSM  are  clipped,  whereas  with  DSM  conditions  that  would  produce  lo¬ 
cal  negative  values  have  the  effect  of  reducing  the  plane  average.  The  undipped  model 
coefficient  profiles  for  DSM  and  LDSM  (not  shown)  were  found  to  be  almost  identical. 
The  dynamic  mixed  model  gives  lower  values  of  eddy  viscosity  and  diffusivity  because 
the  Leonard  term  component  of  the  SGS  stress  is  included  separately.  All  models  predict 
a  SGS  turbulent  Prandtl  number  close  to  the  standard  value  of  0.4  through  most  the 
boundary  layer,  although  DSM  predicts  an  increase  to  a  value  of  approximately  2  in  the 
region  just  below  the  inversion.  The  reason  for  this  behaviour,  which  is  not  seen  with  the 
other  models,  is  not  clear  at  present. 
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Time  (h) 


Figure  2.  Time  series  of  inversion  height,  cloud  fraction  and  liquid  water  path: - no  SGS 

model,  .  •  •  SM, - DSM, - LDSM, - DMM. 


Figure  2  shows  time  series  of  inversion  height  Zinv^  liquid  water  path  LWP  and  cloud 
fraction.  The  entrainment  rate  E  can  be  estimated  from  the  rate  of  change  of  Zinv  using 
the  formula, 

_  dZinv  /o  1  \ 

E  (^*^) 

Here  Waub  is  the  subsidence  velocity,  which  for  the  present  case  is  estimated  to  be 
— O.Scms"^.  dzinvidt  is  calculated  as  the  average  rate  of  change  over  the  period  t  =  2— 4h. 
The  dynamic  Smagorinsky  models  give  an  entrainment  rate  of  approximately  0.36- 
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Figure  3.  Eddy  difFusivity,  buoyancy  frequency,  and  SGS  and  resolved  buoyancy  production 
at  cloud-top:  •  •  •  SM, - DSM,  —  •  —  LDSM,  —  *  *  •  —  DMM. 

0.37cms“\  while  the  dynamic  mixed  model  gives  0.40cms“^  These  results  are  in  excellent 
agreement  with  the  entrainment  rate  E  =  0,38±0.04cms“^  estimated  from  observational 
measurements.  The  standard  Smagorinsky  model,  however,  overpredicts  entrainment  sig¬ 
nificantly  giving  E  «  O.SScms'"^  The  entrainment  rate  with  no  SGS  model  is  0.34cms“^, 
which  is  slightly  lower  than  that  obtained  with  the  dynamic  models,  but  still  within  the 
error  bounds  of  the  observational  measurements.  The  observed  liquid  water  path  and 
cloud  fraction  remained  approximately  constant  during  the  experiment.  This  is  also  well 
predicted  with  dynamic  models  and  no  SGS  model,  while  with  the  standard  Smagorinsky 
model  the  results  for  these  parameters  again  deviate  significantly. 

To  help  explain  these  diflFerences,  Figure  3  shows  a  comparison  of  the  eddy  diffusivity 
Kh,  squared  buoyancy  frequency  iV^,  resolved  buoyancy  production  B  and  subgrid  scale 
buoyancy  production  Bsgs-  Subgrid  scale  buoyancy  production  is  approximated  as 

Bsgs  «  -KhN^.  (3.2) 

The  buoyancy  frequency  is  calculated  using  a  method  described  by  Stevens  et  al  (2002). 
This  approach  is  an  extension  of  the  work  of  MacVean  &:  Mason  (1990)  and  takes  into 
account  changes  in  stability  that  occur  when  subgrid  scale  mixing  causes  condensation  or 
evaporation.  Figure  3  shows  the  eddy  diffusivity  predicted  by  the  standard  Smagorinsky 
model  decreasing  through  the  inversion  as  a  result  of  the  stable  stratification  which  drives 
the  buoyancy  correction  coefficient  in  the  model  to  zero  (see  Eq.(2.16)).  There  is, 
however,  a  significant  overlap  region  in  which  both  the  eddy  diffusivity  and  buoyancy 
frequency  are  large.  Prom  Figure  3  and  Eq.(2.16)  it  is  clear  that  this  overlap  region 
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Figure  4.  Second  and  third  moments  of  vertical  velocity.  Simulation  results  (resolved  component 

only). - no  SGS  model,  •  •  •  SM, - DSM, - LDSM, - DMM.  Measurements: 

radar  data  (open  circles),  in  situ  measurements  (filled  circles). 


also  constitutes  a  zone  of  negative  subgrid  scale  buoyancy  production.  Meanwhile  the 
resolved  buoyancy  production  with  SM  is  similar  to  that  seen  with  the  other  models. 
Negative  buoyancy  production  is  associated  with  conversion  of  mechanical  energy  into 
potential  energy.  In  the  present  case  this  is  interpreted  as  turbulence  doing  work  to 
mix  the  warmer  air  above  the  inversion  with  cooler  boundary-layer  air  below.  Thus,  the 
extra  —Bsgs  provided  by  the  standard  Smagorinsky  model  is  the  cause  of  the  enhanced 
entrainment  rate  seen  with  this  model.  Excessive  entrainment  of  warm,  dry  air  across  the 
inversion  then  leads  to  the  observed  reduction  of  cloud  fraction  and  liquid  water  path. 

The  same  effect  is  not  seen  with  the  dynamic  models  which  damp  the  model  coefficient 
so  that  it  becomes  zero  just  below  the  inversion.  Consequently  there  is  no  overlap  region 
and  no  region  of  significant  negative  SGS  buoyancy  production.  By  coincidence,  the 
same  effect  is  also  achieved  when  no  SGS  model  is  used,  which  explains  the  similarity 
between  the  results  obtained  with  the  dynamic  models  and  no  SGS  model  for  large  scale 
parameters  such  as  entrainment  rate,  liquid  water  path  and  cloud  fraction. 

Figure  4  shows  vertical  profiles  for  the  second  and  third  moments  of  the  resolved  ver¬ 
tical  velocity  component  compared  with  the  observational  measurements.  The  second 
moment  is  well  predicted  in  the  dynamic  model  simulations,  with  numerical  results  in 
excellent  agreement  with  observations.  The  shape  of  the  profiles  obtained  with  the  dy¬ 
namic  models  is  also  typical  of  a  well-mixed  boundary  layer  as  is  expected  for  nocturnal 
stratocumulus.  In  contrast,  the  simulation  using  the  standard  Smagorinsky  model  does 
not  agree  as  well  with  the  observations  and  gives  a  two-peaked  profile.  Such  a  profile 
indicates  a  decoupling  of  the  cloud  layer  and  sub-cloud  layer  which  is  not  apparent  in 
the  observational  results. 
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The  differences  in  profiles  of  the  third  moment  are  even  more  striking.  The  standard 
Smagorinsky  model  gives  reasonable  results  in  the  surface  layer,  but  does  not  give  the 
negative  values  observed  in  the  cloud  layer.  The  dynamic  models,  on  the  other  hand,  give 
good  agreement  with  the  observations  throughout  the  boundary  layer,  although,  close  to 
the  surface  they  appear  to  under-predict  the  magnitude  of  this  statistic  somewhat.  More 
work  is  required  on  the  surface  layer  model  to  improve  this. 


4.  Future  work 

The  results  presented  in  this  paper  clearly  demonstrate  the  utility  of  dynamic  turbu¬ 
lence  models  for  atmospheric  simulations.  There  is,  however,  much  work  still  to  be  done. 
At  present  we  are  using  a  second-order  accurate  scheme  for  the  spatial-discretisation. 
Consequently  the  numerical  errors  are  of  a  similar  magnitude  to  the  terms  associated 
with  the  subgrid  scale  models.  The  authors  are  currently  working  on  a  fourth-order 
scheme  to  resolve  this  issue.  More  work  is  also  required  in  refining  the  surface  layer 
model,  especially  where  it  is  applied  in  combination  with  the  dynamic  models.  As  dis¬ 
cussed  above,  dynamic  models  tend  to  underpredict  the  dissipation  in  the  surface  layer. 
This  is  because  as  the  surface  is  approached  the  energetic  eddies  are  no  longer  resolved 
and  the  assumptions  underlying  the  dynamic  procedure  break  down.  While  the  current 
surface  layer  model  helps  to  overcome  these  issues,  the  surface  layer  velocity  and  scalar 
profiles  still  deviate  significantly  from  profiles  predicted  by  similarity  theory. 
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Particle  size  distributions  in  atmospheric  clouds 

By  Roberto  Paoli  &  Karim  SharifF  f 

In  this  note,  we  derive  a  transport  equation  for  a  spatially  integrated  distribution  function 
of  particles  size  that  is  suitable  for  sparse  particle  systems,  such  as  in  atmospheric  clouds. 
This  is  done  by  integrating  a  Boltzmann  equation  for  a  (local)  distribution  function  over 
an  arbitrary  but  finite  volume.  A  methodology  for  evolving  the  moments  of  the  integrated 
distribution  is  presented.  These  moments  can  be  either  tracked  for  a  finite  number  of 
discrete  populations  (“clusters”)  or  treated  as  continuum  variables. 


1.  Introduction 

Particles  are  present  in  atmospheric  clouds  in  several  forms  such  as  liquid  droplets,  non¬ 
volatile  aerosols  or  ice  crystals.  Their  microphysical  properties  control  many  processes 
such  as  the  production  of  rain  in  stratocumulus  clouds  and  radiation  through  cirrus 
clouds.  These  properties  depend  on  the  way  particles  interact  with  the  surrounding  air, 
through  fluid-d3aiamic  and  thermodynamic  processes.  As  these  processes  usually  take 
place  at  small  spatial  scales,  the  interaction  of  particles  with  atmospheric  turbulence  is  an 
important,  though  complex,  problem  in  cloud  physics  (Shaw  2003).  Prom  a  computational 
point  of  view,  two  major  factors  contribute  to  this  complexity.  First  is  the  very  high 
turbulence  Reynolds  number  and  the  large  range  of  spatial  scales  (Vaillancourt  &:  Yau 
2000;  Shaw  2003):  for  convective  clouds,  the  ratio  of  energy-containing  to  dissipative 
length  scales  is  O(IO^),  while  the  Reynolds  number  of  the  largest  eddies  is  0(10®  to 
10*^).  The  second  factor  is  that  the  mean  distance  A  between  particles  is  of  the  order  of 
the  Kolmogorov  scale  77.  Thus,  if  one  contemplated  direct  numerical  simulation  (DNS) 
where  all  spatial  scales  are  resolved,  then  one  would  have  to  track  individual  particles. 
Since  DNS  resolution  is  not  affordable  for  these  flows,  Eulerian  formulations  for  the 
liquid/solid  phase  are  widely  used  in  the  simulation  of  clouds.  These  formulations  fall 
into  two  main  classes.  The  first  is  a  “two  fluid  model”  where  particles  are  modeled  as 
a  continuum  having  a  local  mass  density  per  unit  volume.  This  approach  carries  no 
information  about  the  distribution  of  the  particle  size.  In  the  second  approach,  some 
physical  properties  (e.g.  the  mean  radius)  of  some  “ensemble”  of  particles  are  explicitly 
computed  at  each  physical  location  x.  The  concept  of  particle  size  distribution  at  a 
point  at  this  stage  of  our  discussion  is  ambiguous  but  will  be  clarified  later.  A  standard 
procedure  used  in  two-phase  flow  models  (e.g.  Williams  1965;  Cotton  &  Anthes  1989; 
Crowe  et  al.  1998)  to  describe  an  ensemble  of  particles  is  to  define  a  distribution  function 
/,  in  a  manner  analogous  to  the  kinetic  theory  of  gases.  In  kinetic  theory,  a  distribution 
function  /(x,  v;  t)  is  defined  where  /(x,  v;  t)  6x  Sv  represents  the  number  of  molecules 
that  at  time  t  are  between  x  and  x  -f  (5x  and  whose  velocity  is  between  v  and  v  -f  Sv. 
It  is  assumed  that,  as  ((5x,  (Jv)  0,  the  phase  volume  still  contains  a  sufiicently  large 
population  of  molecules  that  statistics  can  be  used.  This  is  usually  true  in  gasdynamics 
because  the  mean  free  path  of  molecules  is  much  smaller  than  the  continuum  scale  one 
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cares  about.  The  extension  of  this  appraoch  to  particles  other  than  molecules  is  formally 
straightforward  (see  for  example  the  book  by  Williams  1965),  as  long  as  the  continuum 
description  remains  valid.  In  the  case  of  atmospheric  clouds  however,  X  rj  so  that  only 
a  few  particles  rather  than  a  population  are  present  in  a  volume  V  =  0{7]^).  The  object 
of  this  note  is  first  to  derive  a  transport  equation  for  an  integrated  distribution  function 
^0,  describing  an  ensemble  of  particles  inside  an  arbitrary  but  finite  volume  V^o-  Then, 
this  approach  is  specialized  to  atmopsheric  clouds.  Finally,  a  methodology  is  proposed 
to  solve  for  the  moments  of  the  distribution  function  J-q. 


2.  Distribution  function  in  atmospheric  clouds 

Let  us  consider  a  population  of  particles  in  a  cloud  from  an  ensemble  of  realizations. 
At  any  time  t,  each  particle  p  occupies  the  position  Xp{t)  in  physical  space,  moves  with 
velocity  Up{t)  and  changes  its  radius  rp{t).  This  population  can  be  represented  in  a 
phase  space,  defined  by  the  generalized  coordinates  q(t)  and  evolving  via  the  generalized 
velocities  U(q(t)); 

■  r(t)  ]  ,  [  r(qW)  ' 

q(t)  =  K{t)  ,  U(q(t))  =  -57  =  u(<l(<))  (2-1) 

.  u(t)  J  [  F(q{t))  J 

where  x  and  u  are  the  spatial  coordinates  and  velocities,  F  is  the  functional  law  of  the 
force  per  unit  mass  acting  on  the  particle  and  r  is  the  functional  law  of  the  growth  rate 
of  its  radius.  At  any  time  t,  each  particle  of  the  population  occupies  a  point  q(t)  in  this 
space.  Instead  of  tracking  each  particle  we  wish  to  follow  the  evolution  of  a  distribution 
function  f{q{t)]t)  of  the  population.  This  is  defined  in  such  a  way  that 

mt);t)6Q(t)  (2.2) 

is  the  number  of  particles  that  at  time  t  are  inside  a  cube  of  volume  6Q{t)  in  phase  space, 
located  between  the  coordinates  q(t)  and  q{t)  6q{t).  After  a  time  dt,  this  volume  has  a 
value  SQ(t-{-dt)  and  the  diagonally  opposite  corners  of  the  cube  are  mapped  to  q(t +  dt), 
and  q(t  -f  dt)  -f  6q{t  +  dt),  respectively.  At  the  same  time,  each  particle  can  change  its 
q  and  the  particle  number  can  vary  because  of  evaporation  or  coagulation.  To  derive 
a  transport  equation  for  /  we  need  to  relate  these  quantities.  For  the  sake  of  clarity, 
we  will  drop  the  explicit  dependence  on  t  in  all  variables,  and  define  P  =  t  -h  dt,  and 
q'  =  q{t  -f  dt).  Then  we  have 

q'  =  q  +  U(q)dt  (2.3) 

q' -I- <5q' =  q  4- (5q  +  U(q  +  ^q)dt  (2.4) 

The  last  term  in  (2.4)  can  be  expanded  as  U(q  +  5q)  =  U(q)  +  (VqU)<5q  where  VqU  is 
the  gradient  of  U  in  phase  space.  Substituting  (2.3)  into  (2.4)  one  gets 

^q'  =  (I  +  dtVqU)(5q  (2.5) 

The  change  of  phase  space  volume  SQ'-SQ  is  related  to  the  divergence  of  the  generalized 
velocity  U  by 


(2.6) 
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Let  K  (q;  t)  describe  the  general  rate  of  gain  or  loss  of  particle  number  due  to  coagulation 
or  evaporation, 

/(q';  t')  5Q'  =  /(q;  t)  5Q  +  K{q;  t)dt  SQ  (2.7) 

Substituting  (2.3),  (2.4)  and  (2.6)  into  (2.7)  and  expanding  gives: 


/+(^  +  V„/-u)dt  +  0(dt2) 


SQ=^f5Q^Kdt6Q  (2.8) 


where  all  quantitites  are  evaluated  at  t.  Taking  the  limit  dt  — >  0  and  neglecting  higher 
order  infinitesimals  gives  a  Boltzmann  equation 


ifV)=K 


(2.9) 


Finally,  inserting  the  different  components  of  q  and  U  by  means  of  (2.1)  gives  the  more 
usual  form  employed  in  two-phase  flow  literature  (e.g.  Williams  1965): 


^  +  Vx-(/u)  +  V„-(/F)  +  ^=iir  (2.10) 

The  term  F  in  (2.10)  is  the  aerodynamic  drag  induced  by  the  flow  on  particles,  F  w 
(up  —  u/)/rp  (see  Crowe  et  al  1998)  where  u/  is  the  fluid  velocity  and  Tp  =  Appr^/lS/j. 
is  a  relaxation  time.  If  the  size  of  the  particle  Vp  is  small,  Tp  is  also  small  and  the  particle 
velocity  immediately  adjusts  to  the  flow  velocity.  In  the  following,  we  restrict  our  analysis 
to  this  case,  so  there  is  no  dependence  on  F  in  (2.10): 


(2.11) 


3.  Integrated  distribution 

We  now  derive  an  integrated  version  of  (2,11).  Consider  a  point  Xq  in  physical  space  and 
an  arbitrary  (but  finite)  volume  Vb(xo(t)  around  it.  Then,  a  space  integrated  distribution 
function  !Fo{r^xo;t)  can  be  defined  as 

.Fo(r,xo;t)  =  /  /(r,x;t)dVb(x)  (3.1) 

Jvo 

so  that  .Fo(r,Xo;i)  Sr  represents  the  number  of  particles  that  at  time  t  are  inside  a  finite 
volume  Vq  around  xq  and  whose  radius  is  in  between  r  and  r-^-Sr  (the  dimensions  of  this 
function  are  [.Fo]  =  whereas  [f]  =  L~^  x  L~^).  The  mean  'ipo  within  the  volume  Vq 
of  any  quantity  '^(r,  x;  t)  associated  with  each  particle  is 

il)o{r,xo;t)  =  ^=rj^ — /  f(r,x-,t)il>{r,x-,t)dVo{x)  (3.2) 

J-o{r,Xo-,t)  Jvo 

Let  us  introduce  a  local  coordinate  y  around  Xq,  x  =  x(xo,  y)  =  Xq  +  y,  so  that 

Vx*(*)  =  Vxo-(*)  +  Vy.(.).  (3.3) 

Using  (3.2)  for  u  and  r,  their  integral  values  over  Vq  become 

uo(r,xo;t)  = — -r  f  f{r,xo+y;t)u{r,Xo+y\t)dVo(y)  (3.4) 
ro(»’, xo;  t)  =  ,  f  f{r, xo  +  y;  t)  r(r,  xo  +  y;  t) dVo{y)  (3.5) 

>o(r,xo;i)  Jvb 
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Using  (3.3)  to  express  the  divergence  term  Vx  *  (/  u)  =  Vxo  •  (/  + Vy  •  (/  u),  a  transport 

equation  for  Po  can  be  derived  by  integrating  (2.11)  inside  volume  Vq: 


As  in  general  Xo  and  Vo  vary  in  time,  we  need  to  switch  volume  integration  and  time 
derivative  in  the  first  term  of  the  above  equation.  Using  Leibnitz  rule  and  (3.1),  one  has: 

^  =  ^  /  fdVo=  f  %dVo+<f  fSj-nodSo  (3.7) 

ot  dt  Jy^  Jyq  ot  Jsq 

where  So  is  the  surface  around  Vo  and  Sy  is  the  velocity  of  Sq  with  respect  to  the  fixed 
reference  frame.  Using  (3.7),  Gauss  theorem  and  the  definitions  (3.4)  and  (3.5)  in  (3.6), 
and  introducing  the  relative  velocity  with  respect  to  5o,  w  =  u  -  S/,  finally  gives 

+  Vxo  ‘  {^0  Uo)  H — ^  ^  /  w  •  no  dSo  =  Kq  (3.8) 

which  is  a  Boltzmann  equation  for  the  integral  distribution  function  J^q,  Equation  (3.8) 
formally  differs  from  (2.11)  because  of  the  surface  integral  in  the  left-hand  side.  This 
contains  the  (unknown)  local  distribution  function  /,  which  must  be  modeled  in  some 
way.  Note,  however,  that  if  Vq  is  a  material  volume,  then  u  =  Sy  on  .So,  and  the  surface 
flux  goes  to  zero. 


Ergodic  hypothesis 

In  the  previous  derivation  we  had  to  introduce  an  ensemble  of  realizations  in  order  to 
derive  a  local  Boltzmann  equation  which  we  then  integrated  over  a  finite  volume.  We 
now  make  the  hypothesis  that  Vo  is  large  enough  to  contain  a  population  of  particles 
that  we  can  by-pass  the  ensemble.  In  other  words,  we  hypothesize  that  the  integrated 
Boltzmann  equation  (3.8)  is  valid  for  a  single  realization  if  Vq  is  large  enough.  Typically, 
the  grid  size  in  cloud  codes  is  A  >  1  m  while  Xc^iT)  ^  10“^  m,  so  each  grid  cell  contains 
at  least  10®  particles. 

3.1.  Ensemble  averages 

The  total  number  of  particles  A^o  in  spatial  volume  Vq  can  be  obtained  by  integrating  J^q 
over  all  possible  radii, 

yOO 

JVo(xo;t)=/  To{r,-x.o\t)dr.  (3.9) 

Using  (3.9),  the  ensemble  average  (V^o)  of  any  variable  is  obtained  by  integrating  (3.2) 


1  /*°° 

(^o)  (xo;  t)  =  V'o(^,  Xo;  t)  Toir,  xq;  t)  dr 

In  particular,  the  ensemble  velocity  and  radius  growth  rate  are 

(uo)  (xo;  t)  =  Xo;  t)  J^o{r, xq; t)  dr, 

1 

(ro)  (xo;  t)  =  . . -  ro(r,  Xo;  t)  To{r,  Xo;  t)  dr 


(3.10) 


(3.11) 
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For  further  analysis,  it  will  be  useful  to  introduce  the  mean  radius,  (ro),  and  the  variance, 
(Aro),  of  the  population.  Using  (3.2),  these  are  given  by 

(ro)  (xo;  t)  =  J  r  J^o(r,  Xo;  t)  dr  (3.12) 

(Arl)  (xo;  t)  =  V  “  (»'o>  (uo;  To{r,  Xo;  t)  dr  (3.13) 

Note  that  u(r,y;t)  and  (uq)  (xo\t)  (same  for  r  and  (ro))  have  a  different  physical  mean¬ 
ing:  u(y)  represents  the  velocity  of  a  particle  in  a  neighboorood  of  y.  On  the  other  hand, 
uo(xo)  represents  a  statistical  average  within  a  population  of  particles  and  is  a  continuum 
velocity  field,  associated  to  any  point,  xq,  of  the  physical  domain.  Indeed,  one  could,  in 
principle,  obtain  (uo)  and  (ro)  as 


^  No  .No 


p=l 


No 


(3.14) 


p=l 


where  Up  and  Vp  are  the  velocity  and  the  radius  growth  rate  of  particle  p  inside  Vq.  In 
the  limit  of  No  — ^  oo,  (3.11)  and  (3.14)  are  equivalent  but  we  only  have  access  to  !Fo 
because  the  details  concerning  Up  and  fp  of  each  physical  particle  are  unknown. 


The  next  step  is  to  relate  the  continuum  fields  (uo)  and  (ro)  to  the  corresponding  flow 
variables.  As  we  do  not  consider  here  any  force  acting  on  particles  (Sec.  2),  they  are 
simply  convected  by  the  fluid.  Therefore,  there  is  no  reason  why  two  particles  of  the 
same  population  and  different  radius  should  have  different  velocities,  i.e.  uq  is  statistically 
uncorrelated  with  r, 

uo(r,xo;t)  =  (uo)  (xo;t)  =  u/(xo;^)  (3.15) 

where  u/(xo;  t)  is  the  fluid  velocity  at  Xo.  The  same  arguments,  cannot  be  applied  to  ro, 
i.e.  ro  ^  (^^)o5  because  each  particle  of  the  population  may  have  a  different  growth  rate 
due  to  different  ’’reactions”  to  turbulent  fluctuations  in  the  flow-field,  as  discussed  next. 


4.  Particle  growth  by  condensation 

The  growth  of  the  radius  of  a  single  particle  in  a  medium  at  rest  can  be  simply  derived 
by  considering  a  diffusion  equation  for  water  vapor  on  a  particle  surface  (Pruppacher  & 
Klett  (1997)  p.  502)  and  is  given  by 

dr  _D{p,-pt{T))  _  PS 

dt  Tpy^r  Tpyjr  ^  ‘ 

where  D  is  the  diffusion  coefficient  of  water  vapor  in  air  and  F  is  the  psychrometric 
correction  associated  with  the  latent  heat  of  condensation;  and  is  the  density  of  ei¬ 
ther  water  or  ice.  The  vapor  densities  p^  and  pS(T)  are  evaluated,  respectively,  at  some 
“ambient”  condition  far  from  the  particle  and  at  the  surface  of  the  particle  (which  co¬ 
incides  with  the  saturation  value  because  vapor  there  is  in  thermod3mamic  equilibrium 
with  water/ice).  Thus,  in  such  a  single-particle  picture,  the  radius  growth  rate  is  only 
controlled  by  the  supersaturation  5  =  “  p® .  As  first  pointed  out  by  Srivastava  (1989) 
(see  also  Khvorostyanov  &;  Curry  1999),  this  description  cannot  be  extended  straightfor¬ 
wardly  to  a  population  of  particles.  In  fact,  even  in  the  absence  of  turbulence  and  uniform 
S  initially,  the  available  vapor  in  a  cloud  is  not  equally  distributed  among  all  particles 
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because  of  their  random  spatial  distribution,  so  that  the  effective  supersaturation  avail¬ 
able  at  a  droplet  surface  (“microsaturation”),  can  differ  significantly  from  the  overall 
ensemble  averaged  supersaturation  (“macrosaturation”)  (Srivastava  1989).  In  addition, 
in  a  turbulent  cloud,  each  particle  “reacts”  in  a  different  way  to  turbulent  fluctuations  in 
the  flow-field:  for  example,  if  a  supersaturation  fluctuation  arises,  it  will  be  absorbed  by 
each  particle  through  a  complex  diffusional  process  of  vapor  involving  all  elements  of  the 
population  (Srivastava  1989)  .  Several  approaches  have  been  developed  in  the  atmospheric 
science  literature  (Pruppacher  k  Klett  1997)  to  try  to  solve  this  complex  problem.  One 
of  these,  the  so-called  “stochastic  condensation”  approach  performs  Reynolds  averaging 
on  the  equation  for  condensational  growth,  resulting  in  covariances  that  can  be  though 
as  “Reynolds  stresses”  (Shaw  2003).  In  particular,  we  follow  Khvorostyanov  k  Curry 
(1999)  (see  also  Pruppacher  k  Klett  (1997)  p.505)  who  use  kinetic  theory  to  relate  the 
micro-  and  macro-saturation  in  a  cloud.  Their  arguments  are  as  follows.  For  the  moment 
consider  the  situation  where  the  particle  radius  is  so  small  to  be  comparable  with  the 
mean  free  path  of  vapor  molecules.  In  this  case,  one  should  account  for  the  Brownian 
motion  of  molecules,  that  is  the  diffusion  associated  to  the  (random)  molecular  impact  on 
particles  surface.  As  shown  by  Pruppacher  k  Klett  (1997),  this  can  be  done  in  (4.1)  by 
introducing  a  modified  diffusion  coefficient  D*{r)  which  depends  linearly  on  the  radius  r 
(Pruppacher  k  Klett  (1997)  p.506).  It  can  be  argued  (Crowe  et  al  1998;  Khvorostyanov 
k  Curry  1999)  that  the  effects  of  turbulent  fluctuations  of  vapor  density  or  in  super¬ 
saturation  is  similar  to  Brownian  motion,  whereas  the  molecular  impact  on  particles  is 
substituted  by  their  interaction  with  turbulent  eddies  (note  that  this  picture  can  also 
be  extended  to  account  for  equivalent  Brownian  dispersion  of  particles,  induced  by  fluc¬ 
tuating  fluid  forces  rather  than  density  fluctuations)  (Crowe  et  al  1998).  The  “micro” 
supersaturation  Sp  available  to  particle  p  of  an  ensemble  is 


(4.2) 


where  {Sq)  {xo\t)  is  the  ensemble  supersaturation  available  to  the  population  within 
volume  Vq.  It  represents  the  supersaturation  that  would  be  at  Xq  if  there  were  no  particles, 
then  it  can  be  thught  as  the  fluid  supersaturation  at  xo,  {Sq)  (xo;t)  =  Sf{xo;t).  Using 
(4.2)  and  the  previous  formalism  (rp  — >  r;  5p  — >  5'(r,y);  fp  ^  r{r,y))^  one  gets  to 


r  (ro)  (ro) 

Hr  y)  = 

^  Tp^r  Tp^iro) 


(4.3) 

(4.4) 


Substituting  (4.3)  and  (4.4)  into  (3.11)  finally  gives 


{ro)  = 


No{xo-,t) 


To  ro  dr 


‘fJ 

Jo  JVi 


DSir.y) 


dVo  dr  = 


Tpw  (ro) 


5.  Method  of  moments 

Even  neglecting  the  surface  term,  (3.8)  is  a  p.d.e.  in  four-dimensional  space  (r,  Xo;t) 
that  can  only  be  solved  numerically.  Some  atmospheric  cloud  codes  solve  a  transport 
equation  for  a  distribution  function  by  discretizing  the  particle  size  r  in  a  finite  number  of 
bins,  at  each  grid  location  (although  it  is  not  explicitly  mentioned,  they  are  conceptually 
discretizing  (3.8)  with  neglected  surface  terms). 
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In  this  section,  we  present  a  simulation  strategy  based  on  the  method  of  moments 
proposed  in  Paoli  et  al  (2002).  The  moments  m/.  of  the  distribution  are  defined  by 


poo 

mfc(xo;f)=  /  r^To{r,Xo;t)dr 

Jo 


Multiplying  (3.8)  by  gives 


dr  (5.2) 


Using  (3.15),  (4,5)  and  (5.1)  and  assuming  that  .Fo  ->  0  sufficiently  fast  as  r  — >  oo,  (5.2) 
becomes 

^  .  (u,  m.)  =  r£^  (5.3) 

Under  all  assumptions  made,  (5.3)  describes  the  evolution  of  the  moments  of  the  integral 
distribution  function  Fo*  An  attractive  property,  deriving  from  the  microsaturation  model 
(4.2),  is  that  the  evolution  of  the  moment  only  depends  on  the  previous  order  moment 
which  allows  one  to  close  the  system  (5.3)  without  any  further  assumptions  and  without 
presuming  the  shape  of  Fq.  Using  (3.9)-(3.13)  and  (5.1),  the  zero  and  the  first  two 
moments  are  easily  found  and  are  related  to  the  ensemble  average  radius  and  variance, 

mo  =  No  ,  mx-  No  (ro)  ,  m^^No  [(Aro)  +  (ro)^j  .  (5.4) 

The  corresponding  evolution  equations  are  (we  put  a  =  D/Tp^) 

^  +  V,„-(u/iVo)=0  (5.5) 

^+Vxo-(u/mi)=a5;^  (5.6) 

^  +  Vxo  •  (u/  m2)  =  2  aSjNo  (5.7) 

These  equation  are  coupled  to  the  continuum  fluid  phase  through  u/  and  5/.  In  partic¬ 
ular,  an  increase  in  particle  radius  by  condensation  implies  vapor  depletion  with 

=  -  /  47rpiyr^roFo  dr  = - - - -r  \  /  ^  dr  =  -A'RpyjaSf -  (5.8) 

Jo  ^Pw  VO)  Jo  ^1 

The  usual  convection-diffusion-reaction  equation  for  a  scalar  Yy  in  conservative  form 
(pv  =YyPf  where  p/  is  the  total  gas  phase  density)  then  becomes: 

^  +  Vxo  ■  (U/  P„)  +  Vx„  •  (P/D  Vx„y„)  =  P.  =  _47rp„a5/^^  (5.9) 

ot  mi 

Under  all  approximations  made,  (5.5)-(5.7)  and  (5.9)  (together  with  Navier-Stokes  equa¬ 
tions)  describe  the  evolution  of  the  first  moments  of  the  size  distribution  of  a  population 
of  particles.  These  moments  can  be  solved  by  using  either  an  Eulerian  or  a  Lagrangian 
description  as  discussed  next. 

Eulerian  description 

In  this  case,  one  has  to  solve  for  mk  using  (5.5)-(5.7)  with  the  further  condition  that  the 
volume  Vo  is  constant  in  time  (in  discretized  form  it  can  be  the  volume  of  a  grid  cell).  It  is 
worth  mentioning  that  Fo  and  are  continuous  functions  of  space  (not  grid  averages!). 
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so  their  gradients  contain  all  spatial  fluctuations  in  a  turbulent  flow .  In  particular,  if  they 
are  filtered  in  a  LES  approach,  the  correlations  rrik  u/  and  rrik  Sf  exist  at  subgrid  scale 
level  and  must  be  modeled. 


An  approximate  Lagrangian  method 

Let  us  devide  the  total  number  of  particles  in  the  cloud  into  Nc  ”  clusters” ,  each  containing 
a  fixed  number,  Nj,  of  particles  (where  j  =  The  position  of  each  cluster  is 

assumed  to  evolve  according  to 

§  =  uy(xj)  (5.10) 

where  xj  is  the  center  of  the  volume  containing  cluster  j  and  u/(xj)  is  the  fluid 
velocity  at  xj.  Note  that  we  are  assuming  that  the  cluster  advects  rigidly  without  de¬ 
forming.  Introducing  the  total  derivative  d{)/dt  =  d{)/dt  -f  Vxo()u/  in  (5.5)-(5.7),  one 
can  “track”  the  moments  of  each  cluster  j  as  (note  that  the  zeroth  moment  equation, 
Nj  =  const  is  now  trivial) 


dm{ 

dt 


^aSf 


N? 


ml 


dmi  ^  ^ 

—  -2aSfNj 


(5.11) 

(5.12) 


where  5/  =  5/(x^)  is  the  fluid  supersaturation  at  Xq.  The  advantage  of  the  Lagrangian 
approach  is  that  the  surface  term  in  (3.8),  which  was  neglected  to  get  to  (5.5)-(5.7),  is 
now  zero  because  is  a  material  volume,  u  =  on  for  all  j. 


6.  Conclusions 

In  this  note  we  derived  a  transport  equation  for  the  radius  distribution  function  of  a 
population  of  particles  in  an  atmospheric  cloud.  We  used  a  simple  stochastic  condensation 
model  for  the  radius  growth  (taken  from  the  atmospheric  science  literature)  to  relate  the 
microsaturation  around  each  particle  to  the  macrosaturation  of  the  entire  population. 
Finally,  we  described  a  procedure  to  solve  for  the  moments  of  the  distribution,  and  showed 
that  this  can  be  either  used  in  Eulerian  continuum  formulations  or  Lagrangian  tracking 
of  “clusters”  of  particles.  Future  plans  include  testing  of  this  method  by  comparison 
with  DNS  of  homogeneus  and  isotropic  turbulence  and  individual  particle  tracking;  and 
application  of  the  method  to  natural  and  contrail-generated  cirrus. 
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Simulation  of  inviscid  compressible  multi-phase 
flow  with  condensation 


Philip  Kelleuers  f 


Condensation  of  vapours  in  rapid  expansions  of  compressible  gases  is  investigated.  In 
the  case  of  high  temperature  gradients  the  condensation  will  start  at  conditions  well  away 
from  thermodynamic  equilibrium  of  the  fluid.  In  those  cases  homogeneous  condensation 
is  dominant  over  heterogeneous  condensation.  The  present  work  is  concerned  with  de¬ 
velopment  of  a  simulation  tool  for  computation  of  high  speed  compressible  flows  with 
homogeneous  condensation.  The  resulting  flow  solver  should  preferably  be  accurate  and 
robust  to  be  used  for  simulation  of  industrial  flows  in  general  geometries. 


1.  Introduction 

A  substance  below  its  critical  temperature  can  be  present  in  either  gaseous  or  liquid 
phase,  depending  on  the  pressure,  and  is  referred  to  as  a  vapour.  Vapours  present  in 
a  mixture  of  gases  and  vapours,  when  subjected  to  expansion  can  condensate  and  form 
liquid  droplets.  This  phenomenon  is  observed  in  e.g.  aircraft  tip  vortices  and  in  industrial 
flows  like  steam  turbines.  Condensation  in  flows  of  gas  mixtures  at  high  speed  has  been 
investigated  by,  among  others;  Wegener  (1969),  Hill  (1966),  Campbell  (1989),  Schnerr  et 
al.  Schnerr  (1996),  Dohrmann  (1989),  Mundinger  (1994),  Adam  (1996)  and  van  Dongen 
et  al.  Luijten  (1999),  Luijten  (1998),  Prast  (1997)  and  Lamanna  (2000).  Expansion  in 
nozzles  of  gases  to  supersonic  speeds  has  often  been  used  to  investigate  the  physics  of 
condensation.  Condensation  in  the  flow  around  airfoil  sections  and  in  steam  turbines  has 
been  investigated  to  a  large  extent.  At  the  University  of  Twente  a  numerical  tool  has 
been  developed  to  simulate  transonic  flows  with  condensation  in  confined  geometries. 
The  solver  operates  on  the  basis  of  a  finite  volume  method  using  unstructured  meshes. 
It  has  been  observed  that  results  obtained  with  the  solver  are  very  sensitive  to  accurate 
shock  prediction,  and  fine  shock  resolution  in  the  flow  field,  especially  in  cases  of  strong 
interaction  between  the  gasdynamic  shock  and  the  condensation  process.  The  focus  of  the 
present  work  is  to  improve  the  accuracy  and  robustness  of  the  flow  solver  by  improving 
solid  wall  boundary  treatment  and  spatial  reconstruction  for  simulations  with  second 
order  spatial  accuracy. 


2.  Physics  of  Condensation  during  Rapid  Expansion 

Below  its  critical  temperature,  a  fluid  can  be  in  gaseous  or  liquid  phase.  The  thermo¬ 
dynamical  region  of  coexistence  of  vapour  and  liquid  in  equilibrium  in  bulk  substances 
is  given  by  the  Clausius-Clapeyron  relation.  For  rapid  expansions  of  vapour  this  coexis¬ 
tence  region  is  passed  without  the  fluid  attaining  equilibrium.  The  vapour  is  saturated 
expressed  by  the  saturation  ratio; 

t  Address:  Engineering  Fluid  Dynamics,  Mechanical  Engineering  -  University  of  Twente, 
P.  O.  Box  217,  7500  AE  Enschede,  The  Netherlands 
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Figure  1.  Expansion  of  air-water  mixture  in  nozzle-S2,  partial  vapour  pressures  and 

saturation  ratio  s  (dashed) 


s  =  —  (2-1) 

where  and  Q-r®  the  number  of  moles  of  the  vapour  in  the  actual  mixture  and 
the  mixture  in  equilibrium,  respectively.  For  pressures  as  high  as  atmospheric  pressure 
equation  2.1  can  be  replaced  by  the  more  conventional  expression; 

5  =  ^  (2.2) 

Pv,eq 

where  Pv  is  the  actual  partial  vapour  pressure  in  the  mixture  and  Pv,eq  is  the  equilibrium 
partial  vapour  pressure  at  the  same  thermod5mamic  conditions.  and  Pv,eq  are  plotted 
in  figure  1  for  the  expansion  of  an  air-water  mixture,  as  functions  of  temperature. 

The  curve  for  the  coexistence  of  liquid  and  vapour  {Pv,eq)  divides  the  plane  given  by 
pressure  and  temperature  into  two  regions.  For  pressures  higher  than  the  coexistence 
pressure  the  substance  under  consideration  (water)  is  present  in  liquid  form  while  in 
equilibrium  state.  For  lower  pressures  the  substance  will  be  present  as  water-vapour 
while  in  equilibrium.  The  expansion  in  the  nozzle,  as  given  by  the  partial  vapour  pressure 
py,  is  so  quick  that  the  water-vapour  will  not  immediately  condense  under  equilibrium 
conditions.  This  is  the  case  as  the  characteristic  time  of  the  gasdynamic  flow  is  much 
smaller  than  the  time  needed  to  form  the  first  onsets  of  the  new  liquid  phase.  For  the 
nozzle  flow  at  hand  this  is  due  to  the  high-cooling  rate  in  the  nozzle.  So  the  water-vapour 
expands  further,  driving  the  air-water-vapour  mixture  well  away  from  equilibrium,  as 
indicated  by  the  saturation  ratio  which  attains  values  as  high  as  40.  In  case  s  >  1  the  fluid 
is  said  to  be  super— saturated.  Formation  of  small  liquid  clusters,  nuclei,  at  high  super 
saturation  is  the  first  stage  of  the  condensation  process  that  starts  in  order  to  reestablish 
equilibrium.  On  these  newly  formed  nuclei,  the  super-saturated  vapour  condenses  as  a 
second  step  until  equilibrium  is  reached,  the  process  of  droplet  growth.  This  can  be  seen 
in  figure  1  by  the  decrease  in  partial  vapour  pressure  and  the  increase  in  temperature. 
With  so  much  liquid  already  present,  the  remainder  of  the  condensation  process  due 
to  droplet  growth  takes  place  very  close  to  thermod5Tiamic  equilibrium  of  the  water, 
indicated  by  the  saturation  close  to  one,  for  the  remainder  of  the  expansion. 
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The  process  described  above  is  the  process  of  homogeneous  condensation.  In  contrast, 
the  process  of  heterogeneous  condensation  is  droplet  growth  on  foreign,  already  present 
particles.  However,  for  high  cooling  speeds  and  consequentially  high  super-saturation 
the  number  of  new  nuclei  formed  exceeds  any  realistic  number  of  foreign  particles  by 
several  orders  of  magnitude.  For  the  present  applications  only  homogeneous  condensation 
processes  are  of  importance. 

An  effect  resulting  from  condensation  is  the  release  of  latent  heat  during  the  con¬ 
densation  process,  indicated  by  the  increase  in  temperature  during  condensation  in  the 
previous  example  of  nozzle  flow.  The  latent  heat  L  is  defined  as 

L  =  hy~hi  (2.3) 

with  hy  and  hi  the  enthalpy  of  the  gaseous  and  liquid  phase,  respectively.  The  latent 
heat  is  the  enthalpy  needed  to  evaporate  a  unit  mass  of  liquid.  It  is  a  material  property. 


3.  Nucleation  and  Droplet  Growth  models 

From  the  previous  treatment  of  condensation  during  rapid  expansion,  it  is  observed 
that  the  condensation  process  consists  of  two  consecutive  stages.  The  first  one  is  the 
formation  of  liquid  nuclei,  nucleation,  the  second  one  is  the  condensation  of  vapour 
molecules  on  the  already  present  nuclei,  making  these  grow  in  the  process  of  droplet 
growth.  In  the  following,  a  brief  treatment  is  given  of  the  physical  background  of  both 
nucleation  and  droplet  growth  together  with  the  presentation  of  the  models  used  to 
simulate  these  processes. 

3.1.  Nucleation 

Under  super-saturation  vapour  molecules  can  condense  on  liquid  already  present  or  on 
foreign  objects.  In  the  absence  of  both,  the  vapour  molecules  can  form  small  clusters.  As 
a  result  of  the  clustering,  an  additional  phase  needs  to  be  formed,  the  interface  between 
the  liquid  inside  the  cluster  and  the  gas  outside  of  the  cluster.  The  interface  can  be  re¬ 
garded  as  infinitely  thin.  At  the  interface  there  is  surface  tension.  Thus  the  creation  of  an 
interface  requires  energy.  For  very  small  clusters,  the  surface  effects  are  dominant  over 
volume  related  effects.  As  a  result  the  formation  of  the  interface  represents  an  energy 
barrier  in  the  formation  process  of  the  nucleus.  If  the  energy  involved  in  the  clustering 
of  the  vapour  molecules  is  less  than  required  in  the  formation  of  the  interface  surface, 
the  cluster  will  disintegrate  immediately  following  its  formation.  Therefore  at  near  equi¬ 
librium  conditions,  super-saturations  close  to  one,  it  is  highly  unlikely,  that  a  realistic 
number  of  stable  nuclei  in  a  volume  at  macro  scale  will  be  formed  although  clusters 
are  constantly  formed  and  falling  apart.  The  previous  notion  results  in  formulation  of 
formation  enthalpy  of  critically  sized  stable  nuclei,  and  the  number  densities  in  which 
these  stable  nuclei  are  likely  to  come  into  existence.  The  creation  enthalpy  of  one  liquid 
droplet  under  equilibrium  conditions  is  given  by  Dohrmann  (1989): 

AG  =  47Tr^c7'  —  nkT\Ti{s)  (3-1) 

where,  AG  is  the  change  in  Gibbs  enthalpy,  r  is  the  radius  of  the  droplet,  a  is  the  droplet 
surface  tension  in  a  plane  with  no  curvature,  n  is  the  number  of  molecules  in  the  droplet, 
k  is  the  Boltzmann  constant,  and  T  is  the  temperature.  In  accordance  with  classical 
nucleation  theory,  we  note  that  a  stable  nucleus  will  be  created  when  the  function  for 
AG  attains  a  local  maximum.  AG  at  this  maximum  is: 
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4  o 

AG  =  -7rr*a 

O 

with  r*,  the  radius  of  this  critical  sized  droplet  being  given  by; 


(3.2) 


r 


* 


2(7 

piRyTlTi(s) 


(3.3) 


where  pi  is  the  density  of  the  liquid  in  the  droplet,  and  Ry  is  the  gas  constant  of  the 
vapour.  The  number  of  droplets  created  is  given  by  the  nucleation  rate.  For  the  nucleation 
rate  several  models  are  available,  Classical  Nucleation  Theory  CNT-model  (Wegener 
1969)  and  the  Internally  Consistent  Classical  Theory,  ICCT-model  (Luijten  1998).  In 
the  present  work,  the  CNT-model  is  applied: 


/  167r  <7^ 

r  mpfRlT^\n\s) 

where  py  is  the  density  of  the  vapour  and  m  is  the  mass  of  one  vapour  molecule. 

3.2.  Droplet  Growth 

The  droplet  growth  model  to  be  applied  depends  on  the  regime  in  which  droplet  growth 
takes  place.  For  pressures  of  the  order  of  atmospheric  pressure  droplet  growth  is  based 
on  a  balance  between  condensation  of  vapour  molecules  onto  droplets,  and  evaporation 
of  vapour  molecules  from  the  droplet.  For  pressures  1  to  2  orders  of  magnitude  higher, 
droplet  growth  is  diffusion-controlled.  In  the  present  work,  high  pressure  effects  are  not 
taken  into  account.  Therefore  the  Hertz-Knudsen  droplet  growth  model  (Hill  1966)  can 
be  applied.  The  droplet  growth  rate  is: 


dr  _  o  /  py 
dt  pi  V  y/27rRyT 


(3.5) 


where  a  is  an  accommodation  coefficient  usually  taken  equal  to  one,  Td  is  the  droplet 
temperature  in  the  present  work  equal  to  the  surrounding  gas  temperature  and  Ps,r  is 
the  partial  super-saturated  vapour  pressure  over  a  curved  radius  of  curvature  r  given  by: 


Ps.r  ^  Pv,eq 


(  I-—) 

\piRvTrhiJ 


(3.6) 


where  r^i  is  the  Hill  droplet  radius.  This  radius  is  computed  as  an  averaged  radius  over 
the  complete  population  of  droplets  at  hand.  This  radius,  of  course,  depends  on  the 


distribution  function  of  the  droplets. 


4.  Description  of  the  Liquid  Phase 

Until  now  only,  the  creation  and  growth  rate  of  a  single  droplet,  and  the  creation  rate, 
nucleation  rate,  of  new  droplets  has  been  treated.  Next  to  that,  the  size  and  form  of 
individual  droplets  and  the  size  and  distribution  of  the  droplet  population  need  to  be 
computed.  As  the  number  of  droplets  in  the  flow  cases  at  hand  typically  range  between 
10^^  and  10^^  number  of  droplets  per  unit  mass,  it  is  impossible  to  describe  individual 
droplets.  One  alternative  approach  is  to  define  classes  of  droplets  of  similar  radius,  the 
class-model.  This  approach  naturally  extends  to  a  description  of  the  distribution  of  the 
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Figure  2.  Liquid  droplets  in  control  volume 


droplets.  For  the  nozzle  flow  problems  at  hand,  the  t3q)ical  range  of  radii  of  the  droplets 
will  be  between  2,10“^®  and  1.10“’^.  This  would  require  an  impractical  high  number  of 
droplet-classes,  making  the  class-model  computationally  very  expensive.  Hill’s  method 
of  moments  is  computationally  less  intensive  at  the  cost  of  some  of  the  resolution  of  the 
droplet  distribution.  As  for  the  problems  at  hand,  the  total  amount  of  liquid  generated 
and  the  strong  interaction  between  the  gasdynamic  flow  and  the  condensation  process  is 
of  primary  interest,  the  loss  of  resolution  of  the  droplet  distribution  is  no  severe  penalty. 

4.1.  HilVs  Method  of  Moments 

Consider  a  control  volume  as  depicted  in  figure  2.  In  the  control  volume  a  mixture  of  an 
ambient  gas,  and  a  vapour  in  its  gaseous  and  its  liquid  state  is  present.  A  first  assumption 
is  that  all  liquid  is  present  in  the  form  of  spherical  droplets.  Conservation  of  the  mass  in 
the  control  volume  gives: 


M^Ma  +  My+Mi  (4.1) 

where  M  is  the  total  mass  in  the  control  volume,  Ma  is  the  mass  of  the  ambient  gas, 
My  is  the  mass  of  the  condensible  substance  in  gaseous  form  and  Mi  is  the  mass  of  the 
same  substance  in  liquid  form.  The  ambient  air  is  assumed  to  be  permanently  above  its 
critical  temperature.  The  dimensionless  liquid  mass  fraction  g  is  defined  as: 


Ml 

M  ~ 


eiYl 

pV 


Vi 


(4.2) 


With  the  final  notation  emphasis  is  placed  on  the  next  assumption;  the  liquid  mass 
present  in  the  control  volume  is  regarded  to  be  incompressible.  Therefore  pi  is  taken 
constant.  The  liquid  mass  fraction  is  a  function  of  time.  The  density  of  the  complete 
mixture;  gas,  vapour  and  liquid  p,  is  dependent  of  time,  as  are  the  volume  occupied  by 
the  liquid  V/  and  the  total  control  volume  V,  This  gives: 

The  volume  occupied  by  the  liquid  VI  is  given  by  the  following  integral: 


I 

Vl{t)  =  f  ^■Kr^(t,T)J(T)V(T)dT 


(4.3) 


where  J(t)  is  the  nucleation  rate  per  unit  volume  and  F(t)  is  the  size  of  the  control 
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volume,  at  the  moment  of  nucleation.  The  volume  occupied  by  the  droplets  is  given 
by  |7rr^(i,r).  The  function  r(t,  r)  describes  the  radius  of  the  droplet,  from  its  time  of 
creation,  r(ro,  tq)  where  this  radius  is  equal  to  the  critical  radius  as  given  in  equation  3.3, 
r(ro,ro)  =  r*,  up  to  the  present  radius  of  the  droplet  at  time  t.  Under  the  integral  the 
product  J(ro)V'(ro)  acts  as  a  weight  function  for  the  contribution  of  the  liquid  volume 
of  the  droplets  created  at  time  tq  to  the  total  amount  of  liquid  formed  at  time  t.  The 
liquid  mass  fraction  now  becomes: 


9{t)  =  Pi 


f  l7rr^(t,r)J(T)V(T)dT 
0 


p(t)V(t} 


If  the  considered  lump  of  mass,  liquid  and  gas-vapour  mixture,  is  at  rest,  or  flows  along 
a  stream-line,  the  fraction  is  fixed.  This  is  identical  to  the  assumption  that  the 

droplets  do  not  move  relative  to  the  surrounding  gas  mixture.  This  is  known  as  the 
no-slip  condition  in  HilPs  Method  of  Moments.  This  can  be  expressed  as: 


dM  =  0  M  ~  p{T)V{r)  =  p{t)V{t) 
The  liquid  mass  fraction  can  be  rewritten  (Hagmeijer  2001): 


0 


However,  the  function  r(f,  r)  is  not  readily  available  in  closed  form.  The  droplet  growth 
rate  ^  is  known  in  closed  form.  Therefore  g{t)  is  differentiated  with  respect  to  time: 


dt 


.dr{t,T)  J(t) 
dt  p{t) 


dr  +  pi-nr^{t,t) 


m 

P(t) 


4  3  J(t) 

“‘l"  W) 


+  3/9; 


dr{t,r) 
dt  p{t) 


In  this  analysis,  it  is  assumed,  that  at  the  initial  time  i  =  0  there  is  no  liquid  present 
in  the  control  volume.  A  third  assumption  is  that  the  present  droplet  growth  rate  is 
independent  of  the  present  radius  of  the  droplet.  This  assumption  is  certainly  not  true 
for  very  small  droplets  because  of  the  dependency  of  the  surface  tension  on  the  droplet 
radius,  however  the  assumption  is  valid  for  droplets  with  larger  radii. 


(4.4) 

This  implies  that,  the  present  value  of  the  droplet  growth  rate,  is  independent  of  its 
history.  So  it  can  be  written: 


dr 

dt 


(4.5) 
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In  this  case,  it  is  allowed  to  take  the  variation  of  the  radius  with  time  out  of  the  integral: 


dg  .3-^W  . 

-=^,4/3^r  ^  + 


3j(t)w  J  4/3nr%r)^dr. 


Careful  inspection  of  the  right-hand  side  of  the  relation  above  shows,  that  the  original 
integral  has  reappeared;  but  with  the  power  of  the  radius  reduced  by  one,  and  multiplied 
by  the  power  of  the  function  r  and  the  droplet  growth  rate.  Following  this  observation, 
it  is  helpful  to  employ  the  following  definition  of  a  liquid  moment: 


Qa  is  closely  related  to  the  liquid  mass  fraction: 


^  r-,  .  dg{t)  4  dQsit) 

g{t)  = 


The  variation  of  this  liquid  moment  Qn{t)  with  time  is  very  much  similar  to  expression 


.dr 


which  is  a  recurrent  relation  for  the  differentiation  of  Qn-  First  consider  the  formulation 
of  the  relevant  liquid  moments: 


Inspection  of  the  last  moment,  Qq,  shows  that  there  is  no  longer  a  functional  dependence 
of  t  in  the  integral.  So  the  differentiation  of  this  last  liquid  moment  can  be  expected  to 
be  different  from  the  higher  liquid  moments: 


dQo 

dt 


£ 

dt 


pit)' 
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This  last  result  is  fortunate,  as  it  shows,  that  the  logical  expansion  defined  by  the  recur¬ 
rence  relation  for  the  liquid  moments,  is  not  continued  for  n  <  0.  So  there  is  no  closure 
problem  for  the  solution  of  the  set  of  moments.  The  system  of  ordinary  differential  equa¬ 
tions,  to  determine  the  liquid  moment  now  becomes: 


dQz 

dt 

dQ2 

dt 

dQi 

dt 

dQo 

dt 


J{t)  dr 

JW 

P{t) 


In  this  system  the  variables  represent  the  following  quantities: 

•  Qz  is  proportional  to  the  sum  of  all  droplet  volumes, 

•  Q2  is  proportional  to  the  sum  of  all  droplet  surface  areas, 

•  Qi  is  proportional  to  the  sum  of  all  droplet  radii, 

•  Qo  is  the  present  number  of  droplets. 

Now  it  is  assumed  that  the  droplet  growth  rate  %{t)  is  given  only  by  the  present  local 
thermodynamic  and  chemical  state,  and  not  by  the  spatial  gradients  of  r  in  the  flow 
domain.  In  this  case,  =  0.  By  addition  of  the  product  of  vector  Q  and  the  continuity 
equation  for  mass,  the  system  of  ordinary  differential  equations  above  can  be  rewritten 
in  strong-conservation  form: 


dpQo  ^  dpQpUj  ^ 


dt 


dxi 


,  4  (pQ3(t)) 


Where  Xi  and  Ui  are  the  spatial  coordinates,  and  the  velocity  components  in  spatial 
direction  respectively,  r*,  J  and  ^{t)  are  given  by  the  laws  formulated  for  the  creation 
and  growth  of  a  single  droplet.  The  above  set  of  equations  gives  the  integral  properties 
of  the  droplet  distribution.  So  details  of  individual  droplets  are  not  available.  To  be  able 
to  compute  a  radius  needed  for  droplet  growth  laws,  Hill  defined  (Hill  1966)  an  averaged 
radius  as: 


rhi  = 


(4.6) 
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Reason  for  application  of  Q2  in  calculation  of  is  the  dominance  of  surface  effects  in 
droplet  growth,  hence  the  application  of  the  integral  surface  quantity  Q2< 


5.  Thermodynamic  State  of  Gas-Liquid  Mixtures 

The  change  of  phase  from  vapour  to  liquid  releases  latent  heat  to  the  surrounding 
mixture.  Due  to  the  condensation,  the  fractions  of  the  gases  in  the  mixtures  change. 
Both  processes  result  in  a  change  of  the  thermodynamic  state  of  the  mixture.  To  model 
these  changes  regard  the  enthalpy  of  the  mixture: 

Mh  =  Maha  +  M^hv  4-  Mih 

where  h  =  H/M  is  the  specific  enthalpy.  By  application  of  the  previously  defined  dimen¬ 
sionless  mass  fraction  g  — 

/l  =  (1  Pmax^^a  “I"  {9max  "h  9^1- 

Application  of  the  definition  of  the  latent  heat  L  =  hy-~ hi  and  the  definition  Cp  =  (|f  )p  ^ 
results  in: 


Cp  =  (1  -  9max)Cp,  +  {9max  -  9)Cpv  +  Si^Pv  “ 

Under  the  assumption  ^  ~  ^  ^  similar  expression  can  be  derived  for  the  isochoric 

specific  heat  coefficient  Cv  =  {§f)yg'- 


Cv  —  (1  9rnax)Cva  'h  (dmax  9)^v  P(%>v  )*  (^-2) 

With  these  relations  for  the  specific  heat  coefficients,  the  gas  constant  Rmix  and  the 
dimensionless  ratio  7mtx  can  be  computed  similar  to  the  case  of  an  ideal  gas,  Rmix{9,  L)  = 
Cp  -  Cl,  and  jmix{9jL)  =  Both  R  and  7  are  now  functions  depending  on  the  mass 
fraction  g  and  the  relation  for  the  latent  heat  L.  Derived  quantities  like  pressure  p  and 
speed  of  sound  c  can  be  shown  (Mundinger  1994)  to  be: 

p  =  pR(gJ)T  c^=-Y{g,L)?: 

P 


6.  Model  of  Inviscid  Flow  with  Condensation 

Based  on  Reynolds  numbers  for  typical  flow  problem  of  interest  the  flow  is  assumed 
to  be  inviscid.  The  Euler  equations  are  used  to  describe  the  flow.  Together  with  Hill’s 
Method  of  Moments,  the  models  for  nucleation  and  droplet  growth  and  an  equation  of 
state  they  form  a  closed  set  of  equations: 

~  j  <p'dv-\-  j  f(^')-ds  =  J  W{<p')dv  (6.1) 

V  s-dv  V 

where  <p'  is  the  vector  with  the  conserved  quantities,  f  vector,  and  W{^^)  is 

the  source  term: 
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p 

pu 

0 

pu 

pE 

pQs 

puu  -j-  Ip 
puR 

puQz 

Wii')  = 

0 

0 

r*^J(t)  +  3f(t)pQ2 
r*2j(0 +  2f(t)pQi 

PQ2 

puQ2 

pQi 

PuQi 

+  ^lt)pQo 

puQo 

m  J 

where  p,  are  the  density,  the  velocity  and  the  pressure  of  the  mixture.  E  =  e  + 
and  H  =  E-\-^  sxe  the  total  energy  and  the  total  enthalpy  of  the  mixture.  Qi  is  the  i~th 
moment  in  Hifi’s  Method  of  Moments.  The  thermal  equation  of  state  reads: 


and  the  caloric  equation  of  state: 


p  =  pR{g,  L)T 


e  =  (\,{g,L)T. 


(6.3) 

(6.4) 


7.  Finite  Volume  Discretization 

With  the  definition  of  the  control  volume  averaged  : 

Vi 

equation  6.1  is  semi-discretized  as: 

i=i 

n 

The  summation  of  discrete  fluxes  X)  /(<^tj) '  j  is  computed  using  an  edge-based  data 

structure  as  described  in  Jameson  (1986),  Barth  (1989)  and  Barth  (1994).  For  every 
edge  the  indices  of  the  2  control  volumes  connected  by  the  edge  are  stored,  as  well  as 
the  three  spatial  components  of  the  surface  normal  vector  of  the  surface  between  the  two 
control  volumes.  The  length  of  the  surface  normal  vector  is  equal  to  the  magnitude  of  the 
surface  area.  This  edge-based  approach  allows  for  a  cell-centered  or  a  vertex-centered 
use  of  the  original  mesh,  without  significant  changes  to  the  flux  computation  algorithm. 
The  fluxes  are  computed,  by  solving  a  local  one-dimensional  Riemann  problem  for  every 
surface  using  an  approximate  Riemann  solver.  This  is  implemented  in  the  flow  solver  for 
edges  oriented  in  every  possible  direction  in  three-dimensional  space.  Two-dimensional 
problems  with  meshes  in  two  independent  directions  can  be  regarded  as  a  subclass  of  the 
full  three-dimensional  problem.  The  same  holds  for  quasi  one-dimensional  or  truly  one¬ 
dimensional  flow  problems.  With  proper  definition  of  additional  boundary  surfaces  in  the 
case  of  quasi  one-dimensional  flows,  all  flows  can  be  computed  using  the  same  flow-solver 
regardless  of  the  mesh  being  fully  three-dimensional,  two-dimensional  or  quasi  or  truly 
one-dimensional.  The  preprocessor,  to  the  flow  solver,  generating  the  edge-based  data 
structure  from  the  meshes  needs  only  to  insert  zeros  for  the  edge-related  surface  normals 
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in  the  directions  not  relevant  for  the  particular  mesh.  To  date,  pre-processors  have  been 
written  for  meshes  consisting  of  line  elements  for  one-dimensional  meshes,  triangular  ele¬ 
ments  for  unstructured  two-dimensional  meshes,  quadrilaterals  for  structured  monoblock 
two-dimensional  meshes,  and  tetrahedral  elements  for  three-dimensional  meshes.  How¬ 
ever,  the  edge-based  data  structure  allows  simple  extension  to  multiblock  meshes,  meshes 
constructed  by  hexahedra  and  hybrid  meshes.  This  requires  only  the  pre-processor  for 
the  particular  element (s)  to  be  developed,  and  minor  additions  to  the  domain  boundary 
treatment  in  the  flow  solver.  The  flow  solver  has  successfully  completed  simulations  for 
one-,  two-  and  three-dimensional  flows.  The  great  advantage  of  this  approach  is  that 
almost  all  testing  during  development  can  be  done  for  flow  problems  in  one  and  two- 
dimensions  decreasing  development  time,  as  formulation  of  one  and  two-dimensional  flow 
problems  and  generation  of  one-  and  two-dimensional  meshes  is  much  less  time  consum¬ 
ing  than  in  the  full  three-dimensional  case.  There  is  a  penalty  in  the  case  of  computation 
of  one-  and  two-dimensional  flows.  For  the  one-dimensional  case  the  momentum  fluxes 
in  the  two  spatial  directions  perpendicular  to  the  main  spatial  direction  are  computed 
but  not  used.  In  the  case  of  the  Euler-equations  this  would  result  in  66%  increased  com¬ 
putational  expense.  In  the  two-dimensional  case  this  increased  computational  expense 
is  25%.  In  the  case  of  the  computation  of  the  Euler-equations  and  Hill’s  momentum 
equations,  this  computational  overhead  drops  to  28%  in  the  one-dimensional  case,  and 
12%  in  the  two  dimensional  case.  However,  the  number  of  grid  points  for  flow  prob¬ 
lems  in  two-dimensions  and  one-dimensions  is  one  and  two  orders  lower  respectively.  So 
the  computational  overhead  is  completely  negligible  next  to  the  enormous  advantage  of 
simple  and  faster  testing  in  lower  dimensions. 

Eigenvalue-analysis  Kelleners  (2001)  of  the  complete  system  of  Euler-equations  with 
the  Hill  Momentum  equations  has  shown  that  the  additional  eigenvalues  due  to  the  Hill 
equations  are  all  real  and  have  value  u.  So  the  liquid  moments  Q0..Q3  are  convected 
downstream  along  streamlines,  and  no  new  acoustic  waves  are  introduced.  The  computa¬ 
tion  of  the  flux  is  identical  to  the  case  of  flow  without  condensation,  with  only  additional 
transport  equations  for  the  liquid  moments. 

The  presence  of  the  source  terms  in  the  Hill  momentum  equations  results  in  the  com¬ 
plete  system  of  partial  differential  equations  being  a  stiff  system.  Wishing  to  use  an  ex¬ 
plicit  time-stepping  method  as  a  relaxation  method  to  compute  a  steady  state,  the  fact 
that  the  system  is  stiff  would  lead  to  an  unacceptable  small  time-step  requirement  due 
to  the  source  terms.  To  circumvent  this  time-step  restriction  a  fractional  time-stepping 
method  is  used  as  proposed  by  Oran  and  Boris,  Oran  (1987)  the  differential  equation  of 
the  form: 


the  solution  procedure  is  split  into: 


d(l>* 

dt\ 


-nr) 


dt2 


=  w{(j>*) 


(7.1) 

(7.2) 


where  the  time-step  operator  for  the  first  step  can  be  any  conventional  explicit  operator, 
e.g.  Euler-forward  or  Runge-Kutta.  The  time  step-operator  for  the  second  time  step 
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needs  to  be  able  to  cope  with  the  possible  large  magnitude  of  the  source  w{cl>*),  (see 
Oran  1987;  Mundinger  1994) 

The  two  following  subsections  highlight  two  topics  which  require  detailed  attention  in 
the  case  of  development  of  a  spatial  second-order  accurate  finite-volume  method.  For 
other  topics  like,  flux  splitting  or  flux  limiting,  see  Jameson  (1995)  and  Liou  (1996). 

7.1.  Higher  Order  Spatial  Reconstruction 

To  achieve  good  accuracy  on  meshes  with  moderate  vertex  densities  the  computational 
method  must  be  at  least  second  order.  Whereas  computation  of  first-order  spatial  ac¬ 
curacy  allows  for  the  storage  location  of  the  cell-averaged  value  to  be  located  anywhere 
inside  the  control  volume,  this  point  should  preferably  be  located  at  the  geometric  center 
of  gravity  for  higher-order  spatial  accuracy.  Use  of  the  center  of  gravity  circumvents  se¬ 
vere  penalties  to  the  applicable  CFL-number  of  individual  control  volumes.  Higher-order 
reconstructions  of  cell-averaged  data  should  conserve  the  cell-averaged  value.  In  case  of 
second-order  reconstruction  it  can  be  proven  that  use  of  the  center  of  gravity  satisfies 
this  requirement: 


Vis)=Ucg  +  -^  i^-Scg)  (7-3) 

where  is  the  cell-averaged  value  positioned  at  the  center  of  gravity.  u{x)  integrated 
over  the  control  volume  gives: 

i  j  u{x)dv  =  y  j  u^gdv  +y  ^cg)dv  (7.4) 

The  first  term  on  the  right-hand  side  gives  the  cell-averaged  value.  The  second  term  on 
the  right  hand  side  is  zero.  The  gradient  ^  can  be  moved  in  front  of  the  integral.  The 

—  eg 

remaining  integral  is  the  static  moment  about  the  center  of  gravity,  and  necessarily  zero. 
For  vertex-centered  control  volumes,  the  movement  of  the  cell  storage  location,  from 
cell-vertex  to  center  of  gravity  of  the  control  volume,  is  largest  for  control  volumes  at  the 
physical  boundaries  of  the  domain. 

7.2.  Linear  Reconstruction  at  Domain  Boundaries 

The  assumption  of  linear  reconstruction  in  the  control  volume  in  the  case  of  second- 
order  spatial  accuracy,  requires  special  attention  at  the  domain  boundaries.  At  solid  wall 
boundaries  the  pressure  part  of  the  flux  needs  to  be  calculated.  Question  is,  how  the 
pressure  must  be  integrated  along  the  solid  wall  boundary  surface  for  the  resulting  flux 
integral  along  the  complete  boundary  of  the  control  volume  to  be  of  second-order  spatial 
accuracy.  It  is  assumed  that  fluxes  vary  linearly  over  the  control  volume.  Reconstruction 
of  the  flux  at  the  solid  wall  boundary  is  therefore  similar  to  linear  reconstruction  from 
the  cell  averaged  state  of  the  conservative  variables  throughout  the  control  volume.  The 
latter  requires  the  computation  of  gradient  the  at  the  center  of  the  control  volume. 
Green-Gauss  reconstruction  is  often  used  for  computation  of  this  gradient  Barth  (1994); 
Aftosmis  (1995).  Green-Gauss  reconstruction  is  easily  implemented  using  the  edge-based 
data  structure.  Starting  point  is  Gauss’  divergence  theorem: 


j^{<i,)dv  =  J 

V  s 


<j>ds 


(7.5) 
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Figure  3.  Median  dual  mesh  control  volume  sharing  sides  with  a  physical  boundary 
which  is  rewritten  in  discrete  form: 

i 

As  an  example  the  linear  distribution  of  d>  along  a  domain  boundary  for  a  control  volume 
being  the  median  dual  to  a  two-dimensional  triangular  element  is  given,  see  figure  3. 
The  volume  V  is  the  surface  area  associated  with  vertex  0  in  the  case  of  the  median  dual 
mesh  is: 

'^  =  ^113X611 

To  evaluate  equation  7.6,  the  outward  pointing  surface  vectors  Si..,S4,  and  the  mean 
values  of  the  quantity  need  to  be  determined. 

1 

51  =  -ax  Bz 

A,  1  . 

52  =  (gO  -  gO)  X  e_j 

sj  =  (gS  -  gO)  X  ej 

54  X  62 

where  x  e^.  <t>i  is  computed  similar  as  would  be  the  case  for  a  median  dual  mesh 

volume  embedded  entirely  in  the  physical  domain.  The  value  for  4>i  at  surfaces  S2  and  S3 
is  interpolated: 


At  the  surfaces  s^  and  S4  it  is  assumed  that  there  exists  a  linear  distribution  of  (j)  along 
the  surface  of  the  following  form: 


<j)  =  UJ(I>Q  (1  —  U>)(j>i 


62  P‘  Kelleners 

The  allowable  value  of  uj  is  between  zero  and  one.  Substitution  of  and  (j>i  in  equation 
7.6  ultimately  gives: 


((Scj  —  |)(/>o  +(§  “ 


((-3a;  +  |)(?5»o 


"b  3a;)^2) 


To  compute  the  value  of  a;,  the  gradient  7(0)  is  also  computed  assuming  a  linear  distri¬ 
bution  of  <t>  in  the  triangle  given  by  the  vectors  a  and  6. 

<j>{x)  -(j>o  =  a{x  -  xo)  +  P{y  -  yo) 

The  gradient  for  this  linear  distribution  is: 


VW=  I  = 


Using  the  data  in  vertices  1  and  2,  4>\,<l>2  ^  system  can  be  derived,  which  can  be  solved 
for  ^  ^  y  The  solution  of  this  system  is: 


(  oc  \  _  (  ay\  / 

\  P  )  \  )  \ 


-  <^o 
(j>2  —  (po 


Both  expressions  for  V{<1>)  are  equal  to  one-another.  Formulating  this  identity,  and  noting 
that  it  must  be  true  for  any  value  of  (l>Q,(f>u<t>2^  it  can  be  shown  that: 


Returning  to  the  assumption  that  the  wall  pressure  flux  is  linearly  distributed  along  the 
domain  boundary  surfaces,  in  a  manner  similar  as  any  reconstructed  scalar  the  weights 
I  and  i  can  be  applied  to  compute  the  integral  of  the  pressure  over  the  domain  boundary 
surfaces.  E.g.  for  surface  S4  this  becomes: 

P&J4  =  (gP0+  gP2)54. 

It  should  be  stressed  that  the  value  of  u  depends  on  the  type  of  element  at  the  domain 
boundary,  (e.g.  triangle,  tetrahedron  or  brick)  and  the  manner  in  which  the  control 
volume  is  defined  (e.g.  cell-centered  or  vertex-centered  median  dual  mesh). 


8.  Results 

The  simulation  tool  described  above  has  been  used  to  compute  solutions  to  flow  prob¬ 
lems  of  internal  and  external  flows,  adiabatic  flows  and  flows  with  condensation.  The 
cases  presented  below  have  been  computed  using  the  following  layout  of  the  solution 
algorithm.  Node-centered  finite-volume  scheme,  using  median  dual  mesh  cells.  Explicit 
time  stepping  of  the  homogeneous  equations  as  described  in  equation  7.2  using  the  second 
order  Heun-method.  For  second  order  spatial  resolution,  application  of  a  least-squares 
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algorithm  for  computation  of  spatial  gradients  in  the  flow  field.  Reconstruction  of  limited 
second-order  states  at  the  control  volume  interfaces  using  minimum-maximum  restric¬ 
tions  formulated  by  Barth  (1989),  and  a  limiter  function  by  Venkatakrishnan  as  presented 
in  Aftosmis  (1995).  Fluxes  computed  using  flux  splitting  according  to  Eberle.  Compu¬ 
tation  of  the  time-updates  due  to  the  source  terms  as  mentioned  in  equation  7.2  using 
a  fractional  time  stepping  method  as  presented  in  Mundinger  (1994).  Inflow  boundaries 
conserving  entropy  and  total  enthalpy  at  infinity  upstream  for  a  general  equation  of  state, 
outflow  boundaries  maintaining  downstream  static  pressure  in  case  of  subsonic  outflow, 
or  simple  first-order  extrapolation  of  flow  quantities  in  case  of  supersonic  flow.  At  solid 
walls  application  of  linear  pressure  distribution  along  the  outward  facing  surfaces,  as 
presented  in  section  7.2.  Heat  effects  due  to  condensation,  are  taken  into  account  by  in¬ 
clusion  of  both  the  gaseous  and  liquid  phase  into  the  energy  conservation  equation.  This 
results  in  strong  two-way  coupling  of  the  condensation  process  and  the  gasdynamics. 
All  computations  related  to  the  equation  of  state,  or  material  properties  have  been  pro¬ 
grammed  into  separate  library  routines.  These  libraries  are  called  upon  by  the  routines 
solving  the  conservation  equations.  This  produces  additional  computational  overhead, 
but  should  allow  for  quick  implementation  of  different  equations  of  state.  In  the  present 
form  of  the  flow  solver  only  an  equation  of  state  for  an  ideal  gas  is  implemented. 

8.1.  Condensation  in  Nozzle  Ba-120 

Flows  with  condensation  in  nozzle  Ba-120,  designed  by  Bartlma,  were  investigated  both 
experimentally  and  numerically  by  Schnerr  and  co-workers  (see  Mundinger  1994).  Flows 
for  two  different  humidities  are  presented  in  figure  4.  The  stagnation  conditions  for  both 
flows  in  figure  4  are: 

sol%]  To[K]  po  [pa] 

42.1  298.8  100900 
49.3  297.1  100900 

The  expansion  of  the  air-water-vapour  mixture  gives  rise  to  condensation  in  the  flow 
field  downstream  of  the  nozzle  throat.  This  is  seen  by  the  steep  rise  in  the  nucleation 
rate.  Following  the  creation  of  the  nuclei  is  the  process  of  droplet  growth  indicated  by 
the  rise  of  the  liquid  mass  fraction  The  release  of  latent  heat  to  the  flow,  induces 
a  shock  in  both  cases.  However  the  shock-strength  in  the  case  of  the  higher  humidity  is 
much  larger,  and  as  a  result  the  nucleation  pulse  is  terminated  abruptly.  In  both  cases, 
the  continuing  expansion  due  to  nozzle  divergence  results  in  condensation  of  almost  all  of 
the  water- vapour  at  nozzle  station  x  =  .15[m].  In  the  Mach-isoline  plot  of  the  flow  with 
higher  humidity,  the  reflection  of  the  curved  shock-wave  from  the  nozzle  wall  is  nicely 
visible. 


8.2.  Condensation  in  Vortex  Flow 

To  study  the  process  of  condensation  in  vortical  flow,  a  very  slender  delta  wing  has  been 
placed  inside  a  tube,  see  figure  5.  At  the  inlet  of  the  tube  a  mixture  of  air-water-vapour 
flows  in  at  Mach  1.55.  The  humidity  of  the  mixture  at  stagnation  condition  is  as  low  as 
1.1%.  The  wing  induces  a  vortex  in  the  flow  field.  In  the  vortex  core  there  is  considerable 
loss  of  total  pressure,  clearly  visible  in  figure  6.  The  vortex  spirals  downstream  in  the 
tube  in  a  helical  form.  In  the  low  pressure  region  in  the  vortex  on  the  upper  side  of  the 
wing,  super-saturation  occurs,  resulting  in  large  nucleation  rate,  see  figure  7.  Note  that 
the  region  with  the  highest  nucleation  rates  remains  restricted  to  the  front  half  of  the 
wing  close  to  the  apex.  This  is  a  consequence  of  the  droplet  growth  lowering  the  levels  of 
super-saturation  considerably  once  the  first  liquid  droplets  are  created  in  great  numbers. 
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Figure  4.  Flow  with  condensation  in  nozzle  Bal20,  flow  from  left  to  right.  Humidity  at  stag¬ 
nation  condition  for  left  figure;  so  =  42,1%,  right  figure  so  =  49.3%.  Mach  iso-lines  in  upper 
figures,  only  iso-lines  for  M  >  1  are  drawn.  Nucleation  rate  J,  dimensionless  pressure  and 
liquid  mass  fraction  —S—  in  lower  figures.  Dashed  lines  indicate  center  line,  and  position  of 

^  9max 

nozzle  throat 

The  dimensionless  liquid  mass  fraction  — is  plotted  in  figure  8.  On  the  second  half  of 
the  upper  side  of  the  wing,  almost  all  of  the  water  is  present  in  liquid  form.  Beyond  the 
trailing  edge  of  the  wing,  some  evaporation  of  the  liquid  water  occurs,  but  the  main  part 
of  the  water  is  convected  downstream  in  liquid  form.  As  the  vortex  is  diffusing  over  the 
cross-sections  of  the  tube,  so  is  the  cloud  of  water  droplets,  as  can  be  noted  from  the 
similar  shapes  of  the  iso-lines  of  both  the  total  pressure  in  figure  6  and  the  liquid  mass 
fraction  in  figure  8 


9.  Conclusions 

A  brief  treatment  has  been  given  on  condensation  in  high  speed  flows.  Because  of  large 
temperature  gradients,  the  condensation  can  start  well  away  from  thermod3mamic  equi- 
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Figure  5.  Layout  of  the  delta  wing,  which 
produces  the  vortex.  For  clarity  only  one 
half  of  the  tube  wall  is  shown.  Flow  from 
upper  right  corner  to  lower  left  corner. 


Figure  6.  Total  pressure,  pt 


Figure  7.  Nucleati^n  rate,  J  plotted  on  a  g  Liquid  mass  fraction,  g. 


librium,  leading  to  fog-like  clouds  consisting  of  many  small  droplets.  Basic  nucleation 
and  droplet-growth  models  have  been  presented.  A  thorough  derivation  of  the  integral 
description  of  the  liquid  phase,  Hill’s  Method  of  Moments  has  been  given.  The  com¬ 
plete  model  describing  inviscid  compressible  multi-phase  flow  with  condensation  and  its 
finite-volume  discretization  have  been  given.  Two  aspects  of  the  implementation  of  the 
finite-volume  method  for  achieving  second-order  spatial  accuracy  have  been  highlighted. 
Results  presented  for  a  two-dimensional  flow  problem,  and  a  fully  three-dimensional  flow 
problem  have  been  computed  using  one  and  the  same  flow  solver.  The  benefit  of  develop¬ 
ing  only  one  single  flow  solver  is  clearly  felt.  From  the  case  of  higher  humidity  in  nozzle 
Ba-120,  a  strong  interaction  between  gasdynamics  and  condensation  can  already  be  seen. 
Higher  humidities  will  lead  to  unsteady  flow.  Both  experimental  and  numerical  data  is 
already  available  from  Schnerr  and  co-workers.  A  future  extension  of  the  flow  solver  to 
take  into  account  unsteady  flow  should  be  made.  For  flows  with  condensation  in  vortices 
simulations  should  be  performed  using  the  full  Navier-Stokes  equations,  to  validate  the 
assumption  of  inviscid  flow,  made  in  this  work.  Improvements  must  be  made  with  respect 
to  accuracy  and  robustness  of  the  solution  algorithm,  to  make  results  of  the  simulation 
tool  less  dependent  on  grid  quality,  but  the  last  problem  is  universal  to  CFD-methods. 
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Large-eddy  simulation  of  stratocumulus-topped 
atmospheric  boundary  layers  with  dynamic 
subgrid-scale  models 

By  Inane  Senocak 


1.  Motivation  and  objectives 

Earth’s  climate  and  its  geographical  variation  is  strongly  influenced  by  cloud  coverage. 
It  is  estimated  that  about  50%  of  the  earth  is  covered  by  clouds  at  any  given  time, 
providing  a  shield  from  solar  radiation.  Radiative  energy  transfer  and  its  interaction 
with  clouds  play  an  important  role  in  the  thermal  structure  and  stratification  of  the 
atmosphere.  For  instance,  clouds  have  high  reflectivity  in  the  visible  wavelengths,  thus 
providing  relative  cooling  of  the  atmosphere.  They  also  absorb  strongly  in  the  infrared 
wavelengths,  resulting  in  heating  of  the  atmosphere  (Salby  1996). 

Condensation  is  the  major  physical  process  that  is  responsible  for  cloud  formation. 
Clouds  can  be  classified  into  four  broad  categories,  namely:  cumulus,  cirrus,  nimbus  and 
stratus  (Rogers  &:  Yau  1989).  Many  other  classifications  can  be  derived  from  combiner 
tions  of  these  four  broad  categories.  A  comprehensive  description  can  be  found  in  Scorer 
Sz  Wexler  (1967).  Among  various  types  of  clouds,  marine  stratocumulus  clouds  have  re¬ 
ceived  increased  attention  because  of  the  important  role  they  play  in  the  global  radiation 
budget.  Marine  stratocumulus  clouds  cover  about  25%  of  the  Earth’s  ocean  at  any  in¬ 
stant.  These  are  low-level  clouds  that  exist  below  1.5  km  with  several  hundred  meters  in 
thickness  and  they  rarely  produce  precipitation.  Their  horizontal  coverage  is  extensive 
and  more  homogeneous  than  other  type  of  clouds.  Their  appearance  is  grey  and  a  wavy 
undersurface  is  typical  (Kantha  Sz  Clayson  2000;  Heymsfield  1993;  Mason  1975). 

The  structure  of  the  marine  stratocumulus  cloud-topped  atmospheric  boundary  layer 
is  driven  by  both  cloud-top  radiative  cooling  and  positive  buoyancy  flux  from  the  surface 
that  maintains  the  atmospheric  boundary  layer  in  a  well-mixed  turbulent  state.  Above 
the  cloud  layer,  negative  buoyancy  flux  has  a  stabilizing  effect,  suppressing  the  turbulence 
there  (Kantha  &  Clayson  2000).  The  entrainment  of  dry  air  from  above  the  cloud  layer 
induces  evaporative  cooling  and  entrained  air  parcel  can  sink  further  down  enhancing  the 
turbulent  mixing  within  the  clouds,  known  as  cloud  top  entrainment  instability  (Deardor ff 
1980a).  Clearly,  the  structure  of  cloud-topped  atmospheric  boundary  is  more  complicated 
than  a  cloud-free  atmospheric  boundary  layer  due  to  strong  interactions  among  cloud 
microphysics,  turbulent  motions  and  the  radiative  energy  transfer. 

In  large-eddy  simulation  (LES),  three-dimensional,  large  unsteady  flow  structures  are 
resolved  and  the  effects  of  the  unresolved  scales  are  modeled.  A  filtering  operation  is 
applied  to  the  governing  equations  to  distinguish  between  the  resolved  scales  that  are 
computed  and  smaller  scales  that  are  modeled.  LES  has  been  widely  applied  to  simulate 
atmospheric  boundary  layers,  partly  because  of  the  difficulties  involved  in  observational 
studies  and  field  experiments  (Stevens  k,  Lenschow  2001).  An  extensively  studied  topic 
is  LES  of  cloud-free  convective  atmospheric  boundary  layers.  The  salient  features  of 
these  boundary  layers  have  been  compared  to  observations  and  well  documented  (Kantha 
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&  Clayson  2000),  The  presence  of  clouds  complicates  the  problem  due  to  additional 
physics  and  reliable  numerical  simulations  of  cloud-topped  boundary  layer  is  still  an 
active  research  area.  In  the  following,  several  representative  studies  are  briefly  mentioned 
to  help  describe  the  current  state  of  the  knowledge. 

An  early  study  on  three-dimensional  modeling  of  cloud-topped  atmospheric  boundary 
layer  is  by  Deardorff  (19806).  He  studied  the  structure  of  turbulence  and  entrainment 
within  stratocumulus  layers  with  and  without  cloud-top  radiative  cooling  and  suggested 
that  simulations  need  high  resolution  at  the  inversion.  It  was  also  found  that  a  func¬ 
tional  dependence  on  Richardson  number  helps  correlate  the  entrainment  rate.  Deardorff 
(1980a)  has  defined  a  criterion  for  the  cloud  top  entrainment  instability.  It  was  found 
that  entrainment  rate  increases  decisively  when  the  equivalent  potential  temperature  gra¬ 
dient  across  the  cloud  top  drops  below  a  critical  value.  It  was  also  shown  that  a  strong 
instability  can  lead  to  stratocumulus  breakup  leading  to  a  scattered  cumulus  layer.  Tag 
&  Payne  (1987)  indicated  that  in  addition  to  Deardorff’s  criterion,  the  vertical  motions 
should  exceed  a  threshold  for  the  cloud  breakup  to  occur. 

Moeng  (1986)  studied  the  structure  of  a  stratus-topped  boundary  layer  using  LES.  It 
was  found  that  the  vertical  component  of  the  turbulent  kinetic  energy  is  generated  by 
buoyancy  and  a  portion  of  this  energy  is  redistributed  in  the  horizontal  directions  due 
to  pressure  effects.  It  was  also  shown  that  turbulence  is  generated  more  effectively  by 
surface  heating  than  cloud- top  cooling. 

Rohnert  (1993)  tested  the  dynamic  procedure  for  LES  of  cloud-topped  boundary  layer. 
Simple  parametrization  for  cloud  microphysics  and  radiation  were  adopted.  The  dynamic 
model  results  were  compared  to  the  results  of  SGS  model  that  were  optimized  in  an  ad- 
hoc  fashion.  The  results  were  found  to  be  comparable.  The  importance  of  SGS  modeling 
in  predicting  cloud  breakup  was  also  highlighted. 

Stevens  et  al  (2000)  investigated  the  dependence  of  an  LES  model  on  mesh  resolution, 
numerical  schemes  and  SGS  model.  They  provided  simulations  of  varying  resolutions  for 
the  simulation  of  stratocumulus  topped  marine  boundary  layer.  Different  SGS  models 
and  advection  schemes  were  tested.  It  was  found  that  thickness  of  the  inversion  layer, 
depth  of  entraining  eddies  and  shape  of  the  vertical  velocity  spectra  is  influenced  by 
mesh  resolution.  Motions  at  the  inversion  were  found  to  be  under  resolved  even  for  the 
finest  resolution.  The  entrainment  rate  was  found  to  depend  on  both  numerical  and  SGS 
dissipation. 

Duynkerke,  Zhang  k,  Jonker  (1995)  performed  an  observational  study  to  describe  the 
microphysical  and  turbulent  structure  of  stratocumulus  observed  during  the  Atlantic 
Stratocumulus  Transition  Experiment  (ASTEX).  The  turbulence  kinetic  energy  budget, 
velocity  and  temperature  variance,  and  vertical  fluxes  were  calculated.  The  entrainment 
was  found  to  be  very  efficient,  which  resulted  in  reduction  of  turbulent  kinetic  energy 
production  due  to  buoyancy.  It  was  also  shown  that  water  vapor  flux,  liquid  water  flux, 
and  drizzle  rate  have  the  same  magnitude. 

Stevens  et  al.  (1998)  presented  an  LES  study  of  the  ASTEX  case.  They  adopted  a 
drop-size  resolving  cloud  microphysics  model  that  enabled  them  to  perform  simulations 
with  and  without  drizzle.  It  was  found  that  inclusion  of  drizzle  in  modeling  leads  to 
sharp  decrease  in  entrainment  and  turbulent  kinetic  energy  generation  by  buoyancy.  The 
authors  have  hypothesized  that  shallow,  well-mixed  radiatively  driven  stratocumulus 
cannot  persist  in  the  presence  of  heavy  drizzle, 

Duynkerke  et  al.  (1999)  did  a  comparison  of  actual  ASTEX  observations  with  com¬ 
putations  obtained  from  LES  and  one- dimensional  single  column  models.  The  buoyancy 
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flux  obtained  from  LES  agrees  well  with  the  observations.  The  authors  concluded  that 
drizzle  has  small  influence  on  the  buoyancy  flux,  although  significant  uncertainty  exists 
in  its  parametrization. 

The  objective  of  the  present  study  is  to  evaluate  the  dynamic  procedure  in  LES  of 
stratocumulus  topped  atmospheric  boundary  layer  and  assess  the  relative  importance  of 
subgrid-scale  modeling,  cloud  microphysics  and  radiation  modeling  on  the  predictions. 
The  simulations  will  also  be  used  to  gain  insight  into  the  processes  leading  to  cloud  top 
entrainment  instability  and  cloud  breakup.  In  this  report  we  document  the  governing 
equations,  numerical  schemes  and  physical  models  that  are  employed  in  the  Goddard 
Cumulus  Ensemble  model  (GCEM3D).  We  also  present  the  subgrid-scale  dynamic  pro¬ 
cedures  that  have  been  implemented  in  the  GCEM3D  code  for  the  purpose  of  the  present 
study. 


2.  Numerical  formulation 

The  numerical  model  used  in  this  study  to  simulate  cloud-topped  atmospheric  bound¬ 
ary  layers  is  the  Goddard  Cumulus  Ensemble  model(GCEM3D).  Its  main  features  are 
described  in  Tao  Simpson  (1993),  Simpson  &  Tao  (1993)  and  Tao  et  al.  (2003). 


2.1.  Governing  equations 

Acoustic  waves  are  part  of  the  solution  of  the  compressible  Navier-Stokes  equations  and 
very  small  time  steps  are  needed  to  resolve  them.  On  the  other  hand,  acoustic  waves  do 
not  impact  the  dynamics  of  thermal  convection  for  low  Mach  number  flows.  Therefore,  the 
governing  equations  of  motion  are  simplified  by  Altering  out  the  sound  waves  from  them. 
The  resulting  set  of  equations  is  known  as  the  anelastic  equations  (Ogura  &  Phillips  1962). 
In  deriving  these  equations  the  basic  assumption  is  to  decompose  the  thermodynamic 
state  variables  into  a  horizontally  averaged  base  quantity,  which  only  depends  on  altitude, 
and  a  perturbation  quantity,  which  depends  on  both  time  and  space,  as  follows 

p{x,y,z,t)  =  Po{z)  +p'ix,y,  z,t), 
p{x,y,z,t)  =  po{z)  +  p'{x,y,z,t), 

T{x,  y,  z,  t)  =  To{z)  +  T'(x,  y,  z,  t),  (2.1) 

where  p  is  the  pressure,  p  is  the  density  of  moist  air  and  T  is  the  temperature.  The 
following  moist  equation  of  state  is  used  in  deriving  the  momentum  equations 

p  =  pRT{l-\-0Mq^),  (2.2) 


where  R  is  the  gas  constant  for  dry  air  and  is  the  mixing  ratio  of  water  vapor.  The 
pressure  is  nondimensionalized  according  to  a  reference  pressure  (po)  value 

=  (2.3) 

Po 

where  Cp  is  the  specific  heat  of  dry  air  at  constant  pressure.  The  potential  temperature 
is  defined  as 

TT 

The  anelastic  form  of  the  filtered  continuity  equation  reads  as  follows 


d(poUi)  _  ^ 

dxi 


(2.5) 
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The  filtered  momentum  equations,  using  the  f-plane  approximation,  are  written  as 

dui  ,  1  dipoUiUj)  ^  +  ^  +  gii^  +  O.ei?;  -  gi)  +  Fcorioiu,  (2.6) 


dt  ^  Po 


dx. 


^  °  dxi  dx. 


Oc 


where  pi  is  the  gravitational  acceleration.  The  Coriolis  term  that  appears  in  the  momen¬ 
tum  equations  is  written  as 

Fcorioiis  =  [2ojsin(t)U2,  0],  (2.7) 


where  u  is  the  angular  velocity  of  the  Earth  and  (p  gives  the  latitude.  Tij  represents  the 
subgrid  scale  stress  tensor  and  its  particular  form  is  described  in  section  2.3.  The  primed 
variables  represent  deviation  from  horizontally  averaged  quantities. 

The  equations  for  potential  temperature  0  and  the  water  vapor  mixing  ratio  are 
written  as  follows 


dO  1  d(poOui) 

dt  po  dxi 


m, 


+  7r(^ice  —  Sice)  +  Qradi  (2-8) 

Up 


dqv  1  d{poqvUi) 

dt  po  dXi 


dlV 

dxi 


(c  Cc  Cj-)  "b  {dice  Sice)} 


(2.9) 


where  L^^Lf  and  Ls  are  the  latent  heats  of  condensation,  fusion  and  sublimation,  respec¬ 
tively,  The  quantities  c,  Cc,  /,  m,  dice,  represent  the  rates  of  condensation,  evapo¬ 
ration  of  cloud  droplets,  evaporation  of  rain  drops,  freezing  of  rain  drops,  melting  of  snow 
and  graupel/hail,  deposition  of  ice  particles  and  sublimation  of  ice  particles,  respectively. 
The  particular  forms  for  these  phase  change  rates  are  not  explicitly  formulated.  Instead, 
a  saturation  adjustment  scheme  is  adopted  that  calculates  the  amount  of  phase  change 
rate  in  order  to  remove  any  supersaturated  vapor  and/or  subsaturation  of  cloud  water. 
The  saturation  adjustment  scheme  is  described  in  Soong  &  Ogura  (1973)  and  Tao,  Simp¬ 
son  k.  McCumber  (1989).  'yf  is  the  subgrid  scale  flux  of  the  scalar,  which  is  explained  in 
section  2.3.  Qrad  is  the  source  due  to  radiative  heat  transfer.  It  is  described  in  section 


2.4. 


2.2.  Cloud  microphysics  model 

The  formulation  of  the  cloud  microphysical  processes  is  based  on  solving  scalar  transport 
equations  for  each  hydrometeor  species.  The  transport  equations  for  cloud  water  (^c), 
cloud  ice  (^ice),  rain  (qr),  snow  {qs),  graupel/hail  (qg)  are  written  as 


dqc  ^  1  ^(Pogc^t) 
dt  po  dxi 


dxi 


4-  (c  —  Cc)  + 


(2.10) 


dqice  ^  1  d{poqiceUi) 

dt  Po  dXi 

dqr  ^  1  d{poqrUi)  _  1  d{poqrUr)  ^ 
dt  Po  dxi  Po  dx^ 

dqs  1  d(poqsUi)  _  1  d{poqsUs) 
dt  po  dXi  Po 


+  {di^  -  Siee)  +  ,  (2.11) 

+  {ms  +  mg-  fs-  fg-  Cr)  +  T,^,  (2.12) 

■■-^^  +  {ds-Ss-msF  fs)FTg,,  (2.13) 
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where  VJ.,  Vs  and  Vg  are  the  fall  speeds  of  rain,  snow  and  graupel,  respectively.  Their 
values  are  obtained  from  parameterizations.  'yf  is  the  subgrid-scale  flux  of  the  scalar. 
represents  the  microphysical  transfer  rates  between  the  hydrometeor  species.  A  total  of  27 
different  processes  are  considered  and  the  reader  is  referred  to  Lin,  Farley  &  Orville  (1983) 
for  details  of  their  formulation.  To  illustrate  the  parameterizations  of  these  processes,  only 
the  microphysical  transfer  rate  of  rain  Tq^  is  described  in  this  report.  For  instance,  if  the 
temperature  is  above  O^C,  then  the  production  term  for  rain  is  given  by  the  following 
equation 

T,.  =  PRACW-^PRAUT  +  PsACW-^-PcACW—PGMLT—PsMLT'^PREVPi^  —  Si),  (2.15) 

The  terms  on  the  right  hand  side  of  the  above  equation  are  the  accretion  of  cloud  water 
by  rain,  autoconversion  of  cloud  water  to  form  rain,  accretion  of  cloud  water  by  snow, 
accretion  of  cloud  water  by  graupel,  melting  of  graupel  to  form  rain,  melting  of  snow  to 
form  rain,  evaporation  of  rain,  respectively.  The  accretion  of  rain  by  cloud  water  Pracw 
is  written  as 

TrErw'^Or^Qc^i^  /o  1 

Pracw  —  ’  (2.16) 

where  Erw  is  the  collection  efficiency,  which  is  assumed  to  be  1,  nor  is  the  intercept 
parameter  of  the  rain  drop  size  distribution,  T  is  the  gamma  function,  Ar  is  the  slope 
parameter  in  rain  size  distribution  and  a,  b  are  empirical  constants.  Exponential  size 
distributions  are  assumed  for  rain,  snow  and  graupel/hail.  The  explicit  forms  of  other 
transformation  rates  are  documented  in  Lin  et  al  (1983). 


2.3.  Subgrid-scale  turbulence  models 

Three  turbulence  closure  models  will  be  considered  for  comparison.  These  are  the  subgrid- 
scale  kinetic  energy  model  of  Klemp  &  Wilhelmson  (1978), which  is  the  base  turbulence 
model  in  the  GCEM3D  code,  the  dynamic  Smagorinsky  model  of  Germano  et  al  (1991) 
and  the  localized  dynamic  Smagorinsky  model  of  Piomelli  Liu  (1995),  The  imple¬ 
mentation  of  dynamic  turbulence  models  by  Kirkpatrick  (2002)  has  been  coupled  to  the 
GCEM3D  code.  In  the  following  sections  these  models  are  briefly  explained. 


2.3.1.  Subgrid-scale  kinetic  energy  model 

A  transport  equation  for  subgrid-scale  turbulent  kinetic  energy  is  solved,  which  is  then 
used  to  specify  the  eddy  viscosity.  The  influence  of  buoyancy  on  the  turbulent  motions 
is  also  modeled.  The  equation  for  subgrid-scale  turbulent  kinetic  energy  is  written  as 


dE  1  d{poEui) 

dt  po  dxj 


A  =  {AxAyAzy^^, 

Km  =  CmAE^'\ 

=  +  (2.18) 

where  Km  is  the  turbulent  eddy  viscosity,  A  is  the  filter  width.  The  empirical  constants 
Ce  and  Cm  have  the  values  of  0,7  and  0.2, respectively.  The  subgrid-scale  scalar  fluxes 


74 

L  Senocak 

are  modeled  as 

11 

(2.19) 

where  KhIKm  = 

3  is  used.  The  buoyancy  flux  in  a  saturated  area  is  computed 

as 

Qf  ^ dOe  dqt 

^'(^  +  0.61q'^  —  qi)  =  -AKh-^  + 

(2.20) 

where 

^  1  I  x.exsLiQv 

A  1  KdT 

a  ,  ,  eL^Q,  ’ 

(2.21) 

and  £  =  0.622. 

In  an  unsaturated  area,  the  buoyancy  flux  is  computed  as  follows: 

w>it  +  0.6l9i  -  ql)  =  +  0.61^).  (2.22) 


2.3.2.  Dynamic  Smagorinsky  model 

Smagorinsky  model  (Smagorinsky  1963)  is  commonly  used  in  LES  to  model  the  subgrid 
scale  stresses.  It  is  based  on  eddy  viscosity  assumption  and  can  be  written  as 


Tij  -  UijTkk  =  -2CA2|5|5y, 


(2.23) 


where  C  is  a  dimensionless  parameter  and  \S\  =  y/2SijSij.  The  filtered  strain  rate  is 
defined  as 

c  _  ^  _L 


2 '  dxj  dxi 


(2.24) 


Germano  et  al  (1991)  have  introduced  the  dynamic  procedure  that  offers  advantages 
over  the  original  Smagorinsky  model.  In  this  model  the  parameter  C  is  computed  at  each 
time  step  from  the  information  already  available  in  the  resolved  velocity  field.  The  basic 
formalism  behind  the  dynamic  Smagorinsky  model  is  explained  in  the  following. 

The  dynamic  model  involves  filters  of  different  sizes.  In  addition  to  the  grid  filter,  a 
test  filter  is  introduced.  The  subgrid  scale  stress  tensor  based  on  the  grid  filter  and  the 
test  filter  are  written  respectively  as 


Tij  —•  UiUj  UjUj , 

Tij  =  UiUj  UiUjj  (2.25) 

where  the  symbols  overbar  and  the  hat  represent  the  grid  and  test  filtering  operations, 
respectively.  Applying  the  test  filter  to  Tij  and  subtracting  it  from  Tij  yields  the  following 
identity  (Germano,  1992) 

Lij  =  Tij  “  fij  =  'S^j  -  UiUj,  (2.26) 

The  significance  of  this  identity  is  that  it  can  be  computed  from  the  large  eddy  field. 
Germano  et  al  (1991)  have  utilized  this  identity  to  dynamically  compute  the  coefficient 
of  the  Smagorinsky  model  as  follows. 

Lij  •^5ijL}ik  “  OLijC  PijC^ 


(2.27) 


where 
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Oij  =  -2A‘^SSij, 

fiij  =  -2A^  SSip  (2.28) 


For  atmospheric  boundary  layers,  where  the  horizontal  directions  are  assumed  to  ho¬ 
mogenous,  the  filtering  operation  is  applied  only  in  the  horizontal  direction  and  C  is 
assumed  to  be  independent  of  the  homogeneous  directions  and  taken  out  of  the  filtering 
operator.  Equation  (2.27)  is  rearranged  to  the  following  form 

Eij  =  C]\dijj  (2.29) 

where 

Mij  =  aij  -  (2.30) 

Following  the  method  described  in  Lilly  (1992),  the  coefficient  C  is  computed  so  as  to 
minimize  the  sum  of  the  squares  of  the  residuals  of  equation  (2. 29) .The  numerator  and 
the  denominator  are  averaged  over  the  horizontal  (x,y)-plane. 


{MijLij)xy 

{^kl^kl)xy 


(2.31) 


Once  C  is  calculated,  the  subgrid  scale  stress  tensor,  given  in  equation  (2.23)  is  computed. 
In  a  similar  approach,  the  subgrid-scale  flux  of  a  scalar  (j>  can  be  computed  dynamically 
Moin  et  al.  (1991).  If  we  consider  the  following  eddy  diffusivity  subgrid-scale  model 

-  d} 

Prt  dxi  ’ 

where  the  kinematic  eddy  viscosity  is  computed  with  the  dynamic  Smagorinsky  model 
as  ut  =  CA^|5|.  The  dynamic  procedure  can  also  be  applied  to  compute  the  turbulent 
Prandtl  number  Prt.  The  subgrid-scale  scalar  flux  based  on  the  test  filter  scale  is  written 
as 


(2.32) 


Gi  = 


Pn 


(2.33) 


The  test  and  grid  scale  fluxes  are  related  to  each  other  by  the  following  identity 


Pi  =  Gi-'yi=  <jmi  - 


Prt  dxi  Prt  dxi  ‘ 


The  above  equation  can  be  recast  into  the  following  form 


(2.34) 


Pi  = 


(2.35) 


Following  the  suggestion  of  Lilly  (1992),  a  least  squares  procedure  is  applied  to  compute 
the  value  of  Prt.  Note  that  the  value  of  C  is  determined  earlier. 


1  1  {PiRi)^y 

Prt  C  {RmRm.)xy 


(2.36) 


After  calculating  the  Prt,  equation  (2.31)  is  used  to  compute  the  subgrid  scale  flux  of  a 
scedar. 
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2.3.3.  Approximate  localized  dynamic  Smagorinsky  model 

The  dynamic  Smagorinsky  model  is  not  general  for  flows  with  no  homogeneous  di- 
rection,  because  of  the  need  for  averaging  in  the  homogeneous  directions.  Ghosal  et  al. 
(1995)  have  addressed  the  mathematical  inconsistencies  and  proposed  a  new  formulation 
for  the  dynamic  procedure  that  makes  it  applicable  to  arbitrary  inhomogeneous  flows. 
They  have  also  provided  formal  justifications  for  the  ad-hoc  procedures  that  have  been 
adopted  in  the  early  versions  of  the  dynamic  model. 

The  mathematical  inconsistency  in  previous  versions  comes  from  the  fact  that  space 
and  time  dependent  coefficient  C  is  simply  taken  out  of  the  filtering  operation.  In  the 
variational  formulation  of  Ghosal  et  al.  (1995),  C  is  kept  inside  and  an  integral  equation 
needs  to  be  solved  at  each  time  step  to  determine  C.  This  method  is  referred  to  as  the 
dynamic  localization  model. 

The  solution  of  an  integral  equation  is  costly.  Piomelli  &  Liu  (1995)  have  followed  a 
simpler  approach  and  proposed  the  approximate  localized  dynamic  model.  In  the  follow- 
ing  this  method  is  briefly  described. 

Equation  (2.27)  is  recast  in  the  following  form. 


—Caij  =  Lfj  +  (2.37) 

where 

(2.38) 

An  estimated  value  C*  is  assumed,  which  is  the  value  of  C  from  the  previous  time  step. 
Along  with  this  approximation,  a  least  squares  procedure  is  applied  to  compute  C  as 


given  below 


C  = 


C*Pij)aij 


e^mn^mn 


(2.39) 


The  same  iterative  idea  applies  to  equation  (2.31)  to  compute  the  Pn  of  the  subgrid- 


scale  flux  of  a  scalar  quantity. 


2.4.  Radiation  model 

In  an  effort  to  describe  the  physical  models  in  GCEM3D  code  in  a  single  document,  we 
briefly  summarize  the  basic  formalism  of  the  radiation  modeling. 

The  plane  parallel  assumption  is  typically  adopted  to  model  the  radiative  energy  trans¬ 
fer.  The  convenience  of  the  assumption  comes  from  the  fact  that  the  properties  of  the 
atmosphere  vary  sharply  with  height  due  to  its  stratification,  hence,  the  medium  is  re¬ 
garded  as  horizontally  homogeneous  (Salby  1996). 

The  intensity  of  a  radiation  pencil,  traversing  a  distance  ds  along  the  direction  of  its 
propagation,  changes  due  to  absorbtion,  scattering  and  emission,  which  can  be  described 
by  the  following  equation  (Liou  2002). 

dix  ~  -Kxphds  -h  jxpds,  (2.40) 

where  kx  is  the  mass  extinction  cross  section  due  to  absorbtion  and  scattering  and  jx 
is  the  source  function  due  to  emission  and  scattering.  In  plane- parallel  assumption,  it  is 
convenient  to  define  an  optical  thickness  as 


rOO 

J  kxdz,  dz  =  pbds,  p  =  cos 


(2.41) 


where  z  is  the  vertical  direction  and  9  is  the  angle  between  the  path  of  radiation  and  the 
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vertical,  which  is  specifically  called  the  zenith  angle.  The  basic  equation,  describing  the 
radiative  energy  transfer  in  plane-parallel  atmospheres  is  written  as 

^  J(t;  4,)  -  J(T-,  fl,  4>).  (2.42) 

The  source  function  J  is  defined  as 

4>;  -MO,  -  (1  -  w)B[T(r)],  (2.43) 

47r 

where  P(/x,  (j);  p!,  (j)')  is  the  phase  function,  which  gives  the  angular  distribution  of  scat¬ 
tered  energy  as  a  function  of  direction,  <j>  is  the  azimuthal  angle,  u  is  the  single  scat¬ 
tering  albedo,  B[T{r)]  is  the  Planck’s  function  representing  the  blackbody  emission  of 
the  medium,  and  Fo  is  the  solar  irradiance  at  the  top  of  atmosphere.  Upon  solution  of 
equation  (2.43),  the  flux  density  Fx  and  the  total  flux  density  F  are  computed  based  on 
the  following  definitions 

Jpl  r^oo 

f  ll^{T,±p)pdp  (2.44) 

0  Jo 


The  heating  rate  due  to  radiation  that  appears  in  the  potential  temperature  equation, 
Qrad,  is  then  computed  as 

dB{z)  .  . 


Qrad  — 


(2.45) 


Equation  (2.43)  is  an  integrodifferential  equation  and  its  numerical  solution  is  quite 
involved  due  to  sharp  variation  of  the  atmospheric  properties  with  height.  The  compu¬ 
tation  of  radiation  fluxes  involves  spectral,  vertical  and  directional  integrations.  Because 
the  absorbtion  coefficient  varies  sharply  with  wave  number,  the  spectral  integration  is  the 
most  CPU  intensive  part.  However,  the  major  difficulty  comes  from  the  dependence  of 
the  absorbtion  coeflftcient  on  pressure  and  temperature.  Hence,  effective  parametrization 
is  an  important  part  in  the  numerical  solution  of  equation  (2.42),  Different  approaches 
are  adopted  depending  on  the  nature  of  the  radiation  problem.  A  detailed  account  of 
atmospheric  radiation  modeling  can  be  found  in  Liou  (2002). 

The  radiative  transfer  model  that  is  incorporated  into  the  GCEM  code  is  documented 
in  Chou  &  Suarez  (1996 a, 6). The  radiation  scheme  can  model  the  absorbtion  due  to  water 
vapor,  CO2,  O3,  and  O2,  and  scattering  by  clouds,  aerosols  and  molecules.  Fluxes  are 
integrated  almost  over  the  full  spectrum,  ranging  from  0.175  pm  to  10//m.  The  radiation 
field  is  divided  into  three  distinct  regions.  In  the  ultraviolet  and  photosynthetically  active 
regions,  the  spectrum  is  divided  into  8  bands,  in  which  single  O3  absorption  coefficient 
and  Rayleigh  scattering  coefficient  is  used  for  each  band.  The  infrared  region  is  divided 
into  three  bands  and  the  k-distribution  method  is  applied  with  ten  absorption  coefficients 
in  each  band.  The  (^-Eddington  approximation  is  used  to  compute  the  reflection  and 
transmission  of  a  cloud  and  aerosol-laden  layer.  Two-stream  adding  method  is  then  used 
to  compute  the  fluxes. 


2.5.  Numerical  schemes 

In  GCEM3D  code,  the  governing  equations  are  discretized  on  a  staggered  grid.  The  mo¬ 
mentum  equations  are  solved  using  the  second  order  central  difference  scheme  for  the 
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spatial  derivatives  and  the  second  order  accurate  leap-frog  scheme  for  temporal  deriva¬ 
tives.  A  time  smoother  is  adopted  to  avoid  the  time  splitting  problem  associated  with 
the  leap-frog  scheme.  Forward  time  differencing  and  the  multi-dimensional  positive  def¬ 
inite  advection  transport  algorithm  (MPDATA)  of  Smolarkiewicz  &:  Grabowski  (1990) 
are  used  to  solve  the  scalar  transport  equations.  A  direct  solver  (FFT)  is  utilized  for  the 
solution  of  the  pressure  Poisson  equation.  The  GCEM3D  code  has  been  parallelized  to 
run  on  the  SGI  Origin  clusters  using  OpenMP  (Jin  et  al  2003). 

Lateral  boundary  conditions  are  periodic  and  free  slip  boundary  conditions  are  imposed 
on  the  top  and  bottom  boundaries  for  all  the  variables  except  the  vertical  velocity  that 
vanishes  at  the  top  and  bottom  boundary. 


3.  Future  work 

The  sugrid-scale  turbulence  models  described  in  the  previous  section  will  be  tested 
with  progressively  refined  mesh  resolutions,  adopting  the  ASTEX  field  experiment  as 
the  test  case.  The  relative  influence  of  subgrid-scale  modeling,  cloud  microphysics  and 
radiation  modeling  on  the  predictions  will  be  investigated.  The  simulations  will  also  be 
used  to  gain  insight  into  the  processes  leading  to  the  cloud  top  entrainment  instability 
and  cloud  breakup.  Additionally,  the  dynamic  modeling  subroutine  will  be  parallelized 
to  speed  up  the  overall  computation. 

Preliminary  computations  produced  comparable  results  of  wind  speeds,  soundings  of 
cloud  water  and  potential  temperature  among  the  subgrid-scale  models  considered.  How¬ 
ever,  the  computations  also  indicated  problems  with  the  top  boundary  resulting  in  spuri¬ 
ous  cloud  formation  and  unstable  stratification.  A  possible  cure  to  the  problem  might  be 
to  use  a  Rayleigh  absorbing  layer,  which  is  commonly  used  in  atmospheric  simulations, 
in  the  proximity  of  the  top  boundary  to  damp  the  vertically  propagating  gravity  waves. 

In  this  report  we  have  briefly  documented  the  governing  equations  and  physical  mod¬ 
els  that  are  employed  in  the  GCEM3D  code.  We  have  also  described  the  subgrid-scale 
dynamic  procedures  that  have  been  introduced  to  the  GCEM3D  code  in  this  study.  We 
are  in  the  process  of  double  checking  the  implementation  and  the  results.  The  findings 
of  the  present  study  will  be  published  in  the  open  literature. 


REFERENCES 

Bohnert,  M.  1993  A  numerical  investigation  of  cloud-topped  planetary  boundary  layers. 
PhD  thesis,  Stanford  University. 

Chou,  M.  D.  &  Suarez,  M.  J.  1996a  An  efficient  thermal  infrared  radiation  parame¬ 
terization  for  use  in  general  circulation  models.  NASA  Technical  Memorandum  vol:3 
no:  104606. 

Chou,  M.  D.  Sz  Suarez,  M.  J.  19966  A  solar  radiation  parameterization  (CLIRAD- 
SW)  for  atmospheric  studies.  NASA  Technical  Memorandum  vol:15  no:  104606. 

Deardorff,  j.  W,  1980a  Cloud  top  entrainment  instability.  J.  Atmos.  Sci  37,  131-147. 

Deardorff,  j.  W.  19806  Stratocumulus-capped  mixed  layers  derived  from  a  three- 
dimensional  model.  Boundary-Layer  Meteorol.  18,  495-527. 

Duynkerke,  P.  G.,  Jonker,  P.  J.,  Chlond,  A.,  Zanten,  M.  C.  V.,  Cuxart, 
J.,  Clark,  P.,  Sanchez,  E.,  Martin,  G.,  Lenderink,  G.  &:  Teixeira,  J. 
1999  Intercomparison  of  three-  and  one-dimensional  model  simulations  and  aircraft 
observations  stratocumulus.  Boundary- Layer  Meteorol.  92,  453-487. 


79 


LES  of  stratocumulus-topped  atmospheric  boundary  layer 

Duynkerke,  P.  G.,  Zhang,  H.  &  Jonker,  P.  J.  1995  Microphysical  and  turbulent 
structure  of  nocturnal  stratocumulus  as  observed  during  ASTEX.  J,  Atmos.  Sci.  52, 
2763-2777. 

Germano,  M.,  Piomelli,  U.,  Moin,  P.  &  Cabot,  W.  H.  1991  A  dynamic  subgrid- 
scale  eddy  viscosity  model.  Phys.  Fluids  3,  1760-1765. 

Ghosal,  S.,  Lund,  T.  S.,  Moin,  P.  &  Akselvoll,  K.  1995  A  dynamic  localization 
model  for  large-eddy  simulation  of  turbulent  flows.  J.  Fluid  Mech.  286,  229-255. 

Heymsfield,  a.  j.  1993  Microphysical  structures  of  stratiform  and  cirrus  clouds.  In 
Aerosol- Cloud-Climate  Interactions  (ed.  P.  V.  Hobbs),  International  Geophysics  Se¬ 
ries,  vol.  54,  pp.  97-121.  Academic  Press. 

Jin,  H.,  Jost,  G.,  Johnson,  D.  &  Tao,  W.  K.  2003  Experience  on  the  parallelization 
of  a  cloud  modeling  code  using  computer-aided  tools.  Tech.  Rep.  NAS-03-006.  NAS 
Division,  NASA  Ames  Research  Center. 

KanTHA,  L.  H.  &  Clayson,  C.  A.  2000  Small  Scale  Processes  in  Geophysical  Fluid 
Flows.  Academic  Press. 

Kirkpatrick,  M.  P.  2002  Turbulence  modelling  in  large-eddy  simulations  of  the  cloud- 
topped  atmospheric  boundary  layer.  Annual  Research  Briefs,  Center  for  Turbulence 
Research,  NAS  A- Ames/ Stanford  Univ. 

Klemp,  j.  B.  &  Wilhelmson,  R.  B.  1978  The  simulation  of  three-dimensional  con¬ 
vective  storm  dynamics.  J.  Atmos.  Sci.  35,  1070-1096. 

Lilly,  D.  K.  1992  A  proposed  modification  of  the  Germano  subgrid-scale  closure 
method.  Phys.  Fluids  4,  633-635. 

Lin,  Y.-L.,  Farley,  R.  D.  &  Orville,  H.  D.  1983  Bulk  parameterization  of  the  snow 
field  in  a  cloud  model.  J.  Clim.  Appl.  Meteor.  22,  1065-1092. 

LlOU,  K.  N.  2002  An  Introduction  to  Atmospheric  Radiation,  2nd  edn.  Academic  Press. 

Mason,  P.  J.  1975  Clouds,  Rain  and  Rainmaking.  Cambridge  University  Press. 

Moeng,  C.  H.  1986  Large-eddy  simulation  of  a  stratus-topped  boundary  layer.  Part-1: 
Structure  and  budgets,  J.  Atmos.  Sci  43,  2886-2900. 

Moin,  P.,  Squires,  K.,  Cabot,  W.  H.  Sz  Lee,  S.  1991  A  dynamic  subgrid-scale  model 
for  compressible  turbulence  and  scalar  transport.  Phys.  Fluids  3,  2746-2757. 

Ogura,  Y.  &  Phillips,  N.  1962  Scale  analysis  of  deep  and  shallow  convection  in  the 
atmosphere.  J.  Atmos.  Sci  19,  173-179. 

Piomelli,  U.  &  Liu,  J.  1995  Large-eddy  simulation  of  rotating  channel  flows  using  a 
localized  model.  Phys.  Fluids  7,  839-848. 

Rogers,  R.  R.  Sz  Yau,  M.  K.  1989  A  Short  Course  in  Cloud  Physics,  3rd  edn. 
Butterworth-Heinemann. 

Salby,  M.  L.  1996  Fundamentals  of  Atmospheric  Physics.  Academic  Press. 

Scorer,  R.  &  Wexler,  H.  1967  Cloud  Studies  in  Colour.  Pergamon  Press. 

Simpson,  J.  &  Tao,  W.  K.  1993  Goddard  Cumulus  Ensemble  model.  Part  2:  Applica¬ 
tions  for  studying  cloud  precipitating  processes  and  for  NASA  TRMM.  Terr.  Atmos. 
Ocean  Sci.  4,  73-116. 

Smagorinsky,  j.  1963  General  circulation  experiments  with  the  primitive  equations.  I. 
The  basic  experiment.  Mon.  Weather  Rev.  91,  99-164. 

Smolarkiewicz,  P.  K.  &  Grabowski,  W.  W.  1990  The  multidimensional  positive 
definite  advection  transport  algorithm:  Nonoscillatory  option.  J.  Comput.  Phys,  86, 
355-375. 


L  Senocak 


80 

SooNG,  S.  T.  k,  Ogura,  Y.  1973  A  comparison  between  axisymmetric  and  slab- 
symmetric  cumulus  cloud  models.  J.  Atmos.  Sci  30,  879-893. 

Stevens,  B.,  Cotton,  W.  R.,  Feingold,  G.  k  Moeng,  C.-H.  1998  Large-eddy  sim¬ 
ulations  of  strongly  precipitating,  shallow,  stratocumulus-topped  boundary  layers. 
J.  Atmos.  Sci.  55,  3616-3638. 

Stevens,  B.  k  Lenschow,  D.  H.  2001  Observations,  experiments,  and  large  eddy 
simulation.  Bull.  Amer.  Meteor.  Soc.  82,  283-294. 

Stevens,  D.  E.,  Bell,  J.  B.,  Almgren,  A.  S.,  Beckner,  V.  E.  k  Rendleman, 
C.  A.  2000  Small-scale  processes  and  entrainment  in  a  stratocumulus  marine  bound¬ 
ary  layer.  J.  Atmos.  Sci.  57,  567-581. 

Tag,  P.  M.  &  Payne,  S.  W.  1987  An  examination  of  the  breakup  of  marine  stratus: 
A  three-dimensional  numerical  investigation.  J.  Atmos.  Sci  44,  208-223. 

Tao,  W.  K.  k  Simpson,  J.  1993  Goddard  Cumulus  Ensemble  model.  Part  1:  Model 
description.  Terr.  Atmos.  Ocean  Sci.  4,  35-72, 

Tao,  W.  K.,  Simpson,  J.,  Baker,  D.,  Braun,  S.,  M.  D.  Chou,  B.  F.,  Johnson,  D., 
Khain,  a.,  Lang,  S.,  Lynn,  B.,  Shie,  C.  L.,  Starr,  D.,  Sui,  C.  H,,  Wang,  Y. 
k  Wetzel,  P.  2003  Microphysics,  radiation  and  surface  processes  in  the  Goddard 
Cumulus  Ensemble  (GCE)  model.  Meteorol.  Atmos.  Phys.  82,  97-137. 

Tao,  W.  K.,  Simpson,  J.  k  McCumber,  M.  1989  An  ice-water  saturation  adjustment. 
Mon.  Weather.  Rev.  117,  231-235. 


Center  for  Turbulence  Research 
Annual  Research  Briefs  2003 


81 


Numerical  simulation  of  protoplanet  ary  vortices 

By  H.  Lin,  J.A.  Barranco  f  and  P.S.  Marcus  X 


1.  Introduction 

The  fluid  dynamics  within  a  protoplanetary  disk  has  been  attracting  the  attention  of 
many  researchers  for  a  few  decades.  Previous  works  include,  to  list  only  a  few  among 
many  others,  the  well-known  a-prescription  of  Shakura  &  Sunyaev  (1973),  the  convective 
and  instability  study  of  Stone  &  Balbus  (1996)  and  Hawley  et  al  (1999),  the  Rossby  wave 
approach  of  Lovelace  et  al  (1999),  as  well  as  a  recent  work  by  Klahr  Sz  Bodenheimer 
(2003),  which  attempted  to  identify  turbulent  flow  within  the  disk.  The  disk  is  commonly 
understood  to  be  a  thin  gas  disk  rotating  around  a  central  star  with  differential  rota¬ 
tion  (the  Keplerian  velocity),  and  the  central  quest  remains  as  how  the  flow  behavior 
deviates  (albeit  by  a  small  amount)  from  a  strong  balance  established  between  gravi¬ 
tational  and  centrifugal  forces,  transfers  mass  and  momentum  inward,  and  eventually 
forms  planetesimals  and  planets. 

In  earlier  works  (Barranco  &  Marcus  2000;  Barranco  et  al  2000;  Lin  et  al  2000)  we 
have  briefly  described  the  possible  physical  processes  involved  in  the  disk;  we  have  pro¬ 
posed  the  existence  of  long-lasting,  coherent  vortices  as  an  efficient  agent  for  mass  and 
momentum  transport.  In  particular,  Barranco  et  al  (2000)  provided  a  general  mathe¬ 
matical  framework  that  is  suitable  for  the  asymptotic  regime  of  the  disk;  Barranco  & 
Marcus  (2000)  addressed  a  proposed  vortex-dust  interaction  mechanism  which  might 
lead  to  planetesimal  formation;  and  Lin  et  al  (2002),  as  inspired  by  general  geophysi¬ 
cal  vortex  dynamics,  proposed  basic  mechanisms  by  which  vortices  can  transport  mass 
and  angular  momentum.  The  current  work  follows  up  on  our  previous  effort.  We  shall 
focus  on  the  detailed  numerical  implementation  of  our  problem.  We  have  developed  a 
parallel,  pseudo-spectral  code  to  simulate  the  full  three-dimensional  vortex  dynamics  in 
a  stably-stratified,  differentially  rotating  frame,  which  represents  the  environment  of  the 
disk.  Our  simulation  is  validated  with  full  diagnostics  and  comparisons,  and  we  present 
our  results  on  a  family  of  three-dimensional,  coherent  equilibrium  vortices. 


2.  Governing  equations 

Scaling  issues  have  been  discussed  in  both  Barranco  et  al  (2000)  and  Lin  et  al  (2002), 
and  shall  not  be  repeated.  Here  we  simply  list  the  governing  equations  that  we  propose 
to  solve  numerically,  namely 

^  +  p(v  ■  Vv)  =  -2pn<,z  X  (v  -  v)  -  Vp  -  pillzz,  (2.1) 


V  •  (pv)  =  0, 

f +v.vr  =  -(,-.)T,(i  +  |)K 


'I’radi^') 
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(2.3) 
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P 

P 


(2.4) 


Here  the  equations  are  written  in  a  rotating  frame  with  an  angular  velocity  Ho,  is  the 
streamwise  (0)  direction,  y  is  the  radial  (r)  direction,  2:  is  the  direction  about  which  the 
frame  is  rotating,  and  z  is  its  corresponding  unit  vector.  In  our  notation  system  p,  p.  To 
and  V  denote  the  base  state  density,  pressure,  temperature  and  velocity,  respectively,  and 
their  forms  will  be  given  shortly.  The  tilde  quantities  p  and  p  denote  the  deviations  of 
density  and  pressure  from  the  base  states,  respectively,  and  7  is  the  ratio  of  specific  heats. 
Finally  Ho  is  the  scale  hight  of  the  disk  and  Trad  is  a  radiation  time  scale.  Compared 
with  the  governing  equations  (4. 1-4.4)  of  Lin  et  aL  (2002),  we  have  further  expanded 
the  energy  equation  making  use  of  the  anelastic  continuity  equation  (2.2);  we  have  also 
linearized  the  equation  of  state  to  obtain  equation  (2.4)  which  is  consistent  with  our 
current  low-Mach  number  asymptotic  regime. 

We  nondimensionalize  equations  (2. 1-2.4)  with  the  following  scales: 


[L]  =  Ho,  [v] 


=  c. 


M  flo’ 


[p]  =  p„,  [p]  =  pocf  =  p„,  [T]  =  To, 

where  c,  is  the  speed  of  sound,  Po  is  a  characteristic  density,  and  To  is  the  characteristic 
(base)  temperature.  The  resulted  dimensionless  equations  are 

=  -p(v  •  V)v  -  2pz  X  (v  -  v)  -  Vp  -  pzz, 
at 

V  •  (pv)  =  0, 

^  =  -vVr-(7-l)  + 

dt  \  Pj  Tradiz) 

p  =  P  +  pT. 

The  base  states,  as  discussed  in  Lin  et  al.  (2002),  are  given  (in  dimensionless  form)  as: 


p  =  p  =  p„(y)exp  (-y)  - 

(2.9) 

3 

v  =  -yx. 

(2.10) 

where  po{y)  represents  the  radial  variation  of  the  base  density,  and  x  is  the  unit  vector  in 
the  X  direction.  The  dimensionless  base  temperature,  which  is  assumed  to  be  constant, 
simply  becomes  To  =  1.  For  the  radiation  time  Trad,  we  currently  assume  the  following 
dimensionless  form, 

Tradiz)  =  ToCXp  (-Z^)  . 

We  set  To  to  be  approximately  10®  times  that  of  the  orbital  period  (denoted  Torb)-  When 
such  a  value  is  assumed  there  is  almost  no  radiative  dissipation  at  the  midplane,  and 
the  radiation  time  scale  is  comparable  to  the  orbital  period  close  to  the  upper  and  lower 
boundaries  of  the  disk.  The  radiation  scheme  captures  only  the  long  term  dissipative 
behavior  of  the  disk,  and  has  a  negligible  effect  on  dynamics  that  have  time  scales  com¬ 
parable  with  orbital  periods. 

Equations  (2. 5-2. 8),  together  with  appropriate  boundary  conditions,  are  the  set  of 
equations  we  solve  numerically. 


(2.5) 

(2.6) 

(2.7) 

(2.8) 
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3.  Numerical  scheme 

Before  presenting  in  detail  the  numerical  algorithm,  it  is  appropriate  to  address  a  few 
of  the  special  challenges  involved  in  the  system  we  are  trying  to  solve.  First,  we  have 
a  base  shear  flow  in  a  rotating  frame  as  indicated  by  equation  (2.10).  For  this  kind  of 
problem  it  is  natural  to  think  about  a  sliding-box  formulation,  as  it  has  been  implemented 
by  Rogallo  (1981)  and  Hawley  et  al  (1999).  Two  of  the  current  authors  (J.A.B.  and 
P.S.M.)  have  also  developed  a  similar  algorithm  to  solve  the  system  of  equations  (2.5- 
2.8)  using  the  sliding-box  methodology.  In  this  sliding-box  formulation,  flow  in  the  radial 
direction  is  artificially  periodic  after  subtraction  of  the  convection  ensued  from  the  base 
shear  flow,  and  the  vertical  direction  is  represented  in  Chebyshev  series  to  capture  the 
non-periodic  buoyancy  (gravity)  force.  Nonetheless,  because  in  the  current  code  we  aim 
to  represent  a  non-periodic  radial  thermodynamic  (potential-vorticity)  background  (see 
discussions  in  Lin  et  al  (2002)),  we  can  no  longer  assume  the  artificial  periodicity  in  t/, 
and  functions  in  this  direction  should  be  instead  represented  in  Chebyshev  series.  This 
complication  forces  us  to  assume  an  artificial  periodicity  in  the  vertical  direction  under 
the  current  framework  of  a  Fourier-Fourier-Chebyshev  representation,  and  we  shall  have 
more  discussions  regarding  this  point  later.  Secondly,  we  account  for  density  variation 
(albeit  with  a  simplified  form)  via  the  anelastic  continuity  equation  (2.6),  and  capture  the 
stably-stratified  physics  through  a  vertically  decaying  density  p,  a  temperature  (energy) 
evolution  equation  (2.7),  and  a  buoyancy  (gravity)  force  term  in  the  momentum  equation 
(2.5).  Thirdly,  because  the  base  density  has  the  fast-decaying  form  of  equation  (2.9)  {e,g. 
at  z  =  ±31^0,  the  base  density  decays  to  only  1%  of  its  value  at  the  midplane),  it 
should  be  carefully  treated  to  avoid  numerical  instability.  Finally,  the  coherent  vortices 
we  are  trying  to  identify  assumes  full  three-dimensional  structures  for  reasons  discussed 
in  Barranco  et  al  (2000). 

We  solve  equations  (2. 5-2, 8)  with  a  pseudo-spectral  scheme.  We  represent  functions  in 
the  X  and  z  direction  with  Fourier  series,  and  functions  in  the  y  direction  by  Chebyshev 
series.  Because  of  the  artificial  periodicity  in  the  z  direction,  we  have  to  replace  the 
variable  z  in  the  buoyancy  force  term  pz  with  a  new  periodic  function  z*  that  equals  z 
for  most  of  the  domain,  but  comes  back  to  zero  to  enforce  periodicity  toward  the  upper 
and  lower  boundaries  (see  Figure  1).  Because  the  base  density  p  (and  hence  momentum, 
energy,  etc.)  becomes  very  small  where  z*  has  the  largest  deviation  from  2:,  and  because 
our  vortices  have  a  compact  structure  around  2:  =  0,  the  influence  of  this  replacement  of 
z  with  2*  is  assumed  to  be  minimal. 

For  time  integration  we  adopt  a  Leap-Frog  scheme  for  calculation  of  the  nonlinear 
terms.  Our  algorithm  can  be  compactly  written  as 

^M+i  ^  yM-1  ^  2At(n"  -  /5"z*z),  (3.1) 

(3.2) 

(3.3) 

(3.4) 

u  =  pv  (3.5) 

is  momentum  and  our  working  variable,  the  superscript  M  denotes  quantities  at  the 
time  step,  n  is  the  sum  of  the  nonlinear  terms  on  the  RHS  of  equation  (2.5)  excluding  the 


=  V  •  u 


L  dy 


where 


uM+i  _  ^M+i  _  2AtVp^, 
yM+i  ^  ^  2AinT)e“^^*/’'’-“-' 
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Figure  1.  The  artificially  enforced  periodic  function  z*  (solid),  compared  with  the  original 
linear  function  z  (dash- dotted).  In  this  plot  the  vertical  domain  extends  from  SHo  to  SHo]  the 
value  of  the  base  density  p  at  the  upper  and  lower  boundaries  (z  «  ±3iJo)  is  about  1%  of  its 
value  at  the  midplane  (z  =  0).  Our  vortex  structure,  as  we  shall  present  later,  is  compact  in  z 
and  primarily  assumes  the  domain  from  —Ho  to  Ho- 


buoyancy  force,  and  nj'  is  the  sum  of  the  nonlinear  terms  on  the  RHS  of  equation  (2.7) 
excluding  the  radiation  term.  The  Helmholtz  equation  (3.2)  is  inverted  to  solve  for  pres¬ 
sure  which  consequently  enforces  the  divergence  free  condition  (2.6)  at  the  (M+1)*'"  step. 
In  our  code  we  have  also  implemented  a  t- method  that  ensures  equation  (2.6)  is  satisfied 
for  all  Chebyshev  modes.  We  found  that  the  latter  method  improves  numerical  stability. 
For  boundary  conditions,  we  are  currently  implementing  no-flow  condition  at  y  =  ±1 
(which  is  enforced  by  the  pressure  boundary  condition  when  solving  for  in  (3.2)). 
The  advantage  of  doing  this  is  to  contain  our  flow  and  enforce  conservation  laws  within 
the  computational  domain.  Finally  we  apply  a  6*^  order  hyperviscosity/hyperdiffusion 
on  both  the  momentum  and  energy  equations  to  ensure  numerical  stability. 

Note  that  we  have  not  adopted  the  more  commonly  practiced  Adams-Bashforth  (for 
nonlinear  terms)  and  Crank-Nicolson  (for  pressure)  time-integration  scheme.  This  is  be¬ 
cause  the  current  Leap-Frog  scheme  has  better  performance  in  terms  of  avoiding  the 
instability  caused  by  the  large  density  variation  of  p  in  the  vertical  direction.  Note  also 
that  when  inverting  the  Helmholtz  problem  (3.2)  for  the  term  on  the  RHS 

contains  a  buoyancy  term  p^  z*,  in  which  the  density  p^  is  related  to  the  pressure 
via  the  equation  of  state  (2.8).  This  coupling  problem  is  resolved  by  an  iterative  method. 
We  use  as  the  initid  v^ue  p^  to  enter  the  iteration  on  the  RHS  of  equation  (3.2). 

Once  the  pressure  is  obtained  by  inverting  the  Helmholtz  problem,  it  is  used  to  obtain 
a  new  density  function  using 

(3-6) 

which  subsequently  enters  the  Helmholtz  solver  as  the  new  density,  we  found  that  ~  5 
times  of  this  procedure  give  excellent  convergence  at  an  acceptable  computational  cost. 

To  improve  the  speed  of  the  code  we  have  also  implemented  a  “faster”  variation  of  our 
algorithm.  This  implementation  is  based  on  the  following  consideration.  We  can  rewrite 
the  momentum  and  energy  equations  as 
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dT  dT  T 
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where  a  =  |  is  the  shear  rate  of  the  base  flow,  and  n  and  nx  are  the  same  as  previ¬ 
ously  defined.  In  this  case,  however,  we  further  exclude  the  base-shear  convection  terms. 
The  baise  shear  flow  poses  a  major  constraint  on  the  size  of  the  time-step  if  calculated 
explicitly,  whereas  the  flow  structure  we  are  interested  in  is  only  a  small  deviation  from 
this  base  flow  (Barranco  et  al  2000).  We  therefore  separate  the  base  convective  terms 
—cry^  and  —cry^  and  treat  them  analytically.  Our  new  algorithm,  in  which  the  base 
convection  is  represented  in  terms  of  waves,  is  written 


(3.9) 


^M+I  ^  ^M+1  _  2At[V(p^  -  p^-^)  +  (p^  ~  (3.10) 

Here  c  =  kxcry,  that  is,  these  exponents  are  applied  for  each  wave  number  kx  in  the 
X  direction  and  at  each  point  y  in  the  transverse  domain.  This  formula  assumes  the 
form  of  a  semi-implicit,  predictor-corrector  algorithm  of  second-order  accuracy.  Again  a 
Helmholtz  problem  is  solved  to  obtain  pressure  and  enforce  continuity  equation,  and  an 
iterative  method  is  used  to  simultaneous  obtain  p^  and  .  In  this  new  algorithm  our 
effective  flow  number  is  calculated  from 


|v|  =  |v-v|<|v|. 

Because  the  maximum  value  of  v  is  typically  only  1/5  that  of  v,  we  can  use  significantly 
larger  time  steps. 

Our  algorithms  are  implemented  for  parallel  computation  using  MPI,  with  a  com¬ 
munication  algorithm  for  FFT  provided  by  Dr.  Alan  Wray.  We  test  and  run  our  code 
on  the  SGI  Origin  2000  clusters  at  NASA  Ames.  We  have  performed  diagnostics  such 
as  conservation  of  mass,  momentum  and  energy.  Aside  from  the  results  that  we  shall 
present  below,  we  have  also  tested  finer  resolutions  for  convergence.  We  have  followed 
the  standard  diagnostic  procedures  and  the  details  shall  not  be  presented  here. 


4.  Results 


We  now  present  our  computational  results  for  three  dimensional  vortices.  We  shall 
be  seeking  the  existence  of  three-dimensional,  coherent  vortices  which  can  survive  in  an 
environment  such  as  that  of  the  protoplanetary  disk.  We  will  call  these  vortices  henceforth 
“equilibrium”  vortices. 

Because  we  seek  vortices  that  are  in  dynamic  equilibrium  with  their  environment, 
a  natural  approach  would  be  to  generalize  the  idea  of  the  well-known  Moore-Saffman 
vortices  (see,  e.g.  Saffman  (1992))  to  three  dimensions.  In  Lin  et  al  (2002)  we  have 
discussed  columnar  Moore-Saffman  vortices,  which  are  quasi-two-dimensional  objects.  In 
the  following  we  present  results  for  three-dimensional  vortices,  which  resemble  Moore- 
Saffman  vortices  in  the  horizontal  planes,  but  have  compact  support  in  the  vertical 
direction.  Before  we  start  it  is  useful  to  list  the  vorticity-aspect-ratio  relation  given  by 
Moore-Saffman  theory: 


A  -f  1 


(4.1) 


where  Qz  is  the  strength  of  the  constant  vorticity  patch  superimposed  on  the  shear,  and 
A  <  1  is  the  ratio  of  the  semi-axes  of  the  elliptic  patch. 
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Figure  2.  Three-dimensional  vortex  structure  in  the  absence  of  shear.  Here  we  show  the  iso¬ 
surface  at  the  value  <1;^  =  -1,  and  at  the  time  t  =  20  Torfc.  Our  computational  resolution  is 
128  X  64  X  96  on  a  computational  domain  of  8  x  2  x  6  (not  entirely  shown  in  this  graph). 


4.1.  Vortices  without  shear 


We  first  present  a  relatively  simple  case  in  which  we  set  the  shear  to  be  zero,  that  is, 
(7  =  0.  This  case  will  facilitate  a  comparison  with  our  later  results  where  we  see  the 
effects  of  a  strong  shear  on  the  vortex.  As  the  initial  condition,  we  specify  a  vorticity 
function  as 


’oexp  (-4)  . 


<  ro 

'x^  +  >  ro 


(4.2) 


where  uJo  =  -2.25,  ro  =  0.25  is  the  radius  of  the  circular  patches  (note  that  from  (4.1) 
A  1  when  ex  — >  0),  and  the  Gaussian  distribution  renders  the  vortex  compact  in  z.  We 
have  set  p  to  give  an  initial  hydrostatic  balance  in  the  vertical  direction. 

The  vortex  goes  through  a  brief  (on  the  scale  of  turn-around  time)  and  slight  adjust¬ 
ment  and  then  evolves  into  an  equilibrium  shape  that  is  coherent  for  many  (we  have 


tested  up  to  120)  turn-around  times.  See  Figure  2. 


4.2.  Vortices  in  a  Keplerian  shear 

Similar  to  the  case  without  shear,  we  start  with  an  initial  guess  that  is  close  enough  to 
the  equilibrium  state.  We  specify  our  initial  vorticity  function  as 

0),  =  / 

I 

where  Uo  =  —0.625,  and  the  semi-axes  are  specified  as  a  =  0.25  and  b  =  1.0.  At  the 
midplane  z  —  0,  the  elliptical  vortex  patch  satisfied  exactly  the  Moore- Saff man  relation 
(4.1),  and  again  the  vorticity  strength  decreases  with  a  Gaussian  distribution  away  from 
the  midplane.  Similarly  we  have  specified  the  initial  p  such  that  the  flow  is  in  hydrostatic 
balance.  Note  that  we  have  specified  a  lower  value  for  a;^.  This  is  because  J.A.B.  and 
P.S.M.  found  that  lower  vorticity  strength  (albeit  still  of  a  moderate  Rossby  number) 


x^/a^  -h  y^/6^  <  1 
Jx'^la?  2/^/6^  >  1 
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Figure  3.  Elongated  three-dimensional  vortex  structure  in  a  Keplerian  shear  (tj  =  1.5).  Here  we 
show  the  isosurface  at  the  value  of  =  —0.55,  and  at  the  time  t  —  20  Torb-  Our  computational 
resolution  is  128  x  64  x  96  on  a  computational  domain  of  8  x  2  x  6  (not  entirely  shown  in  this 
graph). 
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Figure  4.  Contour  plot  of  same  vortex  structure  as  shown  in  Figure  3  at  the  midplane  z  =  0.  In 
this  plot  darker  color  designate  the  more  negative  values  of  Uz ,  and  the  black  spot  at  the  center 
is  our  equilibrium  vortex  patch.  At  the  midplane  the  vortex  is  almost  exactly  Moore-Saffman. 

induces  fewer  thermodynamic  oscillations  in  the  vertical  direction  and  therefore  aids 
coherence. 

The  resulting  equilibrium  vortex  (after  a  few  turn-around  times  from  the  initialization) 
is  shown  in  both  Figures  3  and  4.  In  Figure  3  we  show  an  isosurface  plot  of  the  vertical 
vorticity  When  compared  with  Figure  2,  the  vortex  is  stretched  by  the  shear  and  has 
a  elongated  shape  in  the  horizontal  directions  (Figure  4). 

Figure  5  illustrates  the  evolution  of  the  vertical  vorticity  profile  Cjg  in  time.  The  vor¬ 
ticity  quickly  adjusts,  on  turn-around-time  scales,  to  an  equilibrium  distribution  that  is 
maintained  for  a  much  longer  period.  (We  have  tested  up  to  60  turn-around  times  in 
this  case.)  Note  that,  close  to  the  midplane,  the  vorticity  goes  through  small-amplitude 
oscillations.  This  is  because  at  z  —  0  there  is  no  gravitation  and  the  flow  is  at  its  least 
stably  stratified. 

Finally  we  compare  our  results  (henceforth  denoted  as  "cwrrent”)  with  those  from  a 
sliding-box  implementation  (denoted  ^^sliding-hox”)  that  has  been  developed  by  J.A.B. 
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Figure  5.  Time  evolution  of  vertical  vorticity  profile  Cjziz)  for  vortices  shown  in  Figure  3  and  4. 
The  vorticity  starts  with  a  Gaussian  distribution  (solid),  goes  through  quick  adjustment  (dash) 
and  evolves  into  an  equilibrium  shape  (dot-dash  and  line-circle). 


and  RS.M.  The  most  significant  difiFerence  between  these  two  codes  lies  in  the  boundary 
conditions.  For  the  streamwise  x  direction,  a  natural  periodicity  is  assumed  for  both 
methods.  For  the  other  two  (transverse  and  vertical)  directions,  our  current  implemen¬ 
tation  has  an  artificial  periodicity  in  z  and  enforces  a  no-flow  condition  in  y,  whereas  the 
sliding  box  formulation  assumes  a  shear-convected  periodicity  in  y  and  a  no-flow  condi¬ 
tion  in  z.  The  agreement  between  these  two  implementations  is  an  important  validation 
of  the  results  from  both. 

In  Figure  6  we  show  the  comparison  of  the  equilibrium  vorticity  along  the  three 
major  axes.  We  initialize  with  the  same  vorticity  distribution  that  is  given  by  equation 
(4.3).  The  velocity,  pressure  and  density  functions  are  obtained  satisfying  both  the  hy¬ 
drostatic  balance  and  the  boundary  conditions  in  each  of  the  implementations.  The  flows 
then  evolve  and  we  compare  our  results  after  20  orbital  periods.  The  results  indicate 
excellent  agreement  between  the  methods. 

The  most  significant  difference  lies  in  the  vorticity  distribution  along  the  2  axis.  This 
difference  can  be  better  illustrated  by  a  contour  plot  of  Cjz  along  the  x  =  0  slice  (Figure 
7).  The  difference  in  u}z(0,0,z)  is  primarily  manifested  as  a  smaller  vortex  size  in  the 
current  method.  Nonetheless,  the  equilibrium  shapes  of  these  vortices  agree  well  with 
each  other,  and,  most  strikingly,  the  black-and-white  stripe  patterns  emanating  away 
from  the  vortices  are  almost  exactly  reproduced  in  both  of  the  methods,  even  though 
the  boundary  conditions  are  very  different.  These  patterns  are  speculated  to  be  gravity 
waves.  Both  the  gravity  waves  and  the  difference  in  vortex  size  require  more  detailed 
study  in  the  future. 


5.  Future  Work 

In  the  present  paper  we  have  shown  the  numerical  implementation,  as  well  as  our  re¬ 
sults  on  three-dimensional,  equilibrium  vortices.  We  have  compared  and  validated  our 


Figure  6.  Comparison  of  equilibrium  vorticity  distribution  against  a  sliding-box  calculation 
along  the  three  major  axes  of  the  vortex  structure. 


Figure  7.  Comparison  of  equilibrium  vorticity  distribution  against  a  sliding-box  calculation. 
Here  we  plot  the  function  a>z(0,y,5;),  and  the  darker  color  correspond  to  the  more  negative 
values.  The  very  black  patches  in  the  middle  are  our  equilibrium  vortex  structures.  Result  from 
the  current  method  is  shown  in  the  left  graph,  and  that  from  the  sliding-box  method  is  shown 
to  the  right. 


results  with  an  alternative,  sliding-box  method.  A  few  of  the  issues  that  we  shall  be 
immediately  looking  into  next  are  as  follows.  First,  even  though  we  have  identified  a 
family  of  equilibrium  vortices  from  one  particular  form  of  initialization,  we  should  also 
seek  other  possible  forms  of  equilibrium  vortices.  For  example,  we  have  tried  the  combi- 
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nation  of  different  decaying  exponents  in  (4.3)  and  different  vorticity  strength  lJq,  and 
found  equilibrium  vortices  under  certain  conditions.  (This  work  is  still  in  progress  and 
is  not  presented  here.)  Second,  we  have  preferred  a  no- flow  condition  in  the  y  direction, 
primarily  because  of  its  advantage  in  diagnosing  the  conservation  laws.  This  more  rigid 
boundary  condition  should  be  relaxed  or  modified  in  the  future  to  better  reflect  the 
physics  of  the  disk.  Finally,  the  purpose  of  the  current  numerical  implementation  has 
been  to  overcome  the  limitation  of  the  sliding-box  formulation,  and  eventually  simulate 
a  radial  (y)  thermodynamic  (potential-vorticity)  background.  Our  ultimate  goal  would 
be  to  generate  coherent  vortices  from  such  a  (baroclinic)  background,  as  well  to  as  to 
study  the  dynamical  migration  and  deformation  of  such  vortices;  with  these  achieved  we 
will  be  ready  to  address  their  relevance  to  the  greater  problem  of  angular  momentum 
and  mass  transport  within  protoplanetary  disks. 
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The  effect  of  surface  topography  on  the  nonlinear 
dynamics  of  Rossby  waves 

By  S.I.  Abarzhi,  O.  Desjardins,  H.  Pitsch 


1.  Motivation  and  objectives 

Boussinesq  convection  in  rotating  systems  attracts  a  sustained  attention  of  the  fluid 
dynamics  community,  because  it  has  intricate  non-linear  d3niamics  (Cross  &  Hohenberg 
1993)  and  plays  an  important  role  in  geophysical  and  astrophysical  applications,  such  as 
the  motion  of  the  liquid  outer  core  of  Earth,  the  Red  Spot  in  Jupiter,  the  giant  cells  in 
the  Sun  etc.  (Alridge  et  ai  1990).  A  fundamental  distinction  between  the  real  geo-  and 
astrophysical  problems  and  the  idealized  laboratory  studies  is  that  natural  systems  are 
inhomogeneous  (Alridge  et  at.  1990).  Heterogeneities  modulate  the  flow  and  influence 
significantly  the  dynamics  of  convective  patterns  (Alridge  et  at.  1990;  Hide  1971).  The 
effect  of  modulations  on  pattern  formation  and  transition  to  turbulence  in  Boussinesq 
convection  is  far  from  being  completely  understood  (Cross  &  Hohenberg  1993;  Aranson 
&  Kramer  2002). 

It  is  generally  accepted  that  in  the  liquid  outer  core  of  the  Earth  the  transport  of  the 
angular  momentum  and  internal  heat  occurs  via  thermal  Rossby  waves  (Zhang  et  al. 
2001;  Kuang  &  Bloxham  1999).  These  waves  been  visualized  in  laboratory  experiments 
in  rotating  liquid-filled  spheres  and  concentric  spherical  shells  (Zhang  et  al.  2001;  Kuang 
&  Bloxham  1999).  The  basic  dynamical  features  of  Rossby  waves  have  been  reproduced 
in  a  cylindrical  annulus,  a  system  much  simpler  than  the  spherical  ones  (Busse  k  Or 
1986;  Or  k  Busse  1987).  For  convection  in  a  cylindrical  annulus,  the  fluid  motion  is 
two-dimensional,  and  gravity  is  replaced  by  a  centrifugal  force,  (Busse  k  Or  1986;  Or  k 
Busse  1987).  Hide  (1971)  has  suggested  that  the  momentum  and  heat  transport  in  the 
core  might  be  influenced  significantly  by  so-called  bumps,  which  are  heterogeneities  on 
the  mantle-core  boundary.  To  model  the  effect  of  surface  topography  on  the  transport 
of  momentum  and  energy  in  the  liquid  outer  core  of  the  Earth,  Bell  k  Soward  (1996), 
Herrmann  k  Busse  (1998)  and  Westerburg  k  Busse  (2001)  have  studied  the  nonlinear 
d3mamics  of  thermal  Rossby  waves  in  a  cylindrical  annulus  with  azimuthally  modulated 
height. 

The  models  of  Bell  k  Soward  (1996),  Herrmann  k  Busse  (1998),  and  Westerburg  k 
Busse  (2001)  considered  different  regimes  of  the  flow,  and  reported  anal3d:ical  and  numer¬ 
ical  solutions  for  the  system  of  conservation  laws.  Bell  k  Soward  (1996)  assumed  periodic 
boundary  conditions  in  the  radial  direction  and  neglected  the  viscous  friction  in  the  fluid 
interior.  They  found  two  types  of  convective  patterns  depending  on  the  modulation  am¬ 
plitude:  Rossby  waves  for  small  modulation  amplitude  and  traveling  waves  with  long 
azimuthal  length  scale  for  large  modulation  amplitude.  Herrmann  k  Busse  (1998)  and 
Westerburg  k  Busse  (2001)  have  accounted  for  the  viscous  friction  in  the  fluid  interior, 
neglected  the  friction  produced  by  the  Eckman  layer,  assumed  no-slip  boundary  condi¬ 
tions  in  the  radial  direction,  and  found  Rossby  waves  with  quasi-periodic  dependecies 
in  space  and  in  time.  Both  rigorous  studies,  the  work  by  Bell  k  Soward  (1996),  and  by 
Herrmann  k  Busse  (1998)  and  Westerburg  k  Busse  (2001)  compliment  each  other  and 
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identify  several  important  features  of  the  modulated  convection.  A  need  still  remains  for 
a  model,  which  quantitatively  and  qualitatively  describes  the  effect  of  modulations  on 
Rossby  waves  in  a  wide  range  of  the  forcing  parameters  and  convection  intensity,  and 
which  can  compare  this  inhomogeneous  system  to  other  pattern-forming  systems  (Cross 
&:  Hohenberg  1993;  Aranson  &  Kramer  2002).  Here  we  suggest  a  model  to  study  the 
effect  of  surface  topography  on  the  nonlinear  dynamics  of  thermal  Rossby  waves. 


2.  Pattern-forming  system  with  modulated  forcing 

For  rotating  cylindrical  annulus  with  homogeneous  boundary  conditions,  the  nonlinear 
dynamics  of  thermal  Rossby  waves  are  described  by  a  complex  Ginzburg-Landau  equation 
in  terms  of  amplitude  A,  whose  magnitude  determines  the  convection  intensity,  and  whose 
phase  describes  changes  in  the  position  and  direction  of  the  convective  rolls.  We  refer 
the  reader  to  Busse  k  Or  (1986)  and  Or  &:  Busse  (1987)  for  details.  For  heterogeneous 
systems,  a  rigorous  derivation  of  the  amplitude  equation  from  the  conservation  laws  has 
not  been  accomplished  yet  (Cross  &  Hohenberg  1993;  Aranson  Sz  Kramer  2002).  To 
model  the  nonlinear  dynamics  of  slightly  inhomogeneous  systems,  one  usually  applies 
the  Ginzburg-Landau  equation  with  forcing.  As  an  example,  one  may  consider  pattern 
formation  in  the  presence  of  a  mode  associated  with  a  conserved  physical  quantity,  such  as 
the  Rayleigh-Benard  convection  driven  by  surface  tension,  which  has  been  considered  by 
Siggia  Zippelius  (1981),  Tribelsky  k  Velarde  (1996),  Matthews  k  Cox  (2000).  Other 
examples  are  convection  in  liquid  crystals  driven  by  a  stochastic  electric  field  (Meyer 
et  al  1987;  Wu  k  Andereck  1990;  Roder  et  al  1997),  and  the  study  of  the  effect  of 
time-periodic  forcing  on  an  oscillatory  system  (Elphick  et  al  1987;  Coullet  et  al  1990; 
Hemming  k  Kapral  2000). 

Convection  in  a  rotating  cylindrical  annulus  with  inhomogeneous  boundaries  differs 
from  the  foregoing  pattern-forming  systems.  The  surface  modulation  is  not  a  slowly 
relaxing  Goldstone  mode  as  in  the  models  with  a  conserved  physical  quantity  (Siggia 
k  Zippelius  1981;  Tribelsky  k  Velarde  1996;  Matthews  k  Cox  2000).  The  modulation 
does  not  result  in  an  Ising-Bloch  bifurcation  as  in  the  model  with  time-periodic  forcing 
(Elphick  et  al  1987;  Coullet  et  al  1990;  Hemming  k  Kapral  2000),  and  its  amplitude 
does  not  change  with  time,  in  contrast  to  the  system  with  stochastic  forcing  (Meyer  et  al 
1987;  Wu  k  Andereck  1990;  Roder  et  al  1997).  To  study  the  effect  of  surface  topography 
on  the  dynamics  of  thermal  Rossby  waves,  the  Ginzburg-Landau  equation  with  spatially 
periodic  and  time-independent  forcing  is  a  proper  model.  The  equation  has  the  form: 

^  +  Ao>l  +  D\A\^A  +  A .  (2.1) 

Here  T  and  Y  are  the  slow  time  and  coordinate,  A  is  the  complex  amplitude,  the  values 
of  p  and  D  are  complex  numbers  with  /?  =  /?r  +  D  =  Dr  A-  iDi,  the  subscripts  r  and 
i  mark  the  real  and  imaginary  parts,  Aq  ^  {R  —  Rcr)  is  real  with  Rcr  being  the  critical 
Raleigh  number  (Cross  k  Hohenberg  1993;  Busse  k  Or  1986;  Or  k  Busse  1987;  Aranson 
k  Kramer  2002).  The  forcing  amplitude  and  the  absolute  value  of  the  wave- vector  are  S 
and  k  respectively,  where  the  asterisk  marks  the  complex  conjugate.  The  system  (2.1)  is 
slightly  inhomogeneous  and  |5|A:  -C  1. 

Without  forcing,  6  =  0,  the  values  of  /?,  D,  Ao  in  the  equation  (2.1)  can  be  derived 
from  the  incompressible  Navier-Stokes  and  energy  equations  for  R  ^  Rcr  (Busse  k  Or 
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1986;  Or  &:  Busse  1987).  In  agreement  with  the  stability  criterion  the  real  parts  of  (3  and 
D  obey  the  relations  /3r  >  0  and  Dr  <0  (Cross  &  Hohenberg  1993;  Aranson  &  Kramer 
2002).  The  dynamics  of  the  convective  rolls  are  descirbed  by  the  traveling  waves  with 
A  =  A  =  where 


(Ao-/?r9') 

Dr 


7  =  +  DiAs . 


(2.2) 


This  solution  appears  for  Aq  >  and  depicts  the  pattern  formation  of  thermal  Rossby 
waves  without  forcing. 

If  the  value  of  Ao  is  finite  and  the  modulation  amplitude  is  small,  \5\  <  |Aol,  the 
explicit  dependence  on  the  Y  coordinate  in  equation  (2.1)  can  be  eliminated.  We  present 
the  amplitude  A  in  (2.1)  in  the  form  A  =  A+A,  where  A  =  Aoe*^^+*^^  from  (2.2),  and  the 
term  A  =  A1+A2+...  appears  due  to  the  forcing  with  An  =  -f 

n  =  1, 2, ... .  In  this  way  we  obtain 


A  =  [Ao  +  +  61  +  ...]  .  (2.3) 


Substituting  the  expression  (2.3)  in  (2.1)  and  expanding  the  equation  (2.1)  in  terms  of 
small  |(5/Ao|5  we  can  derive  a  system  of  the  coupled  equations  of  the  Ginzburg-Landau 
type: 


^  =  [/o  +  DAl  +  2D  (oiat  +  fcitj  +  ai6i)]  >lo  +  a^S*  +bi5,  (2.4) 


—  fi  ai-\'dbi-\-[D  (ttiu^  "b  26i6i)  ai  -f-  2DAo  {aia2  +  ^2^1  +  bib2)]3rAo6-\-a2S*  (2.5) 


=  ddi~\- f^ bi~^[D  (2aiaj  +  bib*)  bi  +  2DAo  (<21^2  3-  <2162  +  bib2)]-\-Ao5* -\~b2Sj  (2.6) 


—  /2  02  +  db2  -f  [DAq  {2aib\  -f-  oj)]  +  <2i<5  +  <23<^*  »  (2.7) 

^  +  f}b2  +  [DAo  {2albi  +  6?)]  +  biS*  +  b^S ...  (2.8) 


where  /o  =  Ao  —  —  27,  /^  =  Ao  -  /?  (g  ±  nk)^  ^  ij  ^  2DA§,  d  =  DAq^  and  the 

y-dependence  of  the  values  Aq,  Om  has  been  neglected  for  the  sake  of  simplicity. 

The  nonlinear  dynamics  in  the  system  (2.4-2.8)  depend  on  the  forcing  parameters  and 
the  convection  intensity,  with  the  modulation  wave-vector  k  being  the  key  factor  for 
pattern  formation.  Below  we  briefly  describe  several  limiting  cases. 

In  the  linear  approximation  in  |V^oi  ^  !>  the  solution  (2.2)  satisfies  equation  (2.4), 
while  the  equations  (2.5, 2. 6)  are  reduced  to: 
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The  linear  system  (2.9)  has  steady  solutions  with 


ai  =  A)  =  - 


Ao5\ 

Uftr-d) 

Ao5  ifr~d*) 

[frif^y-dd*] 

r  ^  1 

[fr{fn*-dd*) 

(2.10) 


The  solutions  (2.2,2.3,2.10)  are  stable  for  Re[a]  <  0,  where  the  Liapunov  exponents  a 
obey  the  equation 


(a  +  2/o)  [(a  -  /f)  (a  -  (/+)*)  -  dd*]  =  0 .  (2.11) 

For  the  large-scale  modulations  with  k/q<l,  pattern  formation  is  quite  complicated. 
In  the  interval  <  Ao  <  FV,  the  pure  solution  with  Ao  from  (2.2)  and  oj  =  6i  =  0 
occurs,  where  Fr  =  Fr(D,  /3)  and  >  0v  For  Ao  >  this  solution  becomes  unstable, 
and  the  modulated  pattern  (2.3,2.10)  appears.  In  the  limit  of  (k/q)  0,  the  values  of 

|ai|,16i|  increase  as  |(5/Ao|(g/fc)^,  and  result  in  a  growth  of  the  higher-order  terms  in 
the  system  (2.5-2.8).  A  nonlinear  coupling  among  the  amplitudes  o„  and  6„  yields  then 
a  solution  with  |an/Ao|,  \hn/Ao\  ^  |(5/Ao|,  yet  keeping  |a„/Aol  1.  In  this  case  the 
system  (2. 5-2.8)  is  reduced  to 

^  =  /fai  -1-  db\  +  [D  {aial  +  2bib*i)  oi  +  2DAo  «a2  +  +  ^>162)]  >  (2-12) 

=  da\  +  fibi  -1-  [D  {2aial  +  bib\)  bi  -f  2£>Ao  (aio^  -t-  ai&2  +  ^i^’2)]  >  (2.13) 

oT 

=  f~a2  +  dbl  +  [-D^o  {2aibl  -h  aj)]  ,  (2.14) 

=  da^  +  f2^2+  (2o*fei  +  6i)]  .  (2.15) 

Prom  (2.12-2.15)  we  obtain 

a,  =  bn  =  n  =  1, 2, 3 ,  (2.16) 

with  A2,  B2  dependent  on  Ai  =  Ai{Ao,k^q)  and  Bi  =  Bi{Ao,k,q),  Using  the  solv¬ 
ability  conditions  for  real  Ai,  Bu  in  (2.12-2.15),  we  derive  the  dispersion  relation  G  = 
G{Aojkyq).  It  is  remarkable  that  6?  7  for  small  q  and  for  {k/q)  1.  The  solutions 

and  their  stability  analysis  are  quite  cumbersome  and  not  presented  here. 

For  the  small-scale  forcing  with  k/q  >  1,  the  modulated  state  (2.3,2.10)  is  stable  for 
all  Ao  >  0.  The  nonlinear  dynamics  in  this  case  are  governed  by  terms  proportional  to  5 
in  (2. 5-2. 8),  and  the  nonlinear  solutions  are  steady.  With  a2  =  &2  =  0^  equations  (2.4,2. 5) 
are  reduced  to 
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^  +  D  {2ara\  +  b^bl)  b, ,  (2.18) 

and  for  small  but  finite  |(5/Ao|  in  the  system  (2.17,2.18) 

ai,6i  ~  >lo|5/Ao|'“/^  (2.19) 

We  conclude  that  the  large-scale  forcing  eventually  results  in  the  occurrence  of  Rossby 
waves  with  quasi-periodic  time-dependence.  The  convective  pattern  (2.3,2.16)  consists 
of  three  traveling  waves  with  different  group  velocities.  The  dynamics  of  this  pattern 
depends  on  the  convection  intensity  and  the  forcing  wave- vector,  yet  it  is  independent  of 
the  forcing  amplitude.  In  contrast,  the  small-scale  forcing  produces  spatially  modulated 
convective  patterns  with  dynamics  governed  by  the  forcing  amplitude. 


3.  Numerical  results 

To  obtain  numerical  solutions  of  the  complex  amplitude  ^4  in  (2.1),  we  non-dimensionalize 
this  equation  first  using  the  length  of  the  domain  L,  the  reference  time  scale  Aq  and 
the  initial  magnitude  of  Aq,  This  leads  to  the  following  equation: 

^=0'^+^'  +  D'\AfA'  +  6'A'  (3.1) 


The  initial  solution  of  the  problem  has  the  form  A  =  and  the  forcing  is 

defined  as  6  =  The  non-dimensional  quantities  are  given  by  A'  =  A/Ao^ 

r  =  y/L,  r  =  TAo,  /?'  =  /?/AoL^  =  I>Ag/Ao  and  6'  =  5/Ao,  and  with  the 

wavenumbers  k  and  q  being  k'  =  kL  and  g'  =  qL. 

We  solve  equation  (3.1)  on  a  domain  of  length  L  =  10  with  periodic  boundary  con¬ 
ditions.  We  replace  the  complex  equation  by  a  set  of  two  equations  for  the  real  and 
imaginary  parts  of  A.  This  set  of  equations  is  discretized  using  a  second  order  central 
difference  scheme  in  space.  A  fully  implicit  solver  is  used  in  time. 

For  these  computations  we  choose  Ao  =  100  and  Aq  =  1.  The  values  of  (3  and  D 
are  taken  to  match  experiments  of  Herrmann  h  Busse  (1998);  Westerburg  h  Busse 
(2001).  The  three  remaining  parameters  are  the  forcing  amplitude  5  and  the  ratio  be¬ 
tween  the  two  wavenumbers  k  and  q.  Several  cases  have  been  computed  with  6/Ao  = 
0.1, 0.2, 0.4, 0.6, 0.8, 1,  and  (k/q)  =  1/10,1/3,1,3, 10.  The  space  is  discretized  with  a  300 
points  mesh,  and  the  time  step  is  chosen  to  be  AT  =  0.05. 

Figure  1  presents  the  real  part  of  A'  in  (3.1)  for  the  case  with  no  forcing.  The  pattern 
has  the  form  of  the  traveling  wave,  and  its  dynamics  agrees  qualitatively  and  quantita¬ 
tively  with  the  solution  (2.2). 

Figures  2,  3,  and  4  show  the  real  part  of  the  amplitude,  and  the  spatial  and  temporal 
Fourier  transforms  in  the  case  of  large-scale  forcing  with  k/q  =  1/3  and  5/Ao  =  0.2. 
Three  traveling  waves  with  different  group  velocities,  described  in  (2.19),  are  clearly 
visible  on  the  Figure  2.  The  spatio-temporal  characteristics  of  the  pattern  are  in  good 
agreement  with  the  results  in  (2.16).  Figure  3  shows  that  the  asymptotic  dynamics  of 
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Y' 

Figure  2.  Real  part  of  the  amplitude  in  the  case  of  large-scale  modulation 


the  pattern  are  highly  nonlinear,  and  there  exist  three  major  spatial  modes  associated 
with  the  wavevectors  q,  q  —  k  and  q-\'k.  Temporal  Fourier  transforms  of  the  pattern  on 
presented  Figure  4  clearly  show  the  existence  of  a  low  frequency,  associated  with  small 
^  /y  in  (2.16).  The  other  modes  on  Figure  4  correspond  to  7  in  the  equation 
(2.2)  and  (7  +  G)  2y  in  the  solution  (2.16).  We  conclude  that  the  large-scale  forcing 
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Figure  3.  Spatial  Fourier  transform  of  the  amplitude  in  the  case  of  large-scale  modulation 


x10^ 


Frequency 

Figure  4.  Temporal  Fourier  transform  of  the  amplitude  in  the  case  of  large-scale  modulation 


influences  the  Rossby  waves  significantly,  and  forms  a  pattern  modulated  in  space  and 
quasi-periodically  in  time. 

Figures  5,  6,  and  7  present  the  real  part  of  the  amplitude,  and  the  spatial  and  temporal 
Fourier  transforms  in  the  case  of  small-scale  forcing  with  k/q  —  10  and  5/Ao  =  0.1.  The 
pattern  formation  in  this  case  differs  significantly  from  that  of  the  large-scale  modular 
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Figure  5.  Real  part  of  the  amplitude  in  the  case  of  small-scale  modulation 


Figure  6.  Spatial  Fourier  transform  of  the  amplitude  in  the  case  of  small-scale  modulation 


tions.  Figures  5,6,  and  7  clearly  show  the  formation  of  spatially  modulated  Rossby  waves, 
in  agreement  with  the  solution  (2.19).  Figure  6  demonstrates  that  the  spatial  dynamics 
of  the  pattern  are  described  by  the  modes  associated  with  the  wavevectors  q,  q  —  k  and 
q-\-k.  Temporal  Fourier  transforms  of  the  pattern  shown  on  Figure  7  indicate  that  there 
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Figure  7.  Temporal  Fourier  transform  of  the  amplitude  in  the  case  of  small-scale  modulation 

is  only  one  frequency  in  the  system,  which  is  associated  with  7  in  (2.2).  We  conclude 
that  the  small-scale  forcing  modulates  Rossby  waves  in  space,  (2.19). 


4.  Discussion 

In  the  present  work,  we  studied  the  eflFect  of  surface  topography  on  the  nonlinear 
dynamics  of  thermal  Rossby  waves.  The  foregoing  results  show  that  the  interaction  of 
Rossby  waves  with  spatially  modulated  forcing  gives  rise  to  a  quasi-periodic  behavior 
in  space  as  well  in  time.  The  large-scale  forcing  results  in  the  appearance  of  interacting 
traveling  waves,  whose  d3aiamics  depend  strongly  on  the  forcing  wavevector  and  weakly 
on  the  convection  intensity,  and  are  insensitive  to  the  forcing  amplitude.  In  contrast,  the 
small-scale  forcing  generates  spatially  modulated  patterns,  but  does  not  influence  their 
temporal  dependence.  In  this  case,  the  pattern  dynamics  are  governed  by  the  forcing 
amplitude  and  the  convection  intensity. 

Our  model  captures  the  main  properties  of  the  linear  and  weakly  nonlinear  solutions 
obtained  in  Bell  &  Soward  (1996)  and  Westerburg  k  Busse  (2001).  On  the  other  hand, 
the  model  describes  the  influence  of  modulations  on  the  dynamics  of  Rossby  waves  in 
a  wide  range  of  the  forcing  parameters  and  convection  intensity,  and  predicts  the  new 
properties  of  the  nonlinear  dynamics.  Our  results  are  in  a  good  qualitative  agreement 
with  the  observations  by  Westerburg  k  Busse  (2001). 
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Nonlinear  Gulf  Stream  interaction  with  the  deep 
western  boundary  current  system:  observations 
smd  a  numerical  simulation 

By  David  E.  Dietrich,  Avichal  Mehra  f,  Robert  L.  Haney  Malcolm  J. 
Bowman  %  AND  Yu-Heng  Tseng 


1.  Motivation  and  objectives 

Gulf  Stream  (GS)  separation  near  its  observed  Cape  Hatteras  (CH)  separation  location, 
and  its  ensuing  path  and  dynamics,  is  a  challenging  ocean  modeling  problem.  If  a  model 
GS  separates  much  farther  north  than  CH,  then  northward  GS  meanders,  which  pinch  off 
warm  core  eddies  (rings) ,  are  not  possible  or  are  strongly  constrained  by  the  Grand  Banks 
shelfbreak.  Cold  core  rings  pinch  off  the  southward  GS  meanders.  The  rings  are  often 
re-absorbed  by  the  GS.  The  important  warm  core  rings  enhance  heat  exchange  and, 
especially,  affect  the  northern  GS  branch  after  GS  bifurcation  near  the  New  England 
Seamount  Chain.  This  northern  branch  gains  heat  by  contact  with  the  southern  branch 
water  upstream  of  bifurcation,  and  warms  the  Arctic  Ocean  and  northern  seas,  thus 
playing  a  major  role  in  ice  dynamics,  thermohaline  circulation  and  possible  global  climate 
warming.  These  rings  transport  heat  northward  between  the  separated  GS  and  shelf 
slope/Deep  Western  Boundary  Current  system  (DWBC).  This  region  has  nearly  level 
time  mean  isopycnals.  The  eddy  heat  transport  convergence/divergence  enhances  the 
shelfbreak  and  GS  front  intensities  and  thus  also  increases  watermass  transformation. 
The  fronts  are  maintained  by  warm  advection  by  the  Florida  Current  and  cool  advection 
by  the  DWBC.  Thus,  the  GS  interaction  with  the  DWBC  through  the  intermediate  eddy 
field  is  climatologically  important. 

Besides  GS  separation  and  mean  path,  realistic  simulation  of  GS  natural  variability 
is  important.  GS  separation  occurs  (by  definition)  when  the  shelfbreak  current  from  the 
Florida  Straits  angles  toward  deeper  water.  If  it  does  not  separate  at  CH,  the  observed 
separation  location,  but  separates  much  later  as  is  common  in  North  Atlantic  Ocean  mod¬ 
els,  it  then  remains  too  close  to  the  shelfbreak  to  allow  northward  (shoreward)  meanders 
to  develop  freely  and  pinch  off  warm  core  eddies  (rings).  The  distance  from  the  mean 
GS  current  to  shelfbreak  must  be  at  least  comparable  to  the  Rossby  radius  of  deforma¬ 
tion  for  this  to  happen.  The  highly  energetic,  nonlinear  turbulent  GS  system  provides  a 
significant  amount  of  geophysical  “noise”  to  the  climate  system.  Such  “noise”  may  affect 
climate  through  fundamentally  nonlinear  stochastic  resonance  (Velez-Belchi  et  al.  2001); 
such  resonance  may  be  associated  with  nonlinear  effects  of  changes  relating  to  freshwater 
sources  and  sinks  (Rossby  and  Nilsson  2003),  changes  of  North  Atlantic  Deep  Water  for¬ 
mation  (Rahmstorf  and  Alley  2002)  and  nonlinear  GS  interaction  with  the  DWBC  seen 
in  results  of  the  present  study.  Such  variability  may  be  natural  in  the  ocean  by  itself. 
For  example,  even  with  annual  cycle  forcing,  constructed  using  observed  annual  cycle 
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surface  wind,  heat  flux  and  freshwater  source/sink  conditions,  there  may  be  significant 
interannual  variability,  as  seen  in  Mediterranean  Sea  modeling  studies  (Fernandez  et  al. 
2003).  Another  example  of  particularly  strong  natural  interannual  variability  is  the  Gulf 
of  Mexico  (Dietrich  et  al.  1997),  which  is  dominated  by  the  Loop  Current  and  its  irregu¬ 
lar  major  eddy  shedding,  independent  of  annual  cycle  forcing,  having  a  mean  time-scale 
of  about  270  days. 

Two  recent  major  North  Atlantic  Basin  model  comparison  studies  are:  DYNAMO 
(1997)  and  DAMEE-NAB  (2000).  None  of  the  DYNAMO  models  at  1/3°  horizontal 
resolution  was  able  to  simulate  the  observed  GS  separation  at  CH.  This  failure  using 
only  moderate  horizontal  resolution  was  not  unexpected,  because  of  the  importance  of 
fine-scale  vorticity  d3mamics  and  bathymetry  near  CH  (Dengg  et  al.  1996).  Coastal  abut¬ 
ments  such  as  CH  often  lead  to  boundary  current  separation;  examples  are  ubiquitous  in 
nature,  a  prime  example  being  the  Black  Sea  whose  coastal  circulation  is  dominated  by 
recirculation  eddies  in  the  wakes  of  coastal  abutments  (Staneva  et  al.  2001).  Besides  iso¬ 
bath  curvature  near  the  CH  abutment,  the  upstream  convergence  of  isobaths  also  plays 
an  important  role  in  GS  separation  (Stern  1998). 

In  the  DAMEE  model  intercomparison  experiment  using  HR  (Hellerman  and  Rosen- 
stein  1983)  climatological  wind  forcing,  all  but  one  of  the  models  failed  to  simulate  GS 
separation  at  CH.  The  exception  was  ROMS  (Haidvogel  et  al.  2000),  which  got  GS  sepa¬ 
ration  at  the  proper  location  without  resolving  the  major  CH  coastal  abutment.  Hurlburt 
and  Hogan  (2000)  report  that  when  sufficient  resolution  is  used  to  address  nonlinear  GS 
separation  dynamics  at  CH  using  the  NLOM  model  (Hurlburt  and  Thompson  1980), 
realistic  GS  separation  and  other  inherently  nonlinear  features  are  well  simulated  using 
HR  winds,  even  though  the  linear  version  of  the  same  model  shows  unrealistic  wind- 
stress-curl-induced  GS  separation  for  11  different  wind  stress  climatologies  including  HR 
winds  (Townsend  et  al.  2000).  The  linear  effects  of  wind  stress  curl  do  not  explain  the 
observed  GS  separation  and  path,  but  instead  give  two  paths,  both  very  different  from 
the  observed  one.  Thus,  the  ROMS  low  resolution  GS  separation  at  CH  is  surprising. 

Herein,  we  adapt  the  DieCAST  ocean  model  to  the  North  Atlantic/Caribbean  Sea/Gulf 
of  Mexico  system  in  order  to  explore  GS  separation  and  ensuing  dynamics.  Base  case 
results  are  discussed,  focusing  on  GS  interaction  with  the  DWBC  during  a  75-year  sim¬ 
ulation.  In  follow  up  to  this  base  case,  closely  related  sensitivity  studies  (Dietrich  et  al. 
2003b)  show  significant  effects  of  horizontal  viscosity  and  diffusivity,  especially  relating 
to  the  thin,  narrow  DWBC  and  its  effects  on  GS  separation. 

The  DieCAST  ocean  model  adaptation  for  the  present  North  Atlantic  study  is  de¬ 
scribed  in  Section  2.  In  Section  3,  the  modeled  North  Atlantic  general  circulation  is 
compared  with  observations,  focusing  on  the  GS  and  DWBC.  Results  before  and  after 
the  establishment  of  the  DWBC  show  dramatic  effects  of  the  DWBC  on  the  GS  separa¬ 
tion  and  path.  Further  discussion  of  the  significance  of  the  DWBC  is  given  in  Section  4. 
Conclusion  and  future  work  are  given  in  Section  5. 


2.  Model  and  Experiment  Design 

We  use  the  z-level  DieCAST  ocean  model  adapted  to  the  North  Atlantic  Ocean/ 
Caribbean  Sea/  Gulf  of  Mexico  system.  The  duo  grid  model  runs  at  about  200  model 
days  per  day  of  computer  time  on  a  PC  using  a  single  2.0  gigahertz  P4. 

The  model  uses: 

a)  fourth-order  accurate  numerical  approximations  for  all  terms,  except  a  conventional 
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Figure  1 .  Western  (l/6“  resolution  £ne  grid)  Figure  2.  Eastern  (1/2°  deg  resolution  coarse  grid) 

domain  bathymetry  (depth  is  in  km).  domain  bathymetry  (depth  is  in  km)  showing  shelf- 

break  bathymetry  in  the  shortcircuited  Arctic  Ocean. 


second-order  accurate  hydrostatic  vertical  pressure  gradient,  in  a  semi-collocated  control 
volume  framework  (Sanderson  and  Brassington  1998); 

b)  an  incompressibility  algorithm  having  low  numerical  dispersion  associated  with  its 
required  interpolations  (Dietrich  1997) 

The  semi-collocated  grid  avoids  the  large  numerical  dispersion  resulting  from  evaluat¬ 
ing  the  large  Coriolis  term  on  the  conventional  staggered  Arakawa  “C”  grid.  Fourth-order 
accurate  advection  further  reduces  numerical  dispersion.  Thus,  the  model  is  formally  ac¬ 
curate  in  all  significant  respects.  It  is  also  robust  using  very  low  total  (explicit  plus 
numerical)  dissipation. 

The  model  domain  covers  the  North  Atlantic  basin  from  10°  N  to  73°  N  and  from  97.5° 
W  to  0°  W.  To  reduce  the  computation  required,  a  duo  grid  approach  is  used;  the  grids 
are  coupled  using  upwind-based  boundary  flux  approximations  as  used  by  Dietrich  and 
Mehra  (1998)  for  the  Santa  Barbara  Channel  nested  in  the  California  Current  system. 
The  western  North  Atlantic,  Gulf  of  Mexico  and  Caribbean  Sea  require  high  resolution 
to  resolve  the  GS  separation  region  and  critical  narrow  straits.  West  of  60°  W,  1/6° 
resolution  is  used;  east  of  60°  W,  1/2°  resolution  is  used.  The  grids  are  fully  two-way 
coupled  each  time  step,  with  one  coarse  grid  cell  overlap  (3x3  fine  grid  cells).  The 
results  are  virtually  seamless  at  the  duo  grid  interface  (Dietrich  2002).  There  are  30 
model  layers,  geometrically  expanding  from  41.6  m  thick  at  the  top  to  738  m  thick  at 
the  bottom  (maximum  depth  5000  m).  Open  southern  boundary  conditions  are  derived 
from  a  one  degree  global  implementation  of  the  DieCAST  ocean  model. 

Figure  1  shows  the  western  domain  bath5nnetry.  Figure  2  shows  the  eastern  domain 
and  has  lower  resolution  than  Figure  1.  To  avoid  potentially  disastrous  unphysical  vortex 
stretching  in  the  northeast  corner  of  the  eastern  domain,  the  real  bathymetry  is  replaced 
by  a  shelfbreak  patterned  after  the  shortcircuited  Arctic  Ocean,  rather  than  using  a 
conventional  vertical  wall  approach. 

To  resolve  the  critical  Caribbean  Sea  passages  and  reduce  computation,  the  duo  grid 


Figure  3.  Surface  layer  annual  mean  Yashayaev  temperature  (“C)  climatology  in  the  western  domain  GS 
region  (west  of  60  deg  W)  of  the  duo  grid  DieCAST  north  Atlantic  model  Oeft  panel);  Vertical/latitudinal 
cross-section  of  annual  mean  Yashayaev  potential  temperature  CC)  climatology  at  70  deg  W,  showing 
highly  nonlinear,  non-diffusive  flattening  of  isopycnals  between  Gulf  Stream  and  Grand  Banks  (right  panel). 


interface  is  placed  just  east  of  the  important  Caribbean  Sea  passages,  and  the  western 
fringe  of  the  Labrador  Sea  (west  of  60°  W)  is  excluded  and  an  idealized  shelfbreak  is 
used  along  60°  W  in  the  eastern  domain  (Figure  2),  again  to  minimize  unrealistic  vortex 
stretching.  Surface  boundary  conditions  are  derived  from  monthly  climatology.  The  wind 
forcing  is  by  monthly  average  HR  climatological  winds.  Levitus  climatology  is  used  for 
initial  conditions  and  for  surface  thermohaline  forcing  until  model  year  13,  when  it  is 
replaced  by  an  improved  (less  smoothed)  surface  climatology  (Yashayaev  2002).  The 
annual  mean  surface  temperature  in  the  GS  region  from  Yashayaev  climatology  (Figure 
3)  is  consistent  with  the  observed  GS  separation  near  CH. 

Below-surface-layer  model  temperature  is  restored  toward  climatology  in  a  buffer  zone 
20  gridpoints  wide  along  open  northern  lateral  boundaries.  Salinity  is  not  restored,  be¬ 
cause  that  does  not  conserve  salt  material  and  has  no  physical  basis.  Instead,  a  0.2  Sv  (1 
Sverdrup  equals  one  million  cubic  meters  per  second)  inflow  of  freshwater  is  spread  uni¬ 
formly  along  the  open  northern  boundary  to  parameterize  Arctic  Ocean  net  river  inflow 
(Bacon  et  al.  2002)  and  a  0.018  Sv  Gulf  of  St.  Lawrence  freshwater  volume  source  is  also 
specified  (Chapman  and  Beardsley  1989).  Heat  and  freshwater  fluxes  at  the  sea  surface 
are  computed  such  that  the  model  multi-year  mean  annual  cycle  of  surface  tempera¬ 
ture  and  salinity  follow  the  observed  climatological  annual  cycle  (Dietrich  et  al.  2003a). 
This  new  surface  buoyancy  flux  condition  avoids  problems  (reduced  annual  cycle  ampli¬ 
tudes  and  phase  lags,  and  excessive  damping  of  surface  fronts)  attributed  to  conventional 
restoring  (Killworth  et  al.  2000). 

All  externally  specified  inflows  are  in  the  eastern,  coarse  grid  domain;  these  are  added 
to  the  western  boundary  inflow  from  the  fine  grid  western  domain  and  to  the  integrated 
evaporation-precipitation  (e-p)  to  get  a  net  eastern  domain  inflow  (derived  as  described 
by  Dietrich  et  al.  2003a);  then,  the  total  inflow  is  subtracted  uniformly  at  the  southern 
boundaxy  (about  0.02  Sv  ais  it  turns  out)  to  be  consistent  with  incompressibility.  An 
alternate  approach,  not  used  here,  is  to  apply  this  volume  correction  at  the  surface  (e.g., 
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Figure  4.  Vertical/latitudinal  cross-sections  at  70  deg  W  of  time-averaged  salinity  (left)  and  temperature 

(right)  during  years  0-5. 


in  a  global  model  having  closed  lateral  boundaries),  using  the  mean  diffusivity  between 
the  top  two  layers  to  maintain  observed  climatological  annual  cycle  surface  layer  salinity. 
This  approach  is  consistent  with  the  long-term  climatological  state  (near  zero  mean  sea 
level  change)  and  with  the  rigid-lid  approximation  used  in  this  model,  in  which  there  can 
be  no  mean  surface  height  change.  Thus,  the  rigid  lid  is  slightly  porous;  the  divergence 
of  the  barotropic  mode  (vertically  integrated  horizontal  velocity)  is  very  small  but  not 
exactly  zero. 

In  the  western  (1/6®  resolution)  domain,  we  use  constant  horizontal  viscosity  and 
diffusivity  of  10  m^/sec.  Based  on  the  scale  of  the  CH  abutment  curvature  (^  100  km) 
and  GS  velocity  (^  1  m/sec),  this  gives  Reynolds  number  0(10,000)  for  the  primary 
GS  separation  scde.  The  Rossby  number  for  these  scales  is  0(0.1).  Both  domains  use 
near-molecular  background  vertical  viscosity  and  diffusivity,  with  modified  Pacanowski 
and  Philander  Richardson  number  based  mixing  as  described  by  Staneva  et  al.  (2001). 
Thus,  the  inertia  terms  are  strong  in  the  CH  region,  as  necessary  (but  not  sufficient,  as 
a  robust  DWBC  is  also  required,  as  will  be  shown  here)  for  nonlinear  inertial  separation. 


3.  Results 

3.1.  Before  and  After  DWBC  Interaction  with  GS  Separation 

The  transient  GS  behavior  during  the  first  five  model  years  is  strikingly  different  from  the 
long-term  behavior  (Figures  4-6).  During  the  first  model  year  (not  shown),  bathymetry- 
induced  strong  inertial  dynamics  lead  to  early  partial  GS  separation  near  CH.  However, 
the  separated  portion  of  the  model  GS  moves  northward  to  the  Grand  Banks  shelfbreak 
during  the  next  few  model  years.  It  then  moves  back  southward  to  its  observed  CH 
separation  point  and  mean  downstream  path  after  about  10  model  years,  and  remains 
close  to  the  mean  observed  path  throughout  years  10—75  (end  of  the  present  simulation). 

It  follows  that  model  intercomparisons  of  the  GS  region  before  10  years  of  simulation, 
such  as  done  under  DAMEE,  are  of  limited  value,  especially  when  overly  diffused,  highly 
unstable  (baroclinically)  Levitus  climatology  is  a  basis  for  model  comparison,  even  for 
time  averaged  model  results,  as  will  be  seen  below. 

Figures  4  and  5  shows  vertical/latitudinal  cross-sections  at  70°  W  of  temperature 
averaged  during  years  1-5  and  years  66  -  75  respectively.  There  is  clearly  a  strong 
flattening  of  isopycnal  surfaces  (well  approximated  by  isotherms)  between  the  DWBC  and 
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Figure  5.  Vertical/latitudinal  cross-sections  at  70  deg  W  of  time-averaged  salinity  (left)  and  temperature 

(right)  during  years  66-75. 


Figure  6.  Time  mean  seasurface  height  (cm)  and  700  m  depth  velocity  vectors  in  the  1/6"^  resolution 
western  domain  during  years  0  —  5  (left)  and  during  years  66  —  75  (right). 


GS  core  during  the  latter  years  (Figure  5),  as  in  observations  (Figure  3),  Also  during  the 
latter  years,  there  is  a  strong  deepwater  GS  jet  and  front  outcropping,  as  in  observations. 

Figure  6  shows  the  time  mean  surface  pressure  with  superposed  700  m  depth  time- 
averaged  velocity  vectors  during  years  1  —  5  and  years  66  —  75.  The  color  shaded  contour 
field  is  the  time  mean  surface  height.  The  arrows  are  time  mean  velocity  vectors  at  700m 
depth.  The  mean  Gulf  Stream  front  is  the  boundary  between  the  green  and  light  blue. 
The  slight  northward  bend  into  the  mid  Atlantic  Bight  (a.k.a.  ’’New  York  Bight”)  reflects 
warm  core  eddies  that  separate  from  northern  tips  of  Gulf  Stream  meanders  (mostly  far 
downstream  from  Cape  Hatteras),  some  of  which  slowly  propagate  all  the  way  back  to  the 
Cape  Hatteras  region  where  they  rejoin  the  Gulf  Stream.  Nearly  all  of  the  ’’blue  water” 
in  the  mid  Atlantic  Bight  (a.k.a.  ’’New  York  Bight”)  is  cold  water  that  has  upwelled 
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Figure  7.  Time  mean  pressure  and  velocity  vectors  in  the  1/6°  resolution  western  domain  during  years 
66  -  75  at  levels  1474  m  (left)  and  2020  m  (right). 

along  the  shelfbreak  between  south  Florida  and  the  mid  Atlantic  Bight  region;  this  water 
recirculates  back  to  the  northern  seas  and  Arctic  Ocean  after  heat  exchange  with  the 
warmer  green  water  that  recirculates  southward  along  with  the  other  ’’warmer  colors” 
that  indicate  higher  surface  elevations.  Apparently,  the  DWBC,  indicated  by  the  deep 
velocity  vectors  during  years  66  -  75,  but  missing  during  years  1-5,  plays  a  big  role  in 
the  observed  mean  GS  path. 

The  DWBC  extends  to  more  than  2000  m  depth  in  the  model  results  (Figure  7).  After 
turning  sharply  counterclockwise  near  CH  most  of  the  DWBC  current  travels  eastward 
to  well  off-shore,  before  turning  southward,  crossing  under  the  GS  and  turning  back 
towards  the  coast.  Transient  eddies  are  significant  throughout  the  depth,  and  dominate 
in  the  deeper  levels  where  the  mean  flow  is  smaller. 

These  figures  show  the  dramatic  effect  of  the  DWBC  on  the  GS  and  the  major  flat¬ 
tening  of  isopycnal  surfaces  that  occurs  after  the  DWBC  dense  water  reaches  the  Grand 
Banks  shelfbreak  region.  Dietrich  et  al.  (2003b)  find  that  a  realistically  narrower  west¬ 
ern  Labrador  Sea  shelfbreak  significantly  intensifies  the  DWBC,  resulting  in  even  more 
strongly  flattened  isopycnals  than  seen  in  Figure  5,  more  like  Yashayaev  climatology  (Fig¬ 
ure  3).  Higher  model  resolution  may  further  intensify  the  DWBC,  but  is  not  addressed. 

The  negative  contours  in  Figure  6  intersect  the  U.S.  mainland  coast  near/y  tangentially ; 
this  reflects  upwelled  DWBC  water  on  the  west  side  of  the  Florida  Strait,  as  consistent 
with  the  cool  coastal  climatological  temperature  (Figure  3)  and  model  temperature  that 
is  close  to  the  climatology.  This  upwelling  reflects  a  secondary  circulation  effect  associated 
with  bottom  friction  and  mixing  of  offshore  GS  jet  momentum  into  the  slower  moving 
coastal  water.  The  strong  GS  jet  effects  dominate  over  local  wind  forcing,  unlike  the 
California  Current  system  (Haney  et  al.  2001). 

Thus,  even  the  nearshore  part  of  the  coastal  current,  which  is  shoreward  of  the  upwelled 
coastal  water  indicated  by  the  negative  contours  in  Figure  6,  separates  almost  completely 
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at  CH  and  forms  the  north  wall  of  the  separated  GS.  As  noted  above,  this  does  not  occur 
as  a  linear  response  to  the  HR  winds  used  in  this  study. 

The  explanation  of  the  interesting  strong  GS/DWBC  interaction  indicated  by  Figures 
4-6  is  as  follows.  The  Levitus  climatology  used  to  initialize  the  model  is  unrealistically 
baroclinic  between  the  observed  GS  mean  location  and  the  Grand  Banks  shelfbreak,  re¬ 
flecting  diffusive  smoothing  of  climatological  data.  The  resulting  baroclinic  eddies  trans¬ 
port  potential  density  southward  (mainly  by  northward  heat  transport)  and  flatten  po¬ 
tential  density  contours  in  the  deep  offshore  water,  leading  to  strong  isopycnal  slopes  in 
the  shelfbreak  region  and  much  weaker  slopes  along  the  observed  mean  GS  axis.  Thus, 
there  is  a  northward  displacement  of  the  GS  front  to  the  Grand  Banks  shelfbreak  during 
the  first  few  model  years  and  a  corresponding  wrong  GS  path.  Only  after  full  establish¬ 
ment  of  the  DWBC  along  the  Grand  Banks  shelfbreak,  which  takes  about  10  model  years 
to  occur,  does  the  front  move  southward  to  its  observed  location.  This  is  the  time  scale 
required  for  densest  DWBC  water  formed  in  the  GIN  Sea  to  reach  the  Grand  Banks. 

Thus,  overly  diffusive  models,  carefully  tuned  to  the  diffuse  Levitus  climatology,  can 
closely  match  this  climatology.  However,  it  is  impossible  to  tune  models  requiring  such 
large  diffusion  to  the  observed  flattened  time  averaged  non-diffused  climatological  isopy- 
cnals  (Figure  3).  This  can  only  be  done  by  a  model  such  as  the  present  DieCAST  model 
configured  with  low  diffusion  (Figure  5). 

Thus,  the  DWBC  water  plays  a  major  material  role  in  model  GS  separation.  In  a 
limited-area  model  having  specified  DWBC  inflow,  Thompson  and  Schmitz  (1989)  came 
to  a  similar  conclusion.  The  role  is  analogous  to  the  inner  wall  of  rotating  annulus  exper¬ 
iments,  except  the  cold  water  source  is  by  advection  of  the  dense  DWBC  water  rather 
than  by  conduction  at  the  wall.  The  GS,  in  turn,  plays  a  role  analogous  to  the  outer 
wall  of  the  rotating  annulus  experiments.  Amplitude  vacillation  in  those  experiments  is 
accompanied  by  flattening  of  interior  isotherms  due  to  baroclinic  instability  (Pfeffer  et 
al.  1974),  which  by  its  very  nature  results  in  such  flattening.  This  also  characterizes  the 
atmospheric  index  cycle. 

3.2.  Other  Significant  Results 

A  large  northern  recirculation  gyre  occurs  between  the  GS  and  the  Grand  Banks  shelf¬ 
break  at  depth  >  700  m.  This  gyre  entrains  and  recirculates  some  of  the  DWBC  water. 
Figure  8a  shows  its  far  north  source,  the  East  Greenland  Current,  flowing  over  the  Den¬ 
mark  Strait,  which  preconditions  even  deeper  water  formation  in  the  Labrador  Sea.  On 
the  east  side  of  the  Denmark  Strait,  a  fragment  of  the  North  Atlantic  Gyre  flows  into  the 
GIN  Sea  as  observed.  Notably,  such  two-way  flow  separated  by  a  strong  front  occurs  in 
spite  of  the  coarse  1  /2°  resolution  used  in  the  eastern  domain  of  the  present  model.  The 
sill  overflow  quickly  becomes  a  quasi-balanced  bottom  density  current,  as  the  Coriolis 
terms  quickly  arrest  any  initial  downslope  flow  (away  from  shore)  to  give  a  quasi- balanced 
along-isobath  flow  with  deep  water  and  lower  pressure  to  the  left  (looking  downstream); 
a  slow,  frictionally  induced  cross-isobath  (away  from  shore)  flow  toward  deeper  water 
occurs  in  the  bottom  boundary  layer. 

Figure  9  shows  the  time  mean  rms  velocity  deviation  from  the  time  mean  velocity 
at  700m  depth  in  the  Denmark  Strait  region,  where  dense  sill  level  water  spills  “over 
the  dam  (sill)”  into  a  bottom  density  current.  This  shows  that  the  deep  eddy  activity 
is  concentrated  in  the  DWBC  region  (along  the  shelfbreak),  where  significant  vortex 
stretching  is  driven  by  energy-releasing  sinking  dense  DWBC  water  along  the  shelfbreak 
and  by  locally  strong  interaction  with  GS  water  near  the  northeast  coast  of  the  Flemish 
Cap  (45  deg  W,  47  deg  N).  The  vortex  stretching,  as  the  potential  energy  is  released. 
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Figure  8.  (a)  Vertical/longitudinal  cross-section  of  time  mean  latitudinal  velocity  across  Denmark  Strait 
in  the  coarse  1/2°  resolution  model  eastern  domain  (left  panel);  (b)  Time  mean  surface  height  and  velocity 
vectors  at  700  m  depth  in  the  Denmark  Strait  region  (right  panel). 


results  in  turbulent  mixing  of  the  East  Greenland  Current  (Arctic  Ocean  source)  water 
with  the  North  Atlantic  Gyre  water.  The  saddle  point  structure  of  the  time  average 
surface  height  (Figure  8b)  reflects  the  sill  bathymetry,  and  also  shows  the  mean  watermass 
paths  leading  to  turbulent  interaction.  Thus,  Figures  8-9  indicate  inertial,  turbulent 
interaction  between  the  East  Greenland  Current  and  North  Atlantic  G3nre  south  of  the 
Denmark  Strait,  even  with  the  relatively  coarse  1/2°  resolution  in  this  region.  The  sill 
overflow  is  an  important  part  of  the  thermohaline  circulation,  and  the  associated  locally 
strong  mixing  is  important  to  watermass  d3aaamics. 

While  some  of  the  DWBC  upwells  on  the  north  side  of  the  GS  separation  point,  some 
of  it  continues  southward.  Some  of  the  southward  branch  upwells  on  along  the  shelfbreak 
between  CH  and  the  Bahamas.  The  cool  coastal  temperatures  in  both  the  Yashayaev 
climatology  and  the  model  results  in  this  region  reflect  this  upwelling.  Horizontal  advec- 
tion  by  the  Florida  Current  from  the  south  that  warms  the  coastal  region  is  balanced 
by  vertical  advection  and  mixing.  Such  vertical  circulation  is  forced  by  a  combination 
of  bottom  drag  and  entrainment  of  coastal  water  into  the  strong  GS  current.  This  indi¬ 
rect  circulation  intensifies  the  GS  front,  thereby  affecting  development  of  eddies  through 
baroclinic  instability,  especially  after  GS  separation.  Thus,  in  this  narrow  coastal  region, 
the  upwelled  undercurrent  water  is  entrained  into  the  Florida  Current  from  the  south; 
this  is  a  region  of  significant  watermass  mixing.  Unlike  the  wind  forced  coastal  jet  of  the 
California  Current  system  (Haney  et  al.  2001),  local  wind  effects  may  be  secondary  in 
such  an  energetic  current  system. 

These  mean  results,  calculated  on  a  modern  PC,  are  more  realistic  than  the  recent 
state-of-the-art  results  by  Chao  et  al.  1996  despite  requiring  less  overall  resolution.  Using 
realistic  HR  winds  which,  unlike  the  winds  they  used,  do  not  force  separation  at  CH 
(Townsend  et  al.  2000),  the  mean  path  of  the  model  GS  is  very  close  to  the  observed  mean 
path,  starting  with  a  realistic  trajectory  from  the  observed  separation  point.  Further 
downstream,  the  separated  upwelled  coastal  water  bifurcates  from  the  GS  core,  similar 
to  the  two-branch  separated  Gulf  Stream  in  the  linear  response  to  HR  winds  noted  by 
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Figure  9.  Time  mean  rms  velocity  deviation  from  the  time  mean  velocity  at  700  m  depth  in  the 

Denmark  Strait  region. 

Townsend  et  al.  (2000),  but  is  also  influenced  by  interaction  with  the  New  England 

Seamount  Chain,  as  indicated  by  the  animation  from  Figure  10  (shown  in 

ftp ;  /  /ssc .  ere  .msstate .  edu/pub/mehra/nab_duo/OMO/year69-70  .AVI .  gz )  . 

Figure  10  shows  a  sequence  of  the  surface  currents  during  model  year  70.  A  major 
cold  core  eddy  (often  called  a  ring)  pinches  off  the  southern  tip  of  a  southward  GS 
meander  around  day  85.  Around  day  100,  a  warm  core  pinches  off  a  northward  meander. 
Later,  another  warm  core  develops  as  a  result  of  GS  interaction  with  the  New  England 
Seamount  Chain.  There  is  a  deep  northward  secondary  flow  generated  by  blocking  of  the 
deep  GS  flow,  which  also  steers  the  northern  GS  surface  current  fringe  northward  into 
a  developing  warm  core  ring,  as  discussed  by  Hurlburt  and  Thompson  (1984).  This  GS 
bifurcation  is  a  prevailing  feature  in  model  results,  as  indicated  by  Figure  6.  The  GS 
straightens  out  to  its  observed  mean  path  after  these  two  major  eddy  pinchoffs.  These 
results  are  consistent  with  observations  of  transient  small-scale  features  in  and  around 
the  GS.  The  results  of  Chao  et  al.  (1996)  do  not  show  such  fine-scale  features. 

Several  times  per  year,  buoyant  warm-core  eddies  pinch  off  northward  meanders  of  the 
GS  and  drift  westward  and  southwestward  back  through  the  Middle  Atlantic  Bight,  as 
also  seen  in  Figure  10.  They  become  imbedded  in  the  Middle  Atlantic  Bight  shelfslope 
current  and  ultimately  entrained  back  into  the  GS  near  CH  (e.g.  Bowman  and  Duedall 
1975).  However,  the  volume  of  slope  water  entrained,  including  its  eddies,  is  only  a 
fraction  of  the  total  0(100  Sv)  GS  transport.  Full  separation  of  the  warm  GS  water 
occurs  at  CH,  including  a  small  volume  of  much  cooler  DWBC  water  upwelled  along  the 
shelfbreak  between  the  Florida  Strait  and  the  Middle  Atlantic  Bight. 

Also  in  the  Figure  10  sequence,  the  Gulf  of  Mexico  Loop  Current  penetrates  northward 
and  pinches  off  a  major  warm  core  eddy.  The  Dry  Tortuga  cyclone  plays  a  significant 
role,  as  do  other  cyclonic  frontal  eddies  that  originate  along  the  Yucatan  shelfbreak, 
some  of  which  merge  into  the  Dry  Tortuga  eddy  when  the  Loop  Current  is  well  extended 
into  the  Gulf  of  Mexico.  Some  frontal  cyclones  also  pass  through  the  Florida  Strait. 
Before  the  major  warm  core  eddy  pinchoff,  the  Loop  Current  takes  the  shape  of  a  square 
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Figure  11.  Root  mean  square  deviation  of  surface  height  from  years  66  -  75  time  mean  in  western  1/6° 

resolution  domain. 

with  rounded  corners  due  to  frontal  eddy  effects.  The  Loop  Current  takes  a  right  angle 
turn  into  the  Florida  Strait  after  eddy  shedding.  Westward  propagating  anticyclones 
prevail  in  the  Caribbean  Sea,  and  there  is  a  semi-permanent  cyclonic  recirculation  in  the 
southwestern  Caribbean  Sea  corner.  These  details  are  consistent  with  observations  and 
earlier  modeling  results  (e.g.  Dietrich  et  al.  1997). 

Figure  11  shows  rms  seasurface  height  anomaly  derived  from  the  model  results.  In 
general,  the  rms  value  is  30  —  45  cm  along  the  separated  GS  axis  all  the  way  to  the  New 
England  Seamount  region  near  the  eastern  boundary  of  the  1  /6°  resolution  grid.  Thus, 
vigorous  transient  eddies  populate  the  modeled  GS  region  with  root-mean-square  surface 
height  anomaly  amplitudes  comparable  to  those  in  nature  (DYNAMO  1997,  Figure  8.6). 
The  rms  anomaly  in  the  Gulf  of  Mexico  region  is  also  close  to  the  observed,  as  in  earlier 
Gulf  of  Mexico  studies  with  DieCAST  (Dietrich  1997;  Dietrich  et  al.  1997).  The  rms 
value  in  the  coarse  resolution  domain  east  of  60°  W  (not  shown)  is  smaller,  but  there  is 
a  local  maximum  of  about  20  cm  along  the  shelfbreak  at  the  south  edge  of  the  Flemish 
Cap.  Coupling  to  low  resolution  coEirse  grid  domain  may  cause  reduced  rms  values  near 
the  eastern  boundary  in  the  fine  grid  domain. 


4.  DWBC  Interaction  with  Methane  Hydrates:  Potential  for  Global  Warming 

Accurate  DWBC  simulation  is  important,  because  it  not  only  affects  the  GS  path  as 
shown  in  Section  3,  but  the  DWBC  path  also  affects  potential  catastrophic  release  of  vast 
amounts  of  methane  gas  from  methane  hydrates  stored  on  the  shelf  slope  below  depths 
where  methane  freezes  (about  4°  C,  depending  also  on  pressure-depth).  It  is  thought  that 
this  methane,  after  escaping  to  the  atmosphere,  may  oxidize  and  add  huge  amounts  of 
CO2  (Katz  et  al.  1999),  a  greenhouse  gas  that,  unlike  the  water  vapor  by-product,  does 
not  precipitate  out,  thus  leading  to  global  warming. 

As  suggested  by  Lai  (2003),  strongly  exothermic  biogeochemical  processes  occuring 
within  the  methane  bubbles  generated  in  the  ocean  depths  (Kennett  et  al.  2000)  may 
significantly  warm  the  DWBC,  lead  to  positive  feedback,  including  by  DWBC  recircula¬ 
tion  in  the  northern  seas  and  Arctic  ocean,  and  affect  thermohaline  circulation  including 
Arctic  and  northern  seas  stratification  through  annual  cycle  ice  melting/freezing.  These 
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processes  are  coupled  to  the  GS.  The  nonlinear  GS/DWBC  system  dynamics  may  lead  to 
accelerating  methane  release  and  sudden  global  warming.  As  further  noted  by  Lai  (2003), 
this  possibility  demands  careful  study,  due  to  observed  recent  global  warming  (IPCC 
2001)  and  oxygen  depletion  (Joos  et  al.  2003)  in  the  ocean  depths  near  the  methane 
hydrate  levels.  A  major  concern  is  that  anthropogenic  perturbation  of  the  system  may 
lead  to  even  stronger  catastrophic  warming  than  the  about  10°  C  Arctic  temperature 
rise  that  occurred  in  10  -  20  years  at  the  end  of  the  last  glacial  maximum  (Rossby  and 
Nilsson  2003). 

The  GS  path  affects  the  location  and  intensity  of  North  Atlantic  deep  water  formation, 
which  occurs  mainly  in  the  northern  seas  and  Arctic  Ocean  and  feeds  the  DWBC  after 
spilling  over  the  GIN  Sea  sills.  Its  changes  would  alter  the  location  and  temperature  of  the 
DWBC,  possibly  augmenting  the  potential  catastrophic  greenhouse  gas  induced  warming 
noted  above.  Modeling  the  DWBC  water  is  a  big  challenge  relating  to  GS  separation. 
Dense  fluid  in  a  thin,  narrow,  bottom  density  current  must  travel  from  its  high  latitude 
source  region  to  the  Grand  Banks  shelfbreak  without  excessive  numerical  dissipation 
and  dispersion,  in  order  to  have  sufficient  intensity  to  realistically  affect  the  energetic  GS 
separation  and  ensuing  dynamics;  this  travel  takes  0(10)  years. 

The  dense  narrow  thin  DWBC  is  not  resolved  by  the  climatological  data  used  to  initial¬ 
ize  the  model.  Thus,  it  must  develop  spontaneously  in  the  model.  This  dense  shelfslope 
water  forms  in  the  northern  seas,  and  takes  more  than  a  year  to  reach  the  Grand  Banks 
from  the  Labrador  Sea,  and  0(10)  years  to  reach  there  from  the  GIN  Sea.  In  order  for 
it  to  arrive  at  CH  with  sufficient  intensity  to  properly  affect  GS  separation  and  path,  it 
must  not  be  overly  diluted  by  numerical  dispersion  and  dissipation. 

5.  Conclusion  and  future  work 

Results  presented  herein  show  that  one  may  simulate  GS  dynamics  and  separation  from 
the  coast  realistically  in  a  marginally  eddy-resolving  simulation  by  using  a  model  having 
a)  low  total  (physical  plus  numerical)  dissipation;  b)  fourth-order  accurate  advection 
with  its  associated  low  numerical  dispersion;  c)  further  numerical  dispersion  reduction 
in  the  interpolations  between  grids;  and  d)  fourth-order  accurate  horizontal  pressure 
gradient.  Nonlinear  dynamics  are  involved  in  GS  separation  and  it  thus  seems  necessary 
to  resolve  the  major  CH  abutment.  However,  although  bathymetry-induced  strongly 
inertial  dynamics  may  favor  separation  near  CH,  our  results  indicate  that  is  not  sufficient; 
a  robust  DWBC  is  also  required.  A  robust  DWBC  requires  that  the  DWBC  water  not 
be  dispersed  by  numerical  errors  during  the  0(10)  years  to  travel  from  its  source  region 
to  the  Grand  Banks  shelfbreak  region.  The  importance  of  the  DWBC  is  enhanced  by  its 
interaction  with  methane  hydrates,  which  may  lead  to  global  warming. 

It  would  be  interesting  to  nest  a  finer  grid  in  the  GS  separation  region  to  shed  more 
light  on  the  detailed  dynamics  of  the  GS  separation,  focusing  on  the  vertical  circulation 
in  the  region  of  GS  separation  and  how  this  circulation  connects  the  GS  to  the  DWBC. 
The  significance  of  simulating  a  realistic  GS/DWBC  system  lies  partly  in  its  potential 
impact  on  climate  through  fundamentally  nonlinear  stochastic  resonance  effects  that  are 
known  to  occur  in  many  nonlinear  systems  (Rahmstorf  and  Alley  2002). 
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Numerical  simulation  of  region2d  circulation  in  the 

Monterey  Bay  region 

By  Y.  H.  Tseng,  D.  E.  Dietrich  f,  AND  J.  H.  Ferziger 


1.  Motivation  and  objectives 

Monterey  Bay  is  located  100  km  south  of  San  PVancisco  and  is  one  of  several  large  bays 
on  the  West  Coast  of  the  United  States.  This  area  is  important  due  to  the  abundance 
of  marine  life.  The  regional  circulation  in  the  Monterey  Bay  area  is  tightly  coupled  to 
the  California  Current  System  (CCS)  and  highly  correlated  to  the  coastal  upwelling.  In 
the  offshore  region,  flow  is  dominated  by  a  broad,  weak,  equatorward  flowing  current, 
the  California  Current  (CC),  The  CC  extends  offshore  to  a  distance  of  900  —  1000  km 
and  flows  year-round.  Within  about  100  km  of  the  coast,  two  narrow  poleward  flowing 
boundary  currents  have  been  found,  the  Inshore  Countercurrent  (IC)  and  the  California 
Undercurrent  (CU).  The  IC  is  a  weak  current  that  varies  seasonally,  appearing  in  fall 
and  winter,  and  transports  shallow,  upper  layer  water.  The  CU  is  a  narrow  (10  —  50  km) 
relatively  weak  subsurface  flow  and  transports  warm,  saline  equatorial  water.  The  CU 
is  strongest  at  around  100  —  300  m  depth  and  has  a  mean  speed  of  approximately  15 
cm/s  (Pierce  et  al  2000)  at  all  latitudes  on  the  West  Coast  throughout  the  year. 

While  many  experimental  studies  have  examined  the  flow  in  the  vicinity  of  Monterey 
Bay,  there  are  only  a  few  numerical  studies  focusing  on  the  regional  circulation.  These 
previous  modeling  studies  have  mostly  used  simplified  dynamics,  domains,  and  forcing, 
with  coarse  spatial  resolution  or/and  short  integration  times.  However,  there  are  some  sig¬ 
nificant  interannual  variations,  including  large  scale  effects  relating  to  El  Nino/Southern 
Oscillation  dynamics  and  smaller  scale  noise  due  to  fronts  and  eddies.  The  regional  cir¬ 
culation  in  this  region  is  very  complex  and  difficult  to  model  correctly. 

The  objective  of  this  study  is  to  produce  a  high-resolution  numerical  model  of  Mon¬ 
terey  Bay  area  in  which  the  dynamics  are  determined  by  the  complex  geometry  of  the 
coastline,  steep  bathymetry,  and  the  influence  of  the  water  masses  that  constitute  the 
CCS.  Our  goal  is  to  simulate  the  regional-scale  ocean  response  with  realistic  dynamics 
(annual  cycle),  forcing,  and  domain.  In  particular,  we  focus  on  non-hydrostatic  effects 
(by  comparing  the  results  of  hydrostatic  and  non-hydrostatic  models)  and  the  role  of 
complex  geometry,  i.e.  the  bay  and  submarine  canyon,  on  the  nearshore  circulation.  To 
the  best  of  our  knowledge,  the  current  study  is  the  first  to  simulate  the  regional  circula¬ 
tion  in  the  vicinity  of  Monterey  Bay  using  a  non-hydrostatic  model.  Section  2  introduces 
the  high  resolution  Monterey  Bay  area  regional  model  (MB ARM).  Section  3  provides  the 
results  and  verification  with  mooring  and  satellite  data.  Section  4  compares  the  results  of 
hydrostatic  and  non-hydrostatic  models.  Finally,  conclusions  and  future  work  are  drawn 
in  section  5. 


t  AcuSea  Inc.,  Albuquerque,  New  Mexico 
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2.  Monterey  Bay  area  regional  model  (MB ARM) 

2.1.  Numerical  methods 

In  order  to  study  the  regional  circulation  in  the  vicinity  of  Monterey  Bay  while  avoiding 
numerical  errors  introduced  by  the  ^-coordinate  and  non-hydrostatic  effects,  we  used 
the  non-hydrostatic,  z-level,  mixed  Arakawa  A  and  C  grid,  fourth-order  accurate  Die¬ 
trich/Center  for  Air-Sea  Technology  (DieCAST)  ocean  model,  which  provides  high  com¬ 
putational  accuracy  and  low  numerical  dissipation  and  dispersion.  The  numerical  proce¬ 
dures  are  detailed  in  Dietrich  &:  Lin  (2002)  and  Tseng  (2003). 

The  Coriolis  terms  are  evaluated  on  the  ‘a’  grid  and  thus  have  no  spatial  interpolation 
error,  which  is  a  significant  advantage  for  a  dominant  term  (Dietrich  1997).  Fourth-order 
central  differencing  is  used  in  the  control  volume  approximation  to  compute  all  advection 
and  horizontal  pressure  gradient  terms,  except  adjacent  to  boundaries  where  second-order 
accuracy  is  used.  All  control  volumes  are  collocated  (e.g.  momentum,  energy,  salinity  and 
the  incompressibility  approximation  to  mass  conservation)  and  are  all  enforced  on  the 
same  set  of  control  volumes.  The  model  uses  a  rigid-lid  approximation.  At  the  regional 
ocean  scale,  the  ‘slow  modes’  (low  frequency,  long  time  scale  motions)  dominate  the  ocean 
circulation.  Use  of  a  rigid  lid  excludes  the  ‘fast  mode’  associated  with  barotropic  free 
surface  waves.  The  rigid-lid  approximation  does  not  affect  internal  gravity  wave  speeds. 
Thus,  it  does  not  affect  geostrophic  adjustment  of  the  baroclinic  mode  that  dominates 
the  general  circulation.  The  rigid-lid  approximation  also  simplifies  the  treatment  of  open 
boundaries  because  it  greatly  reduces  the  range  of  frequencies  that  must  be  addressed. 

2.2.  Model  descriptions 

The  Monterey  Bay  area  regional  model  (MBARM)  is  one-way  coupled  to  a  larger  scale 
California  current  system  DieCAST  model  and  uses  the  immersed  boundary  method  to 
represent  the  coastal  geometry  and  bathymetry  (Tseng  Sz  Ferziger  2003)  in  the  local 
model.  The  domain  of  MBARM  extends  from  36.1°  to  37.4°7V  and  from  the  California 
coast  out  to  122.9°iy  (Figure  1);  the  horizontal  grid  size  is  uniformly  1/72°  (?^  1.5  km) 
for  the  medium  grid,  and  1/108°  (f«  1  km)  for  the  fine  grid.  The  vertical  grid  has  28  levels. 
The  surface  buoyancy  flux  is  computed  by  nudging  both  the  temperature  and  the  salinity 
toward  Levitus’  monthly  climatology  (Levitus  1982),  This  is  equivalent  to  adding  heat 
and/or  freshwater  to  the  top  layer.  This  salinity  condition,  although  widely  used,  has  little 
physical  basis  and  does  not  conserve  salt  material  exactly  (Dietrich  et  al  2003),  but  it  has 
little  effect  in  the  region  modeled  because  the  salinity  field  is  strongly  constrained  by  the 
open  boundary  inflows;  freshwater  sources  from  rivers  and  precipitation,  and  sinks  from 
evaporation  have  only  minor  effect  in  this  region.  The  wind  stress  is  from  Hellerman  and 
Rosenstein’s  monthly  climatology  (Hellerman  &:  Rosenstein  1983).  The  southeastward 
winds  intensify  during  spring  and  summer  and  weaken  during  fall  and  winter. 

Bathymetry  is  unfiltered  USGS  250  m  resolution  topography.  The  bottom  topography 
and  the  coastal  geometry  are  adequately  represented  by  the  immersed  boundary  mod¬ 
ule  (Tseng  &:  Ferziger  2003).  The  sea  floor  is  insulated  and  partial-slip  as  parameterized 
by  a  nonlinear  bottom  drag  coefficient  of  0.002.  Significant  momentum  exchange  with 
the  California  Current  System  occurs  through  the  open  boundary. 

The  model  is  one-way  coupled  from  a  larger  scale  CCS  model  (Haney  et  al.  2001) 
which  has  resolution  1/12°.  The  MBARM  is  initialized  by  interpolation  of  the  coarse 
CCS  model  results  after  two  years  of  simulation.  All  open  boundary  conditions  are  based 
on  boundary  fluxes.  A  pure  upwind  advective  scheme  is  used  at  the  three  lateral  open 
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Figure  1.  The  model  domain  of  Monterey  Bay  area  and  bathymetry.  Locations  of  moorings 
Ml,  M2  are  marked  by  a  circle  and  a  diamond,  respectively.  lines  at  latitude  36.52° AT  and 

36. 76° AT,  ‘ - lines  at  longitude  122AW  and  121. 1°!^.  The  horizontal  uniform  grid  is  shown 

by  the  dotted  lines  (Every  sixth  grid  is  shown). 


boundaries  (north,  south,  and  west)  for  all  variables: 


dt^^^dn  " 


(2.1) 


where 

^  ^  (j)^)/AXn  Un>0 

dn  Un<0 

and  Un  is  the  normal  velocity  on  the  open  boundary,  (j)  represents  any  of  the  three  velocity 
components,  temperature  or  salinity  at  the  boundary,  (fo  is  the  variable  on  the  open 
boundary  obtained  from  the  CCS  model  and  is  the  variable  at  one  grid  point  inside 
the  open  boundary,  Axn  is  the  grid  spacing  in  the  direction  normal  to  the  boundary. 
Thus,  large  scale  data  are  advected  inward  at  an  inflow  boundary  and  the  interior  data 
is  advected  outward  at  an  outflow  boundary. 

It  has  been  argued  that  the  primitive  equations  are  ilLposed  when  an  inappropriate 
open  boundary  condition  is  used.  If  the  proper  number  of  boundary  conditions  is  not 
specified,  the  solution  of  the  primitive  equations  will  lead  to  the  exponential  growth  of 
energy  and  numerical  instability  (Oliger  &  Sundstrom  1978).  According  to  Oliger  &  Sund- 
strom  (1978)  and  Mahadevan  et  al  (1996),  the  numerical  problem  is  well-posed  if  the 
velocity  vector,  salinity,  and  temperature  are  specified  at  the  inflow  boundary  condition 
and  the  normal  velocity  is  specified  at  the  outflow  boundary.  The  above  open  bound¬ 
ary  treatment  satisfies  these  requirements  and  is  well-posed.  Palma  &:  Matano  (2000) 
investigated  the  performance  of  combinations  of  OBCs  using  POM.  They  found  that  the 
best  overall  performance  of  OBCs  was  a  flow  relaxation  scheme  for  barotropic  modes,  a 
radiation  condition  for  baroclinic  modes,  and  combined  advection  and  relaxation  for  the 
scalar  field.  In  fact,  the  current  scheme  corresponds  to  a  simplified  version  of  the  scheme 
suggested  by  Palma  &:  Matano  (2000) . 
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3.1.  General  description 

Using  Levitus’  surface  climatological  forcing  (temperature  and  salinity),  the  simulation 
reproduces  many  important  features  of  the  observed  annual  cycle  of  the  CCS  including 
the  strengthening  of  the  equatorward  jet  in  spring  and  the  weakening  of  the  jet  in  autumn 
and  winter.  Coastal  eddies  occur  primarily  near  some  major  headlands,  especially  Point 
Ano  Nuevo,  Pacific  Grove  and  Point  Sur.  To  examine  the  general  circulation  in  the 
vicinity  of  Monterey  Bay,  we  focus  on  the  annual  mean  flow  and  seasonal  variability. 

3.1.1.  Annual  mean  flow 

The  mean  velocity  fields  for  a  simulation  year  at  various  depths  (10.1,  50,  100,  300, 
400,  700  m)  are  shown  in  Figure  2.  As  mentioned  before,  the  major  features  in  the 
Monterey  Bay  area  are  the  shallow,  equatorward,  broad  California  Current  and  two 
narrow  poleward  boundary  currents  (California  Undercurrent  and  Inshore  Current)  along 
the  coast.  These  flows  are  seen  in  Figure  2.  The  surface  flow  is  affected  by  surface  wind 
forcing.  Vertical  shear  layers  appear  at  moderate  depth  (50  —  200  m).  The  mean  velocity 
pattern  clearly  delineates  the  extent  of  poleward  flow  associated  with  the  inshore  currents. 

Collins  et  al.  (2000)  estimated  the  upper  1000  m  depth-averaged  mean  velocity  based 
on  19  cruises  conducted  from  April  1988  to  April  1991.  They  reported  a  west-northwest- 
ward  (290°T  -  310°T)  flow  with  a  mean  speed  of  3.7  -  5.3  cm/s  at  four  inshore  stations 
C1-C4  (at  latitude  36.3° A’,  33  -  65  km  away  from  the  shore).  We  estimate  the  one-year 
depth-averaged  annual  mean  flow  along  the  line  connecting  the  four  inshore  stations  Cl- 
C4  (Collins  et  al  2000).  The  mean  magnitude  is  4.7  cm/s  with  direction  301°r.  The 
annual  mean  flow  in  the  current  study  is  in  good  agreement  with  observation.  The  result 
shows  that  the  current  one-way  coupling  at  lateral  boundary  and  the  surface  forcing 
are  appropriate.  More  detailed  comparison  with  observation  is  provided  in  the  following 
section. 

3.1.2.  Seasonal  variability 

Summer  and  winter  mean  velocity  fields  at  several  depths  (10.1,  100,  300,  700  m) 
are  shown  in  Figures  3  and  4  for  a  simulation  year.  The  along-shore  component  of  the 
wind  stress  has  been  shown  to  be  a  key  ingredient  for  generating  realistic  vertical  and 
horizontal  structures  and  the  surface  equatorward  and  subsurface  poleward  currents. 
These  currents  are  baroclinically  and  barotropically  unstable,  resulting  in  the  generation 
of  meanders,  filaments  and  eddies. 

In  summer,  defined  as  May  to  July  (Figure  3),  the  equatorward  flow  strengthens  and 
dominates  the  flow  from  a  depth  of  100  m  to  the  surface.  This  equatorward  flow  is  forced 
by  upwelling-favorable  winds.  A  weak  cyclonic  eddy  is  observed  within  Monterey  Bay, 
and  is  associated  with  the  equatorward  flow  past  a  coastal  bay.  There  is  also  a  large-scale, 
anti-cyclonic  eddy  around  50  km  from  the  coast  that  extends  down  to  depth  100  m  where 
the  eddy  is  stretched  significantly  by  the  coastal  bathymetry.  The  subsurface  northward 
flow  exists  below  depth  300  m  during  spring  which  is  consistent  with  the  year  round 
northward  flow  associated  with  the  CU.  The  transition  from  CC  to  CU  occurs  around 
depth  200  -  500  m  and  the  strongest  CU  occurs  at  depth  300  m,  which  is  consistent  with 
previous  observations.  These  flows  are  tightly  coupled  with  the  large  scale  California 
current  system  model  through  open  boundary. 

The  southward  flow  in  the  upper  ocean  strengthens  and  tends  to  move  offshore,  form¬ 
ing  the  filaments  observed  in  the  satellite  images.  Point  Sur  is  the  location  where  the 
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Maximum  velocity  magnitude:  27.5  cnVs 


Maximum  velocity  magnitude:  8.02  cnVs 


(e)  (f) 

Figure  2.  The  annual  mean  velocity  field  at  various  depths  for  a  year.  At  depth  (a)  10.1  m, 
(b)  50  771,  (c)  100  771,  (d)  300  m,  (e)  400  77i,(f)  700  m. 
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Maximum  velocity  magnitude:  37.4  cm/s 


Maximum  velocity  magnitude:  19.9  cm/s 


(c)  (d) 

Figure  3.  The  mean  velocity  field  at  various  depths  during  summer.  At  depth  (a)  10.1  m,  (b) 

100  m,  (c)  300  m,  (d)  700  m. 


offshore  flow  is  most  significant  and  satellite  images  also  show  that  filaments  occur  there 
frequently.  The  current  simulation  shows  this  to  be  an  effect  of  local  topography  on  the 
enhancement  of  flow  toward  steep  bathymetry  and  the  steering  effect  of  the  Pacific  Grove 
headland.  The  same  conclusion  was  suggested  by  observations  (Ramp  et  at.  1997).  We 
still  see  the  CU  at  depth,  and  the  undercurrent  follows  the  contours  of  coastal  bathymetry 
closely. 

Autumn  is  the  season  in  which  the  dominant  flow  changes  from  equatorward  to  pole- 
ward  in  the  upper  ocean.  By  October  upwelling  favorable  circulation  occurs  much  less 
frequently,  and  near-surface  flow  along  the  central  coast  is  under  the  influence  of  the 
northward  flowing  Davidson  Current,  which  generally  reaches  its  maximum  speed  at  the 
surface  in  December.  Figure  4  shows  the  mean  flow  in  wintertime  (November  to  January) 
at  several  depths.  The  velocity  fields  at  all  levels  show  very  similar  spatial  structure.  The 
CCS  is  dominated  by  the  poleward  flow.  A  narrow  equatorward  flow  can  still  be  observed 
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Figure  4.  The  mean  velocity  field  at  various  depths  during  winter.  At  depth  (a)  10.1  m,  (b) 

100  m,  (c)  300  m,  (d)  700  m. 

in  the  shallow  region.  The  poleward  currents  off  Point  Sur  usually  flow  toward  the  north¬ 
west  (along-shore),  while  the  summer  equatorward  currents  flow  toward  the  southwest 
rather  than  southeastward  along  the  large-scale  bathymetry.  This  feature  of  the  flow  is 
reproduced  by  the  simulation  and  can  likely  be  attributed  to  the  local  topography,  which 
tends  to  steer  currents  from  the  north  offshore  (Ramp  et  al  1997). 

3.2.  Comparison  with  mooring  data 

We  compare  the  model  temperatures  with  those  measured  by  Sea-Bird  MicroCAT  CTDs 
mounted  on  MBARI’s  Ml  (122.03°W,  36.75° AT)  and  M2  (122.39°W,  36.70° AT)  surface 
moorings  (for  location,  see  Figure  1).  Since  the  model  is  forced  by  the  average  climatology 
at  the  sea  surface,  we  do  not  expect  the  model  to  match  the  observations  exactly. 

The  observed  time  series  of  temperatures  at  the  Ml  and  M2  mooring  stations  display  an 
annual  cycle  with  cold  temperatures  during  upwelling  seasons  and  warmer  temperatures 
during  the  rest  of  the  year.  The  seasonal  variation  is  more  significant  near  the  surface  than 
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Ml 


Figure  5.  Model  time  series  of  temperature  at  stations  Ml  (top)  and  M2  (bottom)  for  three 
simulation  years.  The  model  repeats  smoothly  after  40  days,  thus  showing  that  the  annual  cycle 
is  accurately  responded.  The  depths  from  top  to  bottom  are  10  m,  100  m,  200  m  and  300  m. 

at  depth.  The  model  results  are  shown  in  Figure  5  for  the  Ml  and  M2  mooring  locations, 
respectively.  The  results  repeat  annually,  showing  that  the  model  has  been  run  long 
enough  that  the  results  are  independent  of  the  initial  state.  The  model  results  reproduce 
many  of  the  observed  trends.  These  include  the  annual  variation  in  temperature,  cooling 
of  surface  and  subsurface  temperatures  during  spring  upwelling,  warming  water  masses 
during  summer  and  early  autumn,  and  slight  cooling  during  late  autumn.  The  near 
surface  temperature  (10  m)  at  M2  varies  between  10  -  15°  which  is  in  the  same  range 
as  the  observations.  The  temperature  at  Ml  is  1  —  2°  lower  than  that  at  M2,  which  is 
again  consistent  with  the  measurements.  At  depth  300  m,  the  temperature  varies  from 
7  _  go  at  both  the  Ml  and  M2  stations,  consistent  with  the  observational  data.  The  most 
important  result  of  the  simulation  is  the  fact  that,  as  in  the  observation,  the  annual  cycle 
is  evident  and  well  reproduced  in  the  simulation. 

3.3.  Comparison  with  other  observation  results 

During  periods  of  upwelling- favorable  winds  (spring  and  summer),  there  is  a  band  of  cold 
water  which  flows  equatorward  across  the  mouth  of  Monterey  Bay  with  tjrpical  near¬ 
surface  speeds  of  20-30cm/s.  Figures  6(a)-(b)  show  the  surface  temperature  for  day  109 
and  day  113  and  contain  a  typical  spring  upwelling  event.  The  upwelling  centers  are  found 
north  and  south  of  Monterey  Bay  near  Points  Ano  Nuevo  and  Sur  (Figure  6(b)).  Point 
Ano  Nuevo  has  been  identified  to  be  the  source  of  cold,  salty  near-surface  water  frequently 
seen  in  the  bay  (Rosenfeld  et  al.  1994).  The  upwelled  (cold)  water  is  advected  southward 
across  the  bay  and  then  breaks  into  two  streams:  one  water  mass  moves  offshore  and  the 
other  equatorward.  A  warm  anticyclonic  feature  is  often  found  off  the  mouth  of  Monterey 
Bay,  or  just  south  of  it  (Ramp  et  al  1997).  This  feature  was  also  seen  in  advanced  very 
high  resolution  radiometer  (AVHRR)  imagery.  The  simulation  produces  patterns  very 
similar  to  those  observed  in  the  satellite  images,  A  warm  anticyclone  is  also  apparent 
in  the  simulation.  Meanders  of  the  California  current  with  anticyclonic  circulation  have 
often  been  reported  (Breaker  &:  Broenkow  1994;  Ramp  et  al  1997). 

Within  the  bay,  a  cyclonic  circulation  is  often  observed  (Breaker  &:  Broenkow  1994). 
This  circulation  is  caused  mainly  by  the  coastal  geometry.  The  cyclonic  circulation  within 
Monterey  Bay  is  consistent  with  the  observed  circulation. 
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(a)  Day  109  (b)  Day  113 

Figure  6.  The  surface  temperature  field  for  day  109  and  day  113. 


4.  Hydrostatic  versus  Non-Hydrostatic  modeling 

The  growth  of  meanders  and  filaments  of  upwelled  water  has  been  demonstrated  in 
many  previous  studies  using  hydrostatic  models.  However,  it  is  still  not  clear  how  the  non¬ 
hydrostatic  mode  affects  the  circulation  in  a  coastal  region  with  complex  bathymetry  and 
upwelling.  Casulli  k  Stelling  (1998)  assessed  the  effects  of  the  hydrostatic  approximation 
in  various  applications  and  found  that  the  hydrostatic  model  is  not  accurate  in  some  cases. 
The  hydrostatic  approximation  breaks  down  when  the  vertical  acceleration  is  significant 
compared  to  the  buoyancy  force. 

The  vertical  momentum  and  the  non-hydrostatic  pressure  component  cannot  be  ne¬ 
glected  when  the  bottom  topography  changes  abruptly  on  scales  small  compared  to 
the  local  Rossby  radius  of  deformation  (e.g.  near  continental  shelf  edges  and  in  deep 
canyons).  Chao  &  Shaw  (2002)  studied  coastal  upwelling  meanders  and  filaments  using 
a  non-hydrostatic  model.  Their  idealized  model  does  not  include  complex  bathymetry, 
coastal  irregularity  or  unsteady  wind  forcing.  Their  results  show  that  the  growth  rates 
of  meanders  and  filaments  are  enhanced  by  non-hydrostatic  effects.  Here  we  explore 
the  impact  of  the  hydrostatic  approximation  by  comparing  results  from  hydrostatic  and 
non-hydrostatic  versions  of  the  DieCAST  model  applied  to  Monterey  Bay. 

It  is  noteworthy  that  hydrostatically  modeled  systems  actually  have  more  total  en¬ 
ergy  than  the  corresponding  non-hydrostatic  systems.  Specifically,  the  potential  energy 
decrease  due  to  sinking  dense  fluid  and  rising  warm  fluid  goes  entirely  into  horizontal 
kinetic  energy  according  to  the  hydrostatic  equations.  Vertical  acceleration  senses  no 
inertia,  generally  leading  to  larger  vertical  acceleration  than  would  occur  when  inertia 
terms  are  included  in  the  vertical  momentum  equation.  The  hydrostatic  approximation 
is  well  posed  and  robust  in  spite  of  its  lack  of  energy  conservation;  the  horizontal  kinetic 
energy  is  limited  by  the  potential  energy  release  and  the  vertical  kinetic  energy  is  limited, 
in  turn,  by  its  relation  to  horizontal  velocity  through  the  incompressibility  equation. 

The  vertical  velocity  differences  between  the  hydrostatic  and  non-hydrostatic  models  at 
various  depths  are  shown  in  Figure  7.  They  are  large  along  the  canyon  wall  at  all  depths. 
These  results  show  that  rapid  changes  in  slope  cause  vertical  accelerations  which  violate 
the  hydrostatic  approximation.  Vertical  acceleration  associated  with  the  bores  produced 
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D 


(c)  (d) 


Figure  7.  The  contour  of  vertical  velocity  difference  {ml week)  between  the  hydrostatic  and 
non-hydrostatic  models  at  various  depths,  (a)  100  m,  (b)  700  m,  (c)  1500  m,  (d)  2000  m,  The 
difference  is  based  on  monthly  averaged  vertical  velocity  during  June  (day  150-180). 

by  internal  wave  reflection  at  topography  is  also  poorly  represented  by  the  hydrostatic 
model  (Legg  &:  Adcroft  2003).  In  realistic  topography,  alongslope  tides  produce  internal 
hydraulic  jumps  and  solitary  wave  packets  as  they  flow  over  corrugations.  This  is  not 
well  represented  by  hydrostatic  models. 

5.  Conclusion  and  future  work 

The  high  resolution,  non-hydrostatic  MBARM  was  used  to  investigate  the  regional 
ocean  circulation  in  the  Monterey  Bay  area.  The  model  reproduces  several  known  fea¬ 
tures  of  the  general  circulation  in  the  vicinity  of  Monterey  Bay.  The  Monterey  Bay  area 
circulation  is  highly  correlated  to  the  CCS  so  the  surface  flow  pattern  in  spring/summer 
is  different  from  that  in  autumn/winter.  Within  the  bay  a  cyclonic  circulation  is  often 
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observed.  This  feature  is  a  result  of  coastal  geometry.  A  warm  anticyclone  is  often  seen 
near  the  mouth  of  Monterey  Bay.  In  particularly,  non-hydrostatic  effects  play  an  im¬ 
portant  role  in  determining  the  non-linear  dynamics  of  the  nearshore  circulation.  The 
non-linear  non-hydrostatic  dynamics  are  enhanced  by  the  complex  coastal  geometry  and 
cannot  generally  be  ignored  in  regions  of  steep  bathymetry  or  where  the  Rossby  radius 
of  deformation  is  small;  sometimes  it  is  even  negative,  leading  to  strongly  nonhydrostatic 
convection. 

The  current  MBARM  uses  one-way  coupling  to  allow  information  from  the  CCS  to 
enter  the  coastal  region.  In  order  to  examine  their  dynamical  interactions,  full  two-way 
coupling  is  needed  in  the  future.  Two-way  nesting  will  generate  much  smoother  results 
and  remove  artificial  fronts  when  the  boundary  flow  switches  between  outflow  and  in¬ 
flow.  To  better  understand  the  dynamics  of  the  coastal  region,  which  is  strongly  affected 
by  coastal  perturbations  and  bathymetry,  non-hydrostatic  effects  should  be  further  in¬ 
vestigated  using  non-hydrostatic  coastal  model  with  simplified  coastal  geometry,  e.g.  an 
idealized  bay  and  an  idealized  submarine  canyon.  The  current  simulation  results  iden¬ 
tify  some  important  non-hydrostatic  effects.  However,  realistic  topography  and  forcing 
complicate  the  analysis  and  understanding  of  the  physical  process.  Detailed  analysis  is 
required  to  quantify  non-hydrostatic  effects  on  the  overall  circulation. 
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Testing  of  RANS  turbulence  models  for  stratified 
flows  based  on  DNS  data 

By  S.  K.  Venayagamoorthy  J-  R*  KoseflFf,  J.  H.  Ferzigerf  and  L.  H.  Shihf. 


1.  Motivation  and  objectives 

Stably  stratified  flows  such  as  those  in  the  atmosphere  or  in  large  water  bodies  such  as 
the  ocean,  lakes,  estuaries  and  reservoirs  are  prevalent  in  the  natural  environment.  The 
presence  of  the  buoyancy  force  due  to  the  stratification  may  have  a  substantial  effect  on 
the  flow  development  and  mixing  processes,  and  hence  influence  the  distribution  of  scalar 
substances  such  as  pollutants,  suspended  sediments,  in  the  environment. 

Today,  there  exist  numerous  turbulence  models  for  calculating  turbulent  mixing  in  the 
environment.  These  models  range  from  the  simple  eddy  viscosity  models  to  the  more 
detailed  large  eddy  simulations  (LES)  and  direct  numerical  simulations  (DNS)  (Axell 
&  Liungman  2001).  However,  both  DNS  and  LES  can  be  too  computationally  expen¬ 
sive  (and  often  too  idealized)  for  most  geophysical  and  engineering  applications.  This 
limitation  has  restricted  modelers  to  RANS  approaches  commonly  based  on  turbulent 
kinetic  energy  (TKE)  closure  schemes.  The  most  widely  used  RANS  models  today  are 
two  equation  models  which  solve  two  transport  equations  for  the  properties  of  the  turbu¬ 
lence  from  which  the  eddy  viscosity  can  be  computed.  The  best  known  of  these  models 
is  the  k-€  model  which  requires  the  solutions  of  the  turbulent  kinetic  energy  equation  (a 
component  of  essentially  all  current  multi-equation  models)  and  dissipation  of  turbulent 
kinetic  energy  equation  (Ferziger  et  al  2003). 

In  most  geophysical  flows,  turbulence  occurs  at  the  smallest  scales  and  one  of  the  two 
most  important  additional  physical  phenomena  to  account  for  is  stratification  (the  other 
being  rotation).  In  this  paper,  the  main  objective  is  to  investigate  proposed  changes 
to  RANS  turbulence  models  which  include  the  effects  of  stratification  more  explicitly. 
These  proposed  changes  were  developed  using  a  DNS  database  on  stratified  and  sheared 
homogenous  turbulence  developed  by  Shih  et  al  (2000)  and  are  described  more  fully  in 
Ferziger  et  al  (2003).  The  data  generated  by  Shih  et  al  (2000)  (hereinafter  referred  to  as 
SKFR)  are  used  to  study  the  parameters  in  the  k-e  model  as  a  function  of  the  turbulent 
Froude  number,  Fvk-  A  modified  version  of  the  standard  k-e  model  based  on  the  local 
turbulent  Froude  number  is  proposed.  The  proposed  model  is  applied  to  a  stratified  open 
channel  flow,  a  test  case  that  differs  significantly  from  the  flows  from  which  the  modified 
parameters  were  derived.  The  turbulence  modeling  and  results  are  discussed  in  the  next 
two  sections  followed  by  suggestions  for  future  work. 
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2.  Turbulence  modeling  based  on  DNS  data 

2.1.  The  Data 

The  DNS  data  of  SKFR  are  used  to  develop  parameterizations  of  modeling  coefficients 
typically  found  in  RANS  models  (e.g.  as  functions  of  quantities  that  define  the  local 
state  of  the  turbulence  {Frk  etc.). 

SKFR  performed  DNS  of  stratified  homogeneous  turbulent  shear  flows.  The  data  have 
been  extensively  discussed  by  SKFR  and  hence  the  discussion  will  not  be  repeated  here. 
However,  it  is  important  to  realize  that  the  data  provide  all  of  the  properties  of  the 
turbulence  up  to  second  order  statistics.  The  subset  of  the  data  used  in  this  study  consists 
of  the  highest  initial  Taylor  microscale  Reynolds  number  runs  {Rexo  =  89).  The  value 
of  Rexo  =  89  is  relatively  high  for  direct  numerical  simulations  but  not  high  enough 
to  produce  results  that  are  independent  of  Reynolds  number  effects.  It  is  nevertheless, 
high  enough  that  the  effects  of  the  other  parameters  should  be  accurately  represented. 
All  the  data  used  for  this  study  were  taken  from  the  latter  parts  of  the  SKFR  runs  in 
order  to  ensure  that  the  turbulence  was  fully  developed.  The  physical  time  was  non- 
dimensionalized  as  St  where  S  is  the  shear  rate  defined  as: 


As  discussed  by  Ferziger  et  al  (2003),  the  turbulence  does  not  become  fully  developed 
until  sometime  later  than  St  >  2.  Most  of  the  runs  were  continued  until  St  =  12-14. 
In  our  present  study,  only  the  data  for  times  between  St  =  S  and  the  end  of  the  run 
were  used.  To  render  the  plots  less  confusing,  the  data  is  averaged  over  this  time  period. 
In  total,  37  runs  were  used  to  derive  the  results  given  below.  Each  run  is  characterized 
by  the  initial  Reynolds  number  (which  is  the  same  for  all  the  runs)  and  the  gradient 
Richardson  Rig  (defined  in  equation  2.2)  which  has  a  fixed  value  for  each  run. 


Rig  —  ^2 


where  N  is  the  buoyancy  frequency  defined  as: 


2.2.  k-e  model 

k-e  is  a  commonly  used  two  equation  model,  of  which  many  variations  have  been  sug¬ 
gested.  Here,  we  base  our  proposed  modifications  on  the  standard  version  of  the  k-e 
model.  In  the  presence  of  stratification,  the  turbulent  kinetic  energy  equation  can  be 
written  as: 

^^P-e-B  +  Dk  (2.4) 

where  P  is  the  rate  of  production  of  TKE,  which  is  given,  for  simple  shear  flows  like  the 
SKFR  flows,  by: 

P  ^  -:[FFPs  (2.5) 

B  is  the  buoyancy  flux  given  by: 


B  — - p'w* 

Po 


(2.6) 
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c. 

Cel 

Ce2 

CTk 

(Te 

0.09 

1.44 

1.92 

1.0 

1.3 

Table  1.  Values  of  constants  in  the  k-€  model  (Rodi,  1980) 


Dk  is  the  transport  term  (equal  to  zero  for  the  SKFR  flows)  modeled  using  the  gradient- 
diffusion  hypothesis  as: 


Dk 


dz  dz ) 


(2.7) 


and  6,  the  rate  of  dissipation  of  the  turbulent  kinetic  energy,  is  modeled  in  an  analogous 
way  to  equation  (2.4): 


De 

Dt 


=  C,,—  ~C,2j-C,s' 


(2.8) 


where  Dg  is  the  transport  term  (equal  to  zero  for  the  SKFR  flows)  modeled  again  using 
the  gradient- diffusion  hypothesis  as: 


De 

__a 

dz  \crg  dz ) 

(2.9) 

The  eddy  viscosity  is  then  given  by: 

k^ 

€ 

(2.10) 

and  the  eddy  diffusivity  is: 

It 

(2.11) 

where  Prt  is  the  turbulent  Prandtl  number.  The  constants  that  are  commonly  used  are 
given  in  Table  1. 

The  value  for  the  buoyancy  parameter  Cg3  is  a  matter  of  much  discussion.  Various 
values  have  been  suggested,  e.g.  Rodi  (1987)  suggests  a  value  of  0  <  Cez  <  0.29,  Baum 
Caponi  (1992)  suggest  C^s  =  1.14  and  Burchard  Baumert  (1995)  have  argued  that 
Cgs  should  have  negative  values.  It  turns  out  from  our  studies  that  this  is  a  very  sensitive 
parameter  for  stratified  flows. 


2.3.  Proposed  parametrizations 


Several  parameters  have  been  suggested  to  characterize  the  effects  of  the  stratification, 
the  most  obvious  of  which  is  the  gradient  Richardson  number  defined  in  equation  (2.2). 
However,  Ferziger  et  al.  (2003)  argue  that  this  is  not  the  best  choice  as  it  represents  the 
forcing  rather  than  the  properties  of  the  turbulence.  As  pointed  out  by  SKFR,  the  tur¬ 
bulent  Froude  number  gives  better  correlations.  It  can  be  defined  based  on  the  quantities 
computed  from  the  k-e  model  as: 


(2.12) 


Further,  it  is  also  noted  that  there  is  a  gradient  Richardson  number  at  which  turbulence 
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energy  neither  grows  nor  decays  called  the  stationary  Richardson  number  Rigs-  Holt  et 
al  (1992)  showed  that  Rigs  is  a  function  of  the  Reynolds  number  at  least  at  smaller 
values  of  Re.  If,  in  equations  (2.4)  and  (2.8),  we  set  Dk/Dt  =  De/Dt  =  0,  and  eliminate 
e,  then  for  homogeneous  flows,  the  following  relation  is  obtained: 


p  - 


(2.13) 


where  Rifs  is  the  flux  Richardson  number.  Applying  the  gradient  diffusion  modeling 
concept  to  both  B  and  P  in  equation  (2.13)  yields: 


where  it  is  found  that  Prt  «  1  in  the  stationary  flow  cases.  Hence  we  assume  that  Rifs 
and  Rigs  are  equivalent  in  the  discussion  that  follows. 

We  choose  to  insist  that  Ca  be  zero  at  the  stationary  state  in  order  to  satisfy  the 
constraint  that  the  model  predicts  the  existence  of  a  stationary  state  under  the  conditions 
determined  by  SKFR.  Rearranging  equation  (2.13)  and  using  the  generally  accepted  value 
of  0.25  for  the  stationary  Richardson  number  at  high  turbulence  Reynolds  number,  we 


get: 


Cs2  = 


Cn 

1  Rifs 


(2.15) 


The  functional  dependence  of  the  stationary  Richardson  number  Rigs  on  the  turbulence 
Reynolds  number  Rejt  defined  in  equation  (2.16)  was  given  by  SKFR  as  shown  in  equation 


(2.17). 


(2.16) 


r>.  n-  0-25 

Rtfs  «  Rigs  -  J  103/Refc 


(2.17) 


Any  of  the  parameters  in  the  model  e  equation  can  be  allowed  to  vary  as  a  function 
of  the  turbulent  Proude  number  but  only  one  parameter  (or  combination  of  parameters) 
can  be  derived  from  the  model  dissipation  equation  and  the  DNS  data,  enforcing  a 
limitation  on  the  choices  that  can  be  made.  In  this  study,  the  parameters  that  are  chosen 


to  depend  on  the  stratification  are  and  while  Cei  and  0^2  are  independent  of 
the  stratification.  We  do  however  include  the  effect  of  the  Reynolds  number  on  C^2  as 


discussed  earlier  through  equations  (2,15)  and  (2.17). 

The  buoyancy  parameter  can  be  calculated  from  DNS  data  using  the  model  e 
equation  as  a  function  of  Fvk.  To  accomplish  this,  we  compute  (1/ e)de/ dt  from  the  SKFR 
data  by  fitting  a  least  square  straight  line  to  log  e  as  a  function  of  time  over  the  time 
range  used  in  all  of  the  data  fitting.  We  then  solve  equation  (2.8)  for  using  equation 
(2.15)  for  Ce2  (as  discussed  by  Ferziger  et  al,  2003).  The  resulting  values  are  plotted  in 
Figure  1.  Unfortunately,  there  is  no  clear  trend  in  the  data  to  suggest  any  definitive  fit. 
However,  the  data  indicates  that  is  of  order  unity  in  the  strongly  stratified  region 
and  possibly  shows  a  slight  increase  with  increasing  Frk-  The  fit  we  used  for  this  study 
is  also  shown  in  Figure  1  and  is  given  by  equation  (2.18).  This  correlation  is  based  on 
the  observation  that  the  mixing  efficency  peaks  at  about  Frk  of  0.4  -  0.5  for  the  SKFR 
data  and  should  be  zero  there.  It  should  be  noted  that  the  data  does  not  extend  into 
the  very  strongly  stratified  regime  (i.e.  very  low  Fvk  values).  It  is  a  regime  that  has  a 
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Figure  1.  Buoyancy  parameter  Ce3  as  a  function  of  the  turbulent  Proude  number,  o:  values 
calculated  from  the  SKFR  data, - :  fit  given  by  (2.18). 


mixture  of  internal  waves  and  turbulence  and  care  has  to  be  exercised  in  applying  any 
turbulence  model  in  this  regime. 


'  1.44 

1.44  -  9.6(F’rA:  -  0.35) 
6A{Frk  -  0.5) 

1.92 

\ 


for  Frk  <0.35 
for  0.35  <  Frk  <  0.50 
for  0.5  <  Frjt  <  0.80 
for  Frk  >  0.80 


(2.18) 


We  note  that  Figure  1  indicates  that  a  better  fit  to  the  data  could  be  given  but  we  felt 
it  important  to  repeat  the  condition  that  be  zero  at  Frk  =  0.5. 

The  eddy  viscosity  parameter  obtained  from  the  data  is  plotted  as  function  of 
Frk  in  Figure  2,  The  value  of  obtained  from  the  SKFR  data  at  large  Frk  (weak 
stratification)  is  lower  than  the  typical  value  of  0.09.  However,  we  fit  the  data  such  that 
reaches  the  asymptotic  value  of  0.09  at  high  Frk  values.  Thus: 

{0.125Fr^  +  O.OUFrk  for  Frk  <  0.35 

0.006(Fr*  -  0.35)7(0.02  +  0.1  (Fr^  -  0.35))  +  0.02  for  0.35  <  Frk  <  0.60 
0.08tanh(FrA;)  +  0.01  for  Frk  >  0-60 

(2.19) 

The  scalar  transport  can  be  modeled  using  the  turbulent  Prandtl  number  defined  in 
equation  (2.11).  We  plotted  the  turbulent  Prandtl  number  as  a  function  of  the  turbulent 
Proude  number  as  shown  in  Figure  3.  The  curve  fit  shown  in  the  figure  is: 


f  1.4  for  Frk  <  0.35 

\  1.4  -  0.55(1  -  exp(-7(Frfc  -  0.35))  for  Frk  >  0.35 


(2.20) 


where  we  have  chosen  to  keep  the  Prandtl  number  constant  in  the  highly  stratified 
regions. 
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Figure  2.  The  eddy  viscosity  coefficient  as  a  function  of  the  turbulent  Proude  number,  o: 
values  derived  from  the  SKFR  data, - :  correlation  (2.19) 
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Figure  3.  The  turbulent  Prandtl  number  as  a  function  of  the  turbulent  Froude  number,  o: 
values  derived  from  the  SKFR  data, - :  correlation  (2.20) 

3.  Results  and  discussion 

In  order  to  test  the  proposed  parameterization  and  compare  it  with  other  models,  it 
is  essential  that  we  apply  it  to  a  flow  that  is  significantly  different  from  the  homogenous 
flows  from  which  the  parameters  were  derived.  We  chose  the  stratified  open  channel  flow 
as  our  test  case.  This  is  a  flow  for  which  direct  numerical  simulations  and  large  eddy 
simulations  have  been  performed  by  Garg  et  al  (2000)  and  Shih  (2003). 

The  tests  of  the  model  were  performed  using  a  1-D  water  column  model  called  GOTM 
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(General  Ocean  Turbulence  Model)  developed  by  Burchard  et  al  (1999).  The  various 
turbulence  closure  schemes  in  GOTM  are  based  on  a  modular  format  that  enables  easy 
incorporation  in  3-D  ocean  circulation  models  and  also  allows  for  refinements  or  exten¬ 
sions  to  the  turbulence  models.  The  source  code  is  available  to  the  public  on  the  Internet 
website  www.gotm.net.  We  incorporated  our  proposed  model  into  the  GOTM  code.  Since 
none  of  the  built  in  stability  functions  in  GOTM  modify  their  parameters  based  on  depth, 
we  had  to  adapt  the  code  to  modify  the  parameters  in  k-e  model  discussed  above  to  be 
depth  dependent  based  on  the  local  turbulent  Proude  number. 

The  test  case  we  use  is  somewhat  artificial.  It  is  a  pressure-gradient  driven  open  channel 
flow  in  which  the  density  is  held  fixed  at  both  the  lower  solid  boundary  and  the  upper 
free  surface  and  in  some  ways  similar  to  the  experiments  done  by  Komori  et  al  (1983). 
The  Reynolds  number  Rcr  and  the  Richardson  number  Rir  based  on  the  shear  velocity 
for  all  the  test  runs  were  682  and  31  respectively.  Previous  studies  by  Garg  et  al  (2000) 
have  shown  that  LES  produces  results  that  are  in  good  agreement  with  DNS  results  for 
open  channel  flows.  Hence  we  use  an  LES  run  with  identical  conditions  to  those  in  our 
test  case  to  assess  the  predictions  of  our  proposed  model  and  that  of  the  standard  k-e 
model  with  constant  stability  functions. 

The  flow  was  first  allowed  to  develop  to  a  converged  solution  (without  stratification 
effects)  using  the  standard  k-e  model  after  which  the  stratification  was  imposed.  The 
velocity  and  density  profiles  at  the  initial  state  (i.e.  after  spin  up)  are  shown  in  Figure 
4.  Also  shown  in  Figure  4,  are  the  turbulent  kinetic  energy  and  dissipation  profiles  to¬ 
gether  with  the  turbulent  Froude  number  and  the  turbulent  Reynolds  number  profiles. 
Superimposed  on  these  figures  are  the  instantaneous  LES  profiles. 

A  total  of  four  runs  were  done  using  different  combinations  of  the  modifications  (out¬ 
lined  above)  to  the  k-e  model  so  as  to  determine  the  most  suitable  combination  of  param¬ 
eters  that  can  match  as  closely  as  possible  the  LES  results.  The  test  runs  discussed  in  this 
paper  are  outlined  in  Table  2.  Run  1  is  based  the  standard  k-e  model  with  Ce3  =  1.44, 
while  run  2  uses  the  proposed  parametrizations.  In  run  3,  we  vary  only  the  eddy  viscosity 
parameter  and  turbulent  Prandtl  number  Prt  and  keep  both  C^2  and  Cgs  constant 
as  in  run  1.  Run  4  is  an  arbitrary  case  that  was  chosen  to  investigate  the  effects  of  just 
varying  the  turbulent  Prandtl  number  using  the  correlation  given  by  equation  (3.1). 

The  velocity,  density,  turbulent  kinetic  energy,  dissipation  of  the  turbulent  kinetic  en¬ 
ergy,  turbulent  Proude  number  and  turbulent  Reynolds  number  profiles  at  non-dimensional 
times  tu^jh  =  4.1  and  tu^/h  =  14.6  for  the  standard  k-e  model  (run  1)  and  the  full 
modified  version  (run  2)  together  with  the  LES  profiles  are  shown  in  Figures  5  and  6 
respectively. 

The  full  modified  version  of  the  proposed  model  (denoted  by  run  2)  underperforms 
the  k-e  model  in  terms  of  predicting  the  velocity  profile  in  the  channel  especially  at  later 
times,  as  seen  in  Figure  6,  even  though  it  appears  to  capture  the  free  surface  velocity 
better.  However,  it  does  significantly  better  in  predicting  the  evolution  of  the  density 
profile,  especially  during  the  transient  stages  of  the  flow. 

In  run  3,  both  (7^2  and  Cg3  are  held  at  constant  values  equal  to  the  ones  used  for  the 
k-e  test  run  1.  It  can  be  seen  from  the  density  profile  in  Figure  7  that  the  mixing  is 
now  predicted  better  for  the  highly  stratified  regions  (i.e.  low  Froude  numbers)  in  this 
run.  However,  this  case  underperforms  the  standard  k-e  case  for  most  of  the  lower  half 
of  the  channel  depth.  The  discrepancy  between  the  LES  and  the  RANS  results  given  by 
runs  1  and  3  for  the  lower  half  of  the  channel  depth  indicates  that  in  general  the  k-e 
model  allows  too  much  mixing  to  occur  from  the  bottom  boundary.  There  is  a  strong 
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Figure  4.  Initial  profiles  (a)  velocity;  (b)  density;  (c)  tke;  (d)  dissipation;  (e)  turbulent  Proude 
number  Frjt;  (f)  turbulent  Reynolds  number  Rek>  —  :  LES  results,  :  k-e  results. 


Run 

c. 

Ce2 

0.3 

Prt 

Remarks 

1 

0.09 

1.92 

1,44 

0.85 

Standard  k-e  model 

2 

eq.(2.19) 

eq.  (2.15) 

eq.  (2.18) 

eq.  (2.20) 

Pull  modified  version 

3 

eq.(2.19) 

1.92 

1.44 

eq.  (2.20)  Varying  and  Prt  only 

4 

0.09 

1.92 

1.44 

eq.  (3.1) 

Varying  Prt  only 

Table  2.  Test  runs  used  for  evaluating  the  predictions  by  the  modified  k-e  model 
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Figure  5.  Profiles  at  tu^/h  =  4.1:  (a)  velocity;  (b)  density;  (c)  tke;  (d)  dissipation;  (e)  Frjt; 
(f)  jRcfc.  —  :  LES  results; - :  run  1;  •••  :  run  2. 

possibility  that  the  prescribed  asymptotic  value  of  0.85  that  the  SKFR  data  suggests 
for  the  turbulent  Prandtl  number  is  low  even  though  there  are  good  engineering  data 
that  suggest  this  value  is  reasonable.  However,  other  observations  such  as  those  due  to 
Hogstrom  (1996)  suggest  a  value  of  Prt  =  1.  In  run  4,  we  use  a  different  correlation  for 
Prt  such  that  it  asymptotes  to  1.0  at  high  Frk  (see  equation  3.1).  The  results  as  shown 
in  Figure  7  indicate  closer  agreement  with  the  LES  results  compared  to  runs  1  and  3 
respectively.  . 

Prt  =  0.4exp(“2.5Frfc)  +  1.0  for  all  Frk  (3.1) 


4.  Conclusions  and  future  work 

Modifications  of  the  k-e  model  to  account  for  stratification  based  on  the  SKFR  data 
have  been  suggested  and  tested  in  this  study.  The  test  runs  done  on  the  stratified  open 
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Figure  6.  Profiles  at  14.6:  (a)  velocity;  (b)  density;  (c)  tke;  (d)  dissipation;  (e)  Fr^; 

(f)  Rck.  —  :  LES  results; - :  run  1;  •••  :  run  2. 


channel  flow  highlight  the  importance  of  correctly  modeling  the  turbulent  Prandtl  number 
Prt  as  well  as  the  buoyancy  parameter  The  results  suggest  that  the  turbulent  Prandtl 
number  should  be  close  to  unity  for  the  neutrally  stable  flows.  Further,  it  appears  that 
the  buoyancy  parameter  has  to  be  prescribed  as  a  value  of  the  order  of  C^i  in  order 
to  correctly  model  the  effects  of  the  buoyancy  force  in  the  dissipation  equation.  The 
lack  of  a  clear  trend  in  ^  ^  function  of  Fvk  from  the  DNS  data  suggests  that  the 
strategy  of  setting  C^s  equal  to  a  constant  is  probably  the  most  reasonable  approach.  The 
results  of  this  paper  are  useful  only  in  the  regimes  of  weak  to  moderate  stratification. 
Clearly  further  test  cases  should  be  performed  where  the  effects  of  the  stratification  are 
more  pronounced  and  where  Frk  is  small  over  larger  fraction  of  the  flow  depth.  This  will 
allow  us  to  evaluate  the  effects  of  varying  as  function  of  Fvk  more  precisely.  Further 
work  is  also  required  to  capture  the  boundary  layer  dynamics  properly  so  that  momentum 
balance  can  be  achieved  properly.  We  are  also  unable  to  comment  on  the  transport  models 
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Figure  7.  Velocity  profiles  (left)  and  density  profiles  (right).  —  ;  LES  results; - :  runl;  •••  : 

run  2;  -  •  -  :  run  3;  -  •  -  in  bold  :  run  4 
at  tu^/h  =  4.1  (top)  and  tu*/h  ~  14.6  (bottom). 


(which  may  also  depend  on  stratification)  as  the  SKFR  database  is  for  homogeneous  flows. 
It  is  important  to  obtain  data  for  strongly  stratified  and  inhomogeneous  flows  and  apply 
them  to  the  development  of  better  models  for  stably  stratified  flows. 


Acknowlegdements 

SKV  is  grateful  to  Professor  Parviz  Moin  for  financial  support  through  the  Center 
for  Turbulence  Research.  The  authors  would  like  to  thank  Professor  Paul  Durbin  for  his 
helpful  comments.  We  would  like  to  also  thank  Dr.  Hans  Bur  chard  for  providing  extensive 
and  invaluable  assistance  in  the  use  of  the  GOTM  model. 


REFERENCES 

Axell,  L.  B.  &  Liungman,  O.  2001  A  one-equation  turbulence  model  for  geophysical 
applications:  comparison  with  data  and  the  k-e  model.  Env,  Fluid  Mech.  1,  71-106. 

Baum,  E.  &  Caponi,  E.  A.  1992  Modeling  the  effects  of  buoyancy  on  the  evolution  of 
geophysical  boundary  layers,  J.  Geophys,  Res.,  97,  15513-15527. 

Burchard,  H.  &  Baumert,  H.  1995  On  the  performance  of  a  mixed-layer  model  based 
on  the  /c-€  turbulence  closure,  J.  Geophys.  Res.  100,  8523-8540. 

Burchard,  H.,  Bolding,  K.  &  Villarreal,  M.  R.  1999  GOTM,  a  General  Ocean 
Turbulence  Model,  Theory,  Implementation  and  Test  cases,  European  Commission, 
Report  EUR  18745,  103pp. 

Ferziger,  j.  H.,  Koseff,  J.  R.,  Shih,  L.  H.  Sc  Venayagamoorthy,  S.  K.  2003 
RANS  models  for  stratified  turbulence  based  on  DNS  data,  Phys.  Fluids,  in  prepa¬ 
ration. 


138  Venayagamoorthy,  Koseff,  Ferziger  &  Shih 

Garg,  R.  K.,  Ferziger,  J.  H.,  Monismith,  S.  G.  &  Koseff,  J.  R.  2000  Stably 
stratified  turbulent  channel  flows:  I.  Stratifcation  regimes  and  turbulent  suppression 
mechanism,  Phys,  Fluids,  12,  2569-2594. 

Hogstrom,  U.  1996  Review  of  some  basic  characteristics  of  the  atmospheric  surface 
layer,  Boundary- Layer  Meteorol,  78,  215-246. 

Holt.  S.  E.,  Koseff,  J.  R.  &  Ferziger,  J.  H.  1992  A  numerical  study  of  the  evolution 
and  structure  of  homogeneous  stably  stratified  sheared  turbulence,  J.  Fluid  Mech. 
237,  499-539. 

Komori.  S.,  Ueda,  H.,  Ogino,  F.  &  Mizushina,  T.  1983  Turbulence  structure  in 
stably  stratified  open-channel  flow,  J.  Fluid  Mech.  130,  13. 

Rodi,  W.  1987  Turbulence  models  and  their  application  in  Hydraulics  -  A  state  of  the 
art  review,  Int  Assoc.  Hydr.  Res.,  Rotterdam,  The  Netherlands. 

Rodi,  W.  1980  Examples  of  calculation  methods  for  flow  and  mixing  in  stratified  flows, 
J.Geophys.  Res.,  92,  5305-5328. 

Shih.  L.  H.  2003  Numerical  simulations  of  stably  stratified  turbulent  flow  Phd  disser¬ 
tation,  Dept,  of  Civil  and  Env.  Engr.,  Stanford  Univ. 

Shih.  L.  H.,  Koseff,  J.  R.,  Ferziger,  J.  H.  &  Rehmann,  C.  R.  2000  Scaling  and 
parameterization  of  stratified  homogeneous  turbulent  shear  flow,  J.  Fluid  Mech.  412, 
1-20. 


Center  for  Turbulence  Research 
Annual  Research  Briefs  2003 


139 


Unstructured  LES  of  reacting  multiphase  flows  in 
realistic  gas  turbine  combustors 

By  Frank  Ham,  Sourabh  Apte,  Gianluca  laccarino,  Xiaohua  Wu,  Marcus 
Herrmann,  George  Constantinescuf,  Krishnan  Mahesh^  and  Parviz  Moin 


1,  Motivation  and  objectives 

As  paxt  of  the  Accelerated  Strategic  Computing  Initiative  (ASCI)  program,  an  accu¬ 
rate  and  robust  simulation  tool  is  being  developed  to  perform  high-fidelity  LES  studies 
of  multiphase,  multiscale  turbulent  reacting  flows  in  aircraft  gas  turbine  combustor  con¬ 
figurations  using  hybrid  unstructured  grids.  In  the  combustor,  pressurized  gas  from  the 
upstream  compressor  is  reacted  with  atomized  liquid  fuel  to  produce  the  combustion 
products  that  drive  the  downstream  turbine.  The  Large  Eddy  Simulation  (LES)  ap¬ 
proach  is  used  to  simulate  the  combustor  because  of  its  demonstrated  superiority  over 
RANS  in  predicting  turbulent  mixing,  which  is  central  to  combustion. 

CDP  is  the  flagship  LES  code  being  developed  by  the  combustor  group  to  perform  LES 
of  reacting  multiphase  flow  in  complex  geometry.  CDP  is  named  after  the  late  Charles 
David  Pierce  (1969-2002)  who  made  several  lasting  contributions  to  the  LES  of  react¬ 
ing  flows  and  to  this  ASCI  program.  CDP  is  a  parallel  unstructured  finite- volume  code 
developed  specifically  for  LES  of  variable  density  low  Mach-number  flows.  It  is  written 
in  Fortran  90,  uses  MPI,  and  has  integrated  combustion  and  spray  modules.  In  the  first 
five  years  of  ASCI  (1997-2002),  the  principle  focus  of  the  combustor  group  was  the  de¬ 
velopment  and  validation  of  an  entirely  new  numerical  method  with  the  characteristics 
necessary  for  simultaneously  accurate  and  robust  LES  on  unstructured  grids.  These  com¬ 
peting  ends  were  both  achieved  by  developing  a  method  around  the  principle  of  discrete 
kinetic  energy  conservation  (Mahesh  et  al  2003).  This  numerical  algorithm  has  now  been 
extended  to  variable  density,  iow-Mach  number  multiphase  reacting  flows. 

In  March  of  2003,  with  the  underlying  numerics  established  and  validated  in  a  variety 
of  flows,  a  major  redesign  and  rewrite  of  the  code  was  initiated.  Called  CDP-a,  this 
new  version  of  the  code  will  have  all  the  capabilities  of  the  current  code  along  with 
considerable  improvements,  all  of  which  are  considered  critical  to  achieving  the  stated 
ASCI  goal  of  a  “major  advance  in  engine  simulation  technology.” 

This  paper  summarizes  the  accomplishments  of  the  combustor  group  over  the  past 
year,  concentrating  mainly  on  the  two  major  milestones  achieved  this  year: 

•  Large  scale  simulation:  A  major  rewrite  and  redesign  of  the  flagship  unstructured 
LES  code  has  allowed  the  group  to  perform  large  eddy  simulations  of  the  complete 
combustor  geometry  (all  18  injectors)  with  over  100  million  control  volumes. 

•  Multi-physics  simulation  in  complex  geometry:  The  first  multi-physics  simulations 
including  fuel  spray  breakup,  coalescence,  evaporation,  and  combustion  are  now  being 
performed  in  a  single  periodic  sector  (1/18*^)  of  an  actual  Pratt  &  Whitney  combustor 
geometry. 
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2.  New  CDP  Code  Development:  CDP-a 

In  March  of  2003,  development  of  a  new  version  of  CDP,  CDP-a,  was  initiated  with 
the  goal  of  performing  large-scale  simulation  of  the  full  Pratt  &:  Whitney  combustor. 
When  completed,  CDP=q;  will  have  all  the  capabilities  of  the  existing  CDP  code,  with 
the  following  improvements: 

•  Parallel  preprocessing  to  allow  unstructured  simulations  of  100  million  control  vol¬ 
umes  or  more, 

•  Faster,  more  scalable  solvers  based  on  geometric  and/or  algebraic  multigrid  meth¬ 
ods, 

•  Particle/mesh  load  balancing  capabilities, 

•  Integrated  postprocessing  capabilities,  including  the  parallel  computation  and  writ¬ 
ing  of  plane  and  isosurface  cuts  of  instantaneous  or  statistical  data,  and  the  seeding  and 
tracking  of  massless  Lagrangian  particles, 

•  Generally  improved  code  modularity  and  design,  allowing  users  several  levels  of 
interaction  with  the  code,  and  rapid  implementation  and  testing  of  new  models  and 
capabilities, 

•  Regression  testing  and  version  control. 

At  the  time  of  writing,  the  parallel  preprocessor  has  been  completed,  and  a  cold  flow 
(incompressible)  version  of  CDP-a  has  been  completed  and  verified  against  the  old  code 
in  a  variety  of  incompressible  flow  calculations.  A  Fortran  90  interface  to  the  algebraic 
multigrid  solver  of  LLNL’s  CASC  group  (Falgout  et  al  2002)  has  been  added  as  an  option 
for  solving  the  Poisson  system,  resulting  in  a  significant  overall  speedup,  although  at  a 
substantial  memory  overhead.  Particle/mesh  load  balancing  capabilities  have  been  added 
and  tested  using  model  particle  distributions.  Details  of  these  capabilities  are  described 
in  the  following  subsections, 

2.1.  Parallel  Preprocessing 

CDP  requires  as  input  Np  separate  grid  partition  files,  where  Np  is  the  number  of  pro¬ 
cessors  that  will  be  used  for  the  LES.  These  partition  files  describe  the  grid  (nodes,  faces, 
control  volumes)  associated  with  a  particular  partition,  and  also  contain  the  connectivity 
graph.  The  preparation  of  these  Np  partition  files  is  called  preprocessing,  and  consists  of 
four  distinct  steps: 

•  geometry  definition 

•  grid  generation 

•  grid  partitioning 

•  reordering/redistribution 

Up  to  now,  the  combustor  group  simulations  have  used  a  single-processor  preprocessing 
strategy  to  generate  and  preprocess  hybrid  unstructured  grids  up  to  a  maximum  size 
of  about  14  M  control  volumes  (cv’s).  This  is  approximately  the  maximum  size  that 
can  fit  within  the  8  GByte  physical  memory  of  the  high-end  workstation  used  for  grid 
generation.  At  this  size,  the  grid  is  extremely  cumbersome  to  inspect  for  quality,  and  a 
more  reasonable  limit  is  about  5  M  cv’s. 

To  preprocess  grids  of  order  100  M  cv’s,  it  was  necessary  to  develop  a  new  parallel 
preprocessor.  Some  recent  aircraft  simulations  in  the  literature  have  used  unstructured 
tetrahedral  grids  close  to  this  size  (25  to  60  M  vertices)  (Mavriplis  Sz  Pirzadeh  1999). 
These  grids  were  generated  using  a  two  step  approach.  First  an  unstructured  grid  of 
several  million  vertices  was  generated  and  partitioned  on  a  work-station.  These  parti¬ 
tions  were  subsequently  refined  using  homothetic  refinement  on  a  supercomputer.  This 
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Figure  1.  Flowchart  for  the  Parallel  Preprocessor  based  on  Fluent’s  GAMBIT  software  for 
mesh  generation,  and  our  own  preprocessing  program  called  PPAREM  (Parallel  PArtition  and 
REorder  Mesh). 


approach  significantly  reduces  the  cost  of  the  initial  grid  generation,  but  gives  up  in¬ 
dividual  element  control.  This  approach  also  requires  a  close  coupling  to  the  problem 
geometry  during  the  refinement  of  elements  along  the  boundary  to  ensure  the  grid  re¬ 
mains  boundary-conforming. 

The  present  combustor  simulations  contain  substantially  more  geometric  complexity 
than  the  aircraft  wing-body  geometries  typically  used  for  simulation.  Consequently,  en¬ 
suring  boundary  conformity  during  refinement  presents  a  significant  challenge.  Addition¬ 
ally,  there  are  many  regions  of  the  geometry  where  control  of  the  final  grid  distribution 
is  desired,  such  as  the  geometric  details  of  the  injectors  or  dilution  holes.  Homothetic 
refinement  without  subsequent  grid  smoothing  can  introduce  step- changes  in  the  grid 
spacing  that  may  adversely  affect  LES  accuracy.  For  these  reasons,  the  present  parallel 
preprocessor  was  developed  based  on  the  idea  of  decomposing  the  combustor  geometry 
into  several  geometrically-separated  regions,  and  then  separately  generating  the  desired 
grid  in  each  of  these  regions,  ensuring  only  that  shared  surfaces  have  identical  meshes. 
These  meshes  are  then  reassembled  on  the  parallel  computer  using  fast  octree  searches 
on  the  common  face  geometry. 

Figure  1  illustrates  the  process  of  mesh  generation  using  the  GDP  parallel  preproces¬ 
sor.  Grid  generation  is  still  performed  on  a  single  high-end  workstation  using  Fluent’s 
commercial  mesh  generation  software,  GAMBIT.  For  mesh  sizes  less  than  about  5  mil- 
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Table  1.  Parallel  preprocessing  of  35  M  cv  grid 


exact  cv  count 

35,140,896 

number  of  msh  files,  Nm 

18 

number  of  final  partitions,  Np 

352 

I/O: 

input  msh  files 

3.72  GB 

output  partition  files 

3.01  GB 

Wall  clock  time: 

PPAREM  on  Nm  processors: 

read/parse  msh  files 

504  s 

octree  reconnect  geometry 

28  s 

Np  partition  (ParMETIS) 

45  s 

write  Np  partition  files 

1436  s 

Total  wall  clock  time 

2013  s  (34  min) 

lion  control  volumes,  the  preprocessing  is  done  in  an  entirely  serial  way,  much  as  before. 
For  larger  meshes,  however,  the  geometric  decomposition  approach  described  earlier  is 
used,  and  GAMBIT  is  used  to  generate  a  number  of  separate  mesh  files.  Our  parallel 
preprocessing  program  PPAREM  (Parallel  PArtition  and  REorder  Mesh)  then  reads  and 
reconnects  the  global  mesh,  produces  a  high-quality  partition  that  is  independent  of  the 
present  geometric  decomposition  using  ParMETIS,  and  reorders  and  cooperatively  writes 
the  partition  files  using  the  MPI-I/0  routines.  Cooperative  writing  of  the  partition  files 
represented  a  challenging  programming  task,  but  is  the  only  theoretically  scalable  way 
to  write  the  final  partition. 

The  parallel  preprocessor  was  used  to  prepare  two  large  grids  on  LLNL’s  Frost  for  the 
cold  flow  full  combustor  simulations  described  in  the  next  subsection.  Grid  sizes  were 
approximately  35  M  and  100  M  cv’s  respectively.  Due  to  the  memory  requirement  of 
ParMETIS  (approx.  0.4  GB  per  million  cv’s  out  of  the  total  requirement  of  0.5  GB  per 
million  CV’s  for  PPAREM),  it  was  necessary  in  the  case  of  the  100  M  cv  grid  to  produce 
an  intermediate  partition  using  a  low-memory  but  poor  quality  partitioning  algorithm 
(simply  binning  the  cv’s  based  on  global  index).  PPAREM  was  then  run  a  second  time 
on  a  larger  number  of  processors  using  this  poor  quality  partition  as  input.  With  more 
memory  available,  a  high-quality  partition  was  then  calculated  using  ParMETIS.  An  al¬ 
ternative  and  presumably  faster  approach  would  be  to  increase  the  memory  per  processor 
by  using  more  nodes.  This  was  tried  unsuccessfully  up  to  6  nodes  for  the  100  M  case  (i.e. 
3  processors  per  node),  at  which  point  the  “successive  partitioning”  strategy  described 
previously  was  adopted. 

Tables  1  and  2  summarize  some  key  indices  measured  during  preprocessing.  The  most 
expensive  and  apparently  least  scalable  component  of  preprocessing  is  the  cooperative 
reordering  and  writing  of  the  partition  files  using  MPI-I/0.  In  the  worst  case,  however, 
preprocessing  of  the  100  M  cv  grid  with  1024  partitions  required  4.5  hours. 

2.2.  Large-Scale  Simulation 

In  the  process  of  verification  and  validation  of  CDP-a,  a  variety  of  incompressible  cold 
flow  simulations  have  been  performed.  The  largest  of  these  have  been  35  M  cv  and  100  M 
cv  simulations  of  the  full  P&W  combustor  (all  18  injectors).  Figure  2  presents  a  snapshot 
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Table  2.  Parallel  preprocessing  of  100  M  cv  grid  -  2  cases 


exact  cv  count 
number  of  msh  files,  Nm 
poor  quality  partitions,  Npf 
final  partitions,  Np 

I/O: 

input  msh  files 
poor  quality  partition  files 
final  partition  files 
Wall  clods  time: 

1.  PPAREM  on  Nm  processors: 

read/parse  msh  files 
octree  reconnect  geometry 
poor  quality  partition 
write  poor  partition  files 

2,  PPAREM  on  Npf  processors: 

read  poor  quality  partition 
partition  (ParMETIS) 
write  Np  partition  files 
Total  wall  clock  time 


100,241,208 

100,241,208 

18 

18 

96 

96 

512 

1024 

14,28  GB 

14.28  GB 

9.65  GB 

9.65  GB 

8.86  GB 

8.78  GB 

1550  s 

1550  s 

75  s 

75  s 

2  s 

2  s 

1538  s 

1538  s 

122  s 

183  s 

387  s 

501  s 

6445  s 

12385  s 

10121  s  (2.8  h) 

16236  s  (4.5  h) 

Figure  2.  Geometry  and  contours  of  the  instantaneous  velocity  magnitude  on  a  plane  cut 
through  the  full  P&W  6000  combustor  simulation,  35  M  cv’s. 


of  this  simulation  illustrating  its  substantial  geometric  complexity  and  fidelity.  The  max¬ 
imum  ratio  of  length  scales  (ratio  of  overall  domain  size  to  the  smallest  control  volume 
sizes)  is  about  10'^.  When  the  new  code  is  completed  and  contains  all  the  combustion  and 
spray  capability  of  the  existing  CDP,  the  ability  to  run  such  large  simulations  will  al¬ 
low  the  investigation  of  important  physical  phenomena,  including  azimuthal  combustion 
instabilities.  Their  purpose  at  this  point,  however,  is  mainly  for  computer  science. 
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2.2.1.  Multigrid 

Multigrid  solvers  will  play  an  important  role  in  achieving  speed  and  scalability  for  the 
very  large  scale  simulations  made  possible  with  the  new  code.  As  part  of  the  CDP-a 
development,  an  interface  was  written  to  the  hypre  solvers  of  LLNL’s  CASC  group  (Fal- 
gout  et  al  2002),  and  specifically  the  algebraic  multigrid  solver  (AMG).  Tests  on  large 
scale  cold-flow  simulations  (35  M  cv’s  on  between  160  and  512  processors  of  Frost)  where 
the  existing  preconditioned  conjugate  gradient  solver  (PCG)  for  pressure  was  replaced 
by  AMG  yielded  a  consistent  overall  speedup  of  over  4  times.  At  the  largest  problem 
size  investigated  of  100  M  cv’s,  however,  it  was  not  possible  to  use  AMG  due  to  memory 
allocation  errors,  even  when  all  64  nodes  of  Frost  were  dedicated  to  this  problem  .  Based 
on  these  results,  the  following  modifications  were  made  to  the  solver-related  research  in 
the  combustor  group: 

•  Although  the  existing  CDP  code  will  be  phased  out  in  the  next  few  months  as  the 
combustion  and  spray  capabilities  are  implemented  and  verified  in  CDP-a,  the  CDP-to- 
hypre  interface  was  integrated  into  the  old  CDP  code,  where  it  has  resulted  in  an  overall 
speedup  of  over  2  x  for  the  multiphysics  reacting  flow  simulations.  The  effect  of  AMG 
on  both  the  old  and  new  codes  is  shown  in  figure  3. 

•  The  combustor  group’s  research  into  geometric  multigrid  has  been  given  lower  prior¬ 
ity.  While  the  performance  of  geometric  multigrid  should  theoretically  be  superior  to  the 
algebraic  method,  both  methods  have  the  property  of  linear  scalability,  and  the  promising 
results  from  hypre’s  AMG  have  meant  that  combustor  group  computer  science  resources 
can  be  concentrated  on  other  non-scalable  bottlenecks  associated  with  CDP,  including 
parallel  preprocessing  and  particle/mesh  load  balancing. 

•  LLNL’s  CASC  group  has  been  involved  to  help  solve  the  memory  problems  associ¬ 
ated  with  the  very  large  scale  simulations,  and  also  to  provide  expertise  in  optimizing 
the  variety  of  AMG  settings  for  our  simulations. 

2.2.2.  Scalability 

A  scalability  study  of  CDP-a  has  been  performed  on  Frost.  Figure  4  summarizes  these 
results  for  the  35  M  cv  full  combustor  cold  flow  LES,  showing  acceptable  scalability  on 
up  to  480  processors. 

Although  the  full  combustor  simulation  was  also  run  with  100  M  cv’s  on  up  to  64  nodes 
of  Frost,  this  was  only  possible  with  the  significantly  slower  PCG  solver  for  pressure. 
Investigations  of  the  code  scalability  at  these  larger  problem  sizes  and  over  a  greater 
range  of  processors  will  be  made  once  the  memory  problems  associated  with  the  AMG 
solver  have  been  solved. 

2.2.3.  Code  Performance 

Table  3  gives  some  of  the  key  computer  science  indices  for  the  new  CDP-a  code.  The 
total  memory  requirement  and  total  file  size  scale  linearly  with  problem  size,  so  these 
indices  are  reported  per  M  cv’s.  We  note  that  the  AMG  memory  estimate  is  based  on 
a  number  of  smaller  simulations  made  on  32  processors  or  fewer.  Clearly  such  an  aggre¬ 
gate  memory  requirement  does  not  give  the  complete  picture  for  large-scale  simulations. 
Assuming  linear  scaling,  the  100  M  cv  simulation  should  require  100  M  x  3.5  GB  =  350 
GB,  less  than  the  physical  memory  available  on  32  and  certainly  64  nodes  of  Frostf.  As 
discussed  earlier,  however,  attempts  to  run  the  100  M  cv  simulation  with  AMG  on  both 
32  and  64  nodes  of  Frost  resulted  in  memory  allocation  errors. 

f  Frost  has  64  nodes  with  16  GB/node  and  16  processors/node 
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(a)  old  CDP,  multiphysics  LES  (b)  new  CDP-a,  cold  flow  LES 

Figure  3.  Speedup  of  the  old  and  new  CDP  codes  by  changing  the  pressure  solver  from  pre¬ 
conditioned  conjugate  gradient  (PCG)  to  hypre’s  algebraic  multigrid  (AMG):  a)  Old  CDP  code, 
P&W  reacting  flow  single  sector  simulation  with  2  M  cv’s  on  80  processors  of  Frost  («  25, 000 
cv’s/processor).  b)  New  CDP-a,  cold  flow  LES  of  full  combustor,  35  M  cv’s  on  480  processors 
of  Frost  («  73,000  cv’s/processor). 


Figure  4.  Scalability  of  the  new  CDP-o;  code  on  Frost  (with  hypre  AMG  solver  for  pressure). 
Problem  is  the  cold  flow  LES  of  the  full  combustor  geometry  with  35  M  cv’s.  Scaling  is  reported 
relative  to  the  160  processor  case,  which  was  the  smallest  number  of  Frost  processors  that  could 
run  this  problem. 


2.3.  Particle/Mesh  Load  Balancing 

The  geometric  locality  of  particles  combined  with  the  sequential  nature  of  particle/mesh 
time  advancement  can  create  load  imbalance.  By  integrating  components  of  the  parallel 
preprocessor  with  CDP-a,  it  was  straight-forward  to  add  particle/mesh  load  balancing 
capabilities  to  the  new  code.  Because  the  code  has  very  long  run  times  relative  to  the 
startup  time  (i.e.  reading  the  partition  and  restart  files),  we  developed  the  load  balancing 
strategy  to  work  like  a  restart.  When  a  threshold  value  of  load  imbalance  is  reached,  a 
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Table  3.  Some  computer  science  indices  for  CDP-a 


Total  memory  requirement 

-  with  PCG  solver  for  pressure 

1.5  GB  per  M  cv’s 

-  with  AMG  solver  for  pressure 

3.5  GB  per  M  cv’s 

I/O  (MPI-2); 

-  input  partition  files 

0.10  GB  per  M  cv’s 

-  input  restart  or  output  result  files 

0.20  GB  per  M  cv’s 

Floating  point  performance  (Frost): 

-  sustained  Megaflops  per  processor 

78.9  Mflops 

-  percentage  of  peak 

5.3% 

-  flops  to  memory  references 

0.294 

Sample  wall  clock  time  (35  M  cv  on 

480  processors  of  Rrost,  cold  flow): 

-  startup  (read  partition  &  restart  files) 

13  min 

-  20,000  time  steps  at  11  s/step 

61  h 

-  writing  result/restart  files 

5  min 

-  cooperative  writing  2D  plane  data  file 

1  min 

new  partition  is  calculated  using  the  multi-constraint  option  available  in  Par  METIS. 
This  new  partition  will  have  (approximately)  the  same  number  of  cv’s  and  particles 
on  each  processor.  This  new  partition  is  then  cooperatively  written  to  files  using  the 
routines  developed  for  the  parallel  preprocessor.  The  simulation  is  then  stopped,  and  can 
be  restarted  using  the  new  partition. 

At  the  time  of  this  writing,  these  capabilities  have  been  tested  on  small  problems  using 
model  particle  cost  distributions  only.  Figure  5  illustrates  a  model  particle  cost  function 
and  an  initial  32-partitioning  produced  by  the  parallel  preprocessor  using  ParMETIS  in 
single-constraint  mode.  ParMETIS  was  then  used  to  repartition  the  problem  with  the 
dual  constraints  of  equal  numbers  of  cv’s  and  particles  on  each  partition.  The  theoretical 
simulation  timings  for  the  initial  partition  and  multi-constraint  partition  are  shown  in  fig¬ 
ure  6  a)  and  b)  respectively.  Times  are  normalized  relative  to  the  perfectly  balanced  case. 
For  this  particular  particle  distribution,  the  initial  partition  has  a  normalized  computa¬ 
tion  time  of  over  4.  Using  a  multi-constraint  repartitioning,  the  normalized  computation 
time  is  reduced  to  1.04.  This  implies  a  speedup  of  about  4  x,  assuming  no  change  in 
parallel  efficiency.  The  multi-constrained  partitioning  does,  however,  increase  the  edge 
cut  -  in  this  case  by  about  40%.  The  extent  to  which  this  reduces  the  theoretical  speedup 
will  be  determined  when  this  load  balancing  capability  is  tested  on  real  problems. 


3.  Spray  Models  in  CDP 

The  objective  of  the  spray  simulation  effort  is  to  develop  a  numerical  framework  based 
on  Lagrangian  particle  models  to  perform  high-fidelity  LES  of  reacting  multiphase  flows 
encountered  in  realistic  gas-turbine  combustion  chambers.  Three  regimes  of  fiow  devel¬ 
opment  are  commonly  observed  inside  these  combustors  (as  shown  in  Fig.  7):  1)  ’primary 
breakup  regime’  and  ‘dense  regime’,  where  the  liquid  film  exhibits  large  scale  coherent 
structures  that  interact  with  the  gas-phase  and  disintegrate  into  filaments  by  forming 
Kelvin-Helmholtz  type  instability,  2)  ‘intermediate  regime’  where  the  liquid  blobs  formed 
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(a)  model  particle  cost  (b)  initial  32-partitioning 


Figure  5.  Semiple  problem  used  to  demonstrate  paxticle/mesh  load  balancing  capabilities  in 

CDP-a. 


■gas  □idle  Opartlde  Dldle  Hgas  Oldie  Opartide  Oldie 


(a)  single-constraint  (b)  multiple-constraint  32- 

32-partition,  edge  cut  =  partition,  edge  cut  =  23043, 

18038,  normalized  time  =  normalized  time  =  1.04 

4.05 

Figure  6.  Computation  time  on  each  processor  for  sample  particle/mesh  load  balancing 

problem  shown  in  figure  5. 

undergo  secondary  breakup,  and  3)  ‘dilute  regime’  where  the  droplets  evaporate,  the  fuel 
vapor  mixes  with  the  surrounding  hot  gas  giving  turbulent  spray  flames.  Droplet  defor¬ 
mation  and  collision  are  also  important  features  in  the  intermediate  regime.  Figure  7 
summarizes  the  characterization  of  the  spray  formation  into  the  three  regimes,  based  on 
the  ratio  of  the  characteristic  length  scale  of  the  liquid  to  the  available  grid  resolution 
£/Ax  and  the  liquid  phase  volume  fraction  ©p. 

The  main  task  was  to  integrate  models  capturing  these  complex  phenomena  into  the 
unstructured  LES  code  (CDP),  perform  comprehensive  validation  simulations  of  each 
model,  and  initiate  large-scale  turbulent,  multiphase,  reacting  flow  simulation  in  realistic 
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intennediatc  regime  .  .  .  ^ 

dense  regime 


©p«l 


Figure  7.  Regimes  of  spray  formation  defined  by  the  ratio  of  the  characteristic  length  scale  of 
the  liquid,  £,  to  the  local  grid  spacing,  Ax  and  the  liquid  phase  volume  fraction,  Op. 

combustor  geometry,  A  summary  of  Eulerian/Lagrangian  equations  with  two-way  cou¬ 
pling  for  interphase  mass,  momentum,  and  energy  transport  is  given  below.  The  subgrid 
models  for  sprays  including  secondary  breakup,  droplet  deformation  and  drag,  droplet 
evaporation,  a  hybrid  particle-parcel  approach  for  sprays,  and  accounting  for  finite-size 
effect  of  droplets  in  the  dense  spray  regime  are  described  in  brief.  Also,  two  novel  ap¬ 
proaches  to  more  accurately  simulate  the  initial  ’primary  breakup  regime’  and  the  ’dense 
regime’  are  briefly  outlined. 

3.1.  Gas- Phase  Equations 

We  solve  the  variable  density,  low-Mach  number  equations  with  two-way  coupling  be¬ 
tween  the  gas-phase  and  liquid  particles.  The  formulation  is  based  on  the  flamelet /progress 
variable  approach  developed  by  Pierce  &  Moin  (2001)  for  LES  of  non- premixed,  turbulent 
combustion.  The  gas-phase  continuity,  scalar,  and  momentum  equations  are. 


dp^uj  ^  ,T' 

dxj  at 

(3.1) 

&^z  ,  dp^Ziij  a  , _ dz^  dqzj  ,  — 

at  +  a%  -ax/^^'^^ax/  ax, 
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a^c  apjcu,  a  ac  dq^  ^ 
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dui 
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where  the  unclosed  transport  terms  in  the  momentum  and  scalar  equations  are  grouped 
into  the  residual  stress  qij,  and  residual  scalar  flux  qzjandqcj-  The  dynamic  Smagorinsky 
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model  by  Moin  et  al  (1991)  is  used  to  close  these  subgrid  terms  as  demonstrated  by 
Pierce  &  Moin  (2001).  For  a  two-fluid  (air  +  fuel)  mixture,  one  conserved  scalar  (the 
mixture  fraction,  Z)  and  a  non-conserved  scalar  (the  progress  variable,  C)  are  solved.  The 
gas-phase  properties  such  specific  heat,  molecular  weight,  density,  viscosity,  heat-release, 
and  source  terms  in  the  progress- variable  equation,  uJCt  ^^-re  obtained  from  lookup  tables 
generated  using  flamelet  theory  for  non-premixed  combustion  and  are  dependent  on  the 
local  values  of  Z,  C,  and  the  subgrid  mixture  fraction  fluctuations,  Z” . 

With  the  presence  of  the  liquid  phase  and  inter-phase  mass,  momentum,  and  energy 
transport,  additional  source  terms  are  added  into  the  continuity,  scalar  transport  and 
momentum  equations.  As  the  droplets  evaporate  the  heat  of  vaporization  is  taken  from 
the  gas-phase  and  there  is  evaporative  cooling  of  the  surrounding  gas.  This  gives  rise  to  a 
sink  term  in  the  energy  equation.  By  assuming  adiabatic  walls  and  unity  Lewis  number, 
the  energy  and  scalar  equations  have  the  same  boundary  conditions  and  are  linearly 
dependent.  Only  one  scalar  equation  (for  mixture  fraction,  Z)  is  solved  and  other  scalars 
including  temperature  are  deduced  using  flamelet  tables.  The  evaporative  cooling  effect 
(heat  of  vaporization)  is  accounted  for  in  the  equation  of  state  during  the  generation  of 
the  flamelet  tables.  The  heat  content  of  the  liquid  fuel  is  taken  into  account  by  computing 
an  effective  gaseous  fuel  enthalpy  and  is  used  in  solving  the  flamelet  equations. 

3.2.  Modeling  Primary  Breakup/Dense  Regime 

The  initial  breakup  of  the  turbulent  liquid  film  into  large  coherent  structures  is  called 
primary  breakup.  It  is  dominated  by  the  interaction  of  the  turbulent  liquid  film  with 
the  surrounding  turbulent  gas-phase  giving  rise  to  liquid  surface  instability  waves.  These 
interfacial  instabilities  are  important  in  the  overall  spray  evolution  and  droplet  formation 
process.  However,  the  dynamics  of  the  phase  interface  is  highly  complex  and  as  of  today 
not  well  understood.  It  in  fact  remains  one  of  the  outstanding  unresolved  problems  in  the 
area  of  spray  simulation  how  to  model  this  initial  breakup  in  turbulent  environments  cor¬ 
rectly.  The  majority  of  the  atomization  modeling  effort  is  based  on  Lagrangian  particle 
tracking  and  secondary  breakup  mechanisms  as  described  later.  Implicit  in  these  models 
are  the  assumptions  that  a)  the  characteristic  length  scale  of  the  liquid,  is  small  com¬ 
pared  to  the  grid  size,  Ax,  and  b)  the  liquid  volume  fraction  ©p  is  small.  Although  these 
models  are  successful  in  predicting  secondary  breakup  in  the  ‘intermediate’  and  ‘dilute’ 
regimes,  they  are  not  applicable  in  the  ‘primary  breakup’  and  ‘dense’  regime,  because 
their  basic  assumptions  are  invalid. 

Two  different  but  in  essence  complementary  approaches  are  being  pursued  within  the 
group  to  correctly  predict  the  ‘primary  breakup’  and  ‘dense’  regime.  On  the  one  hand, 
a  novel  Eulerian  based  Large  Surface  Structure  model  is  being  developed  that  explicitly 
tracks  the  larger  scale  dynamics  of  the  phase  interface,  £/Ax  >  1.  On  the  other  hand, 
Lagrangian  spray  models  are  being  extended  to  the  ‘dense  regime’  by  accounting  for 
drop/particle  sizes  that  are  comparable  to  but  still  smaller  than  the  grid  size,  £/ Ax  <  1. 

3.2.1.  Large  Surface  Structure  Model 

The  objective  of  the  Large  Surface  Structure  (LSS)  Model  is  to  correctly  capture  the 
d3mamics  of  the  phase  interface  in  the  primary  breakup  regime.  To  this  end,  we  propose  to 
follow  in  principle  the  LES  approach  for  turbulent  flows.  All  interface  dynamics  occurring 
on  scales  larger  than  the  grid  size  are  explicitly  resolved  and  captured  by  a  Eulerian  level 
set  approach,  whereas  interface  dynamics  occurring  on  the  subgrid  scales  are  described 
by  an  appropriate  subgrid  model.  Details  of  this  model  and  some  preliminary  test  cases 
and  results  are  given  in  a  separate  paper  in  this  annual  research  brief  (Herrmann  2003). 
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3.2.2.  Modeling  Finite- Size  Droplets 

In  a  parallel  effort,  the  Lagrangian  framework  is  extended  to  account  for  drop/particle 
sizes  that  are  comparable  to  but  still  smaller  than  the  grid  size,  £/Ax  <  1.  The  equations 
are  based  on  the  original  spray  formulation  developed  by  Dukowicz  (1980)  which  consists 
of  Eulerian  fluid  and  Lagrangian  particle  calculations,  and  accounts  for  the  displacement 
of  the  fluid  by  the  particles  as  well  as  the  momentum  interchange  between  them.  The 
gas-phase  equations  given  above  are  modified  to  take  into  account  the  volume  fraction 
(0  =  1  -  ©p),  where  0p  represents  the  volume  occupied  by  the  liquid-phase  in  a  given 
control  volume.  The  gas-phase  density,  pg  and  pressure  p  are  then  replaced  by  (pp©)  and 
(p0)  in  the  gas-phase  governing  equations. 

In  brief,  the  Lagrangian  particles  are  advanced  using  Lagrangian  particle  tracking. 
The  particle  volume  fraction  0p  is  then  computed  on  each  grid  point  and  then  the 
gas-phase  equations  are  advanced.  Use  of  volume  fraction,  however,  adds  to  numerical 
complexity  and  accurate  numerical  schemes  conserving  liquid  mass  are  being  developed. 
Apte  et  al  (2003c)  summarize  the  theoretical  formulation  and  present  some  preliminary 
test  cases  in  particulate  flows. 

3.3.  Modeling  Intermediate  Regime 

The  particle  motion  is  simulated  using  the  Basset-Boussinesq-Oseen  (BBO)  equations 
(Crowe  et  al.  1998).  It  is  assumed  that  the  density  of  the  particle  is  much  larger  than 
that  of  the  fluid  {pp/pg  ~  10^),  particle-size  is  small  compared  to  the  turbulence  integral 
length  scale,  and  that  the  effect  of  shear  on  particle  motion  is  negligible.  The  high  value 
of  density  ratio  implies  that  the  Basset  force  and  the  added  mass  term  are  small  and  are 
therefore  neglected.  Under  these  assumptions,  the  Lagrangian  equations  governing  the 
droplet  motions  become 


dx 


dt 


p^ 


(3.7) 


(3.8) 


where  rup  is  the  mass  of  the  droplet,  Up  the  particle  velocity  components,  u  gas-phase 
velocities  interpolated  to  the  particle  location,  Pp  and  pg  the  particle  and  gas-phase  den¬ 
sities,  and  g  the  gravitational  acceleration.  The  drag  force  on  a  solid  particle  is  modeled 
using  a  drag-coefficient, 


D 


'Psolid  ~  ^ 


P9  iUp-Upl 
-Cd - - - 

4  Pp  dp 

where  Cd  is  obtained  from  the  nonlinear  correlation  (Crowe  et  al.  1998) 


(3.9) 


Cd  =  ^(l+afle^).  (3.10) 

Here  Rcp  -  dp\Ug  -  Up\/pg  is  the  particle  Reynolds  number.  The  above  correlation 
is  applicable  for  Rcp  <  800.  The  constants  a  =  0.15,6  =  0.687  yield  the  drag  within 
5%  from  the  standard  drag  curve.  Modifications  to  the  solid  particle  drag  are  applied  to 
compute  drag  on  a  liquid  drop  and  are  given  below. 
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3.4.  Deformation  and  Drag  Models 

In  order  to  quantify  the  effect  of  droplet  deformation  on  drag,  Helenbrook  k  Edwards 
(2002)  performed  detailed  resolved  simulations  of  axisymmetric  liquid  drops  in  uniform 
gaseous  stream.  The  simulations  were  performed  using  an  /ip-finite  element  method  (He¬ 
lenbrook  2002).  An  unstructured  mesh  of  triangles  which  deforms  with  the  interface  along 
with  a  dynamic  mesh  adaptation  algorithm  was  used  allowing  higher-order  accuracy  to 
be  obtained  even  though  there  is  a  discontinuity  at  the  interface.  This  gives  results  for 
the  drag  which  are  accurate  to  within  1%.  Based  on  their  computations  for  a  range  of 
density  and  viscosity  ratios,  range  of  Weber  (We),  Ohnesorge  (Oh),  and  Re3aiolds  num¬ 
bers  (Re),  a  correlation  was  developed  that  provides  the  amount  of  deformation  in  the 
form  of  ellipticity,  E,  which  is  defined  as  the  ratio  of  the  height  to  width  of  the  drop. 
This  is  given  as. 


E  +0.013.  (3.11) 

V  Ps  W 

where  pi,  Pg  are  the  viscosities  of  the  liquid  and  gas  and  pi,  pg  are  the  densities,  re¬ 
spectively.  The  non-dimensional  Weber  and  Ohnesorge  numbers  are  defined  as,  We  = 
pgU'^dp/a  and  Oh  =  pi/y/pi(rdp,  where  U  is  the  relative  velocity  between  the  gas  and 
liquid,  dp  the  diameter  of  the  droplet,  and  a  the  surface  tension.  Accordingly,  E  <  1 
indicates  that  the  drops  have  more  width  than  height  with  deformation  in  the  direction 
perpendicular  to  the  relative  velocity.  These  shapes  are  called  oblate  shapes.  Similarly, 
E  >  1  gives  elongation  in  the  direction  of  the  relative  velocity  giving  rise  to  prolate 
shapes.  E  =  1  implies  spherical  shapes. 

The  effect  of  droplet  deformation  is  to  change  the  drag  force.  This  effect  is  modeled 
by  using  an  effective  equatorial  droplet  diameter,  d*  =  dpE~^^^.  The  particle  Reynolds 
number  is  also  modified,  Re*  =  (Helenbrook  k  Edwards  2002).  This  is  used 

in  equations  (3.9,  3.10)  to  obtain  the  modified  drag.  In  addition  the  effect  of  internal 
circulation  is  modeled  by  changing  the  drag  on  a  solid  sphere  as 

3.5.  Stochastic  Model  for  Secondary  Breakup 

Performing  simulations  of  primary  atomization  where  one  tracks  the  liquid-gas  interface 
in  realistic  combustor  geometries  is  computationally  intensive.  Development  of  numeri¬ 
cal  techniques  based  on  hybrid  Eulerian/Lagrangian  Level-set /Particle  tracking  schemes 
to  capture  the  primary  atomization  process  is  ongoing  and  will  be  implemented  into 
CDP.  However,  the  current  status  is  to  compute  the  atomization  process  using  advanced 
stochastic  secondary  breakup  models  developed  (Apte  et  al  2003).  Emphasis  is  placed 
on  obtaining  the  correct  spray  evolution  characteristics  such  as  liquid  mass  flux,  spray 
angle,  and  droplet  size  distribution.  The  liquid  film  is  approximated  by  large  drops  with 
size  equal  to  the  nozzle  diameter  and  undergoes  deformation  and  breakup.  The  effect  of 
high  mass-loading  on  the  gas-phase  momentum  transport  is  captured  through  two-way 
coupling  between  the  two  phases. 

In  this  model,  the  characteristic  radius  of  droplets  is  assumed  to  be  a  time-dependent 
stochastic  variable  with  a  given  initial  size-distribution.  The  breakup  of  parent  blobs  into 
secondary  droplets  is  viewed  as  the  temporal  and  spatial  evolution  of  this  distribution 
function  around  the  parent-droplet  size  according  to  the  Fokker-Planck  (FP)  differen- 
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tial  equation.  This  distribution  function  follows  a  certain  long-time  behavior,  which  is 
characterized  by  the  dominant  mechanism  of  breakup: 


=  (3.13) 

dt  dx  2  ^  ^  dx^ 

where  the  breakup  frequency  {u)  and  time  (t)  are  introduced.  Here,  T(x,t)  is  the  dis¬ 
tribution  function  for  x  =  log(rj),  and  is  the  droplet  radius.  Breakup  occurs  when 
t  >  tbreakup  =  1/^-  The  Value  of  the  breakup  frequency  and  the  critical  radius  of  breakup 
are  obtained  by  the  balance  between  the  aerodynamic  and  surface  tension  forces.  The  sec¬ 
ondary  droplets  are  sampled  from  the  analytical  solution  of  equation  (3.13)  corresponding 
to  the  breakup  time-scale.  The  parameters  encountered  in  the  FP  equation  ((^)  and  ($^)) 
are  computed  by  relating  them  to  the  local  Weber  number  for  the  parent  blob,  thereby 
accounting  for  the  capillary  forces  and  turbulent  properties.  As  new  droplets  are  formed, 
parent  droplets  are  destroyed  and  Lagrangian  tracking  in  the  physical  space  is  continued 
till  further  breakup  events. 


3.6.  Modeling  Dilute  Regime 

Typical  spray  simulations  do  not  resolve  the  temperature  and  species  gradients  around 
each  droplet  to  compute  the  rate  of  evaporation.  Instead,  evaporation  rates  are  estimated 
based  on  quasi-steady  analysis  of  a  single  isolated  drop  in  a  quiescent  environment  (Faeth 
1977,  Faeth  1983).  Multiplicative  factors  are  then  applied  to  consider  the  convective  and 
internal  circulation  effects.  We  model  the  droplet  evaporation  based  on  a  ‘uniform-state’ 
model.  The  Lagrangian  equations  governing  particle  mass  and  heat  transfer  processes 
are  well  summarized  by  Oefelein  (1997)  and  are  described  in  brief. 

^  (rrip)  =  -ihp  (3.14) 

^pCpiJ^  (Tp)  =  -  Tp)  -  rhpM.  (3.15) 

where  Ahy  is  the  latent  heat  of  vaporization,  rUp  mass  of  the  droplet,  Tp  temperature  of 
the  droplet,  and  Cp^  the  specific  heat  of  liquid.  The  diameter  of  the  droplet  is  obtained 

from  its  mass,  dp  =  (6mp/7rpp)^'^^.  hp  is  the  effective  heat-transfer  coefficient  and  is 
defined  as 

/ip  =  fc,(^)  /{Tg-T,)  (3.16) 

where  ks  is  the  effective  conductivity  of  the  surrounding  gas  at  the  droplet  surface. 
The  subscript  ‘s’  stands  for  the  surface  of  the  droplet.  The  solutions  to  the  mass  and 
temperature  equations  for  quiescent  medium  are  obtained  by  defining  Spalding  mass  and 
heat  transfer  numbers  and  making  use  of  the  Clausius-Clapeyron’s  equilibrium  vapor- 
pressure  relationship  (Faeth  1977).  In  addition,  several  convective  correction  factors  are 
applied  to  obtain  spray  evaporation  rates  at  high  Reynolds  numbers  (Faeth  1977,  Faeth 
1983). 


3.7.  Hybrid  Particle- Parcel  Technique  for  Spray  Simulations 

Performing  spray  breakup  computations  using  Lagrangian  tracking  of  each  individual 
droplet  gives  rise  to  a  large  number  of  droplets  (»  10-30  million)  very  close  to  the  injec- 
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tor.  For  LES,  simulating  all  droplet  trajectories  would  be  ideal,  however,  this  gives  rise 
to  severe  load-balancing  problems  on  parallel  processors.  We  have  developed  a  hybrid 
particle-parcel  scheme  to  effectively  reduce  the  number  of  particles  tracked.  A  parcel  or 
computational  particle  represents  a  group  of  droplets,  Npar^  with  similar  characteristics 
(diameter,  velocity,  temperature).  During  injection,  new  particles  added  to  the  compu¬ 
tational  domain  axe  pure  drops  {Npar  =  !)•  These  drops  move  downstream  and  undergo 
breakup  according  to  the  secondary  breakup  model  and  produce  new  droplets. 

The  basic  idea  behind  the  hybrid-approach,  is  to  collect  all  droplets  in  a  particular 
control  volume  and  group  them  into  bins  corresponding  to  their  size  and  other  properties 
such  as  velocity,  temperature  etc.  The  droplets  in  bins  are  then  used  to  form  a  parcel 
by  conserving  mass,  momentum  and  energy.  The  properties  of  the  parcel  axe  obtained 
by  mass-weighted  averaging  from  individual  droplets  in  the  bin.  For  this  procedure,  only 
those  control  volumes  axe  considered  for  which  the  number  of  droplets  increases  above 
a  certain  threshold  value.  The  number  of  parcels  created  would  depend  on  the  number 
of  bins  and  the  threshold  value  used  to  sample  them.  The  parcel  thus  created  then 
undergoes  breakup  according  to  the  above  stochastic  sub-grid  model,  however,  does  not 
create  new  parcels.  On  the  other  hand,  Npar  is  increased  and  the  diameter  is  decreased  by 
mass-conservation.  This  strategy  reduces  the  total  number  of  computational  particles  in 
the  domain.  In  a  real  simulation  with  breakup  and  evaporation  models,  all  the  particles 
are  clustered  in  a  very  small  region  close  to  the  injector.  This  may  still  give  rise  to  load- 
imbalance  as  only  a  few  processors  would  solve  the  Lagrangian  particle  equations.  Domain 
decomposition  methods  taking  into  account  this  load  imbalance  are  being  developed  and 
will  be  tested  in  the  present  large-scale  multi-physics  simulation. 

4.  Validation  Studies  using  CDP 

A  systematic  and  extensive  validation  effort  of  CDP  code  and  the  Lagrangian  spray 
modules  was  initiated  earlier  and  several  simulations  were  performed  to  compare  the 
LES  predictions  of  gas  and  liquid/solid  phases  with  the  available  experimental  data. 
Apte  et  al  (2003a)  first  performed  an  LES  of  particle-laden  swirling,  co-annular  jet  and 
compared  the  results  with  the  experiments  of  Sommerfeld  &:  Qiu  (1991).  This  validated 
the  Lagrangian  particle  tracking  scheme  as  well  as  the  accuracy  of  the  numerical  method 
in  swirling  flows.  In  addition,  development  &  validation  of  the  secondary  breakup  model 
in  simplified  combustor  geometries  was  also  completed  (Apte  et  al  2003).  This  spray 
model  validation  effort  was  continued  and  applied  to  study  model  predictions  for  spray 
evaporation  and  breakup  in  complex  geometries. 

4.1.  Validation  of  Spray  Breakup  Model  in  PW  Prontend  Geometry 

The  stochastic  model  along  with  the  hybrid  particle-parcel  approach  were  used  to  sim¬ 
ulate  spray  evolution  from  the  Pratt  and  Whitney  injector  nozzle.  Figure  8  shows  the 
instantaneous  snapshot  of  the  spray  field  along  with  the  injector  geometry.  The  experi¬ 
mental  data  set  was  obtained  by  mounting  the  injector  in  a  cylindrical  plenum  through 
which  gas  with  prescribed  mass-flow  rate  was  injected.  The  gas  goes  through  the  main 
and  guide  swirler  to  create  a  swirling  jet  into  the  atmosphere.  Liquid  film  is  injected 
through  the  filmer  surface  which  forms  an  annular  ring.  The  liquid  mass-flow  rate  corre¬ 
sponds  to  certain  operating  conditions  of  the  gas-turbine  engine.  For  this  case,  3.2M  grid 
points  were  used  with  high  resolution  near  the  injector.  The  domain  decomposition  is 
based  on  the  optimal  performance  of  the  Eulerian  gas-phase  solver  on  96  processors.  Due 
to  breakup,  a  large  number  of  droplets  are  created  in  the  vicinity  of  the  injector.  With 


Figure  8.  Spray  evolution  from  a  realistic  gas-turbine  injector;  scatter  plot  shows  the  instan¬ 
taneous  droplet  locations  in  z  =  0  plane.  Large  size  droplets  are  injected  from  the  nozzle  wall 
in  an  annular  ring  to  form  a  hollow  cone  spray. 


Figure  9.  Comparison  of  radial  variation  of  liquid  axial  mass  flux  at  various  axial  locations, 
- p&W  RANS  with  TAB  model  , - present  LES  with  stochastic  model,  o  —  o  exper¬ 
imental  error  bar. 


the  hybrid  approach,  the  total  number  of  computational  particles  tracked  at  station¬ 
ary  state  is  around  3.5M,  which  represents  approximately  13M  droplets.  This  includes 
around  150,000  parcels.  The  load-imbalance  due  to  atomization  was  found  to  be  sig¬ 
nificant  as  only  1/3"*'^  of  the  processors  had  more  than  10,000  computational  particles. 
We  are  looking  into  advanced  load-balancing  techniques  to  reduce  this  computational 
overhead  due  to  sprays.  CDP-(q!)  has  the  capability  of  dynamic  load-balancing  based  on 
particle  imbalance  as  shown  earlier.  This  will  be  used  to  perform  these  simulations  to 
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Figure  10.  Instantaneous  contours  of  ISO-propyl  mass-fraction  superimposed  by  droplet 

locations  in  z  =  0  plane. 

significantly  improve  the  efficiency  and  speedup.  It  will  also  facilitate  us  to  investigate 
advanced  collision/coalescence  models. 

Figure  (9)  shows  comparisons  with  the  experimental  data  of  radial  variation  of  liq¬ 
uid  mass-flowrates  using  LES  with  stochastic  model  for  secondary  breakup.  Also  shown 
are  the  predictions  made  by  Pratt  &:  Whitney’s  RANS-based  simulation  with  a  Taylor- 
Analogy  Breakup  (TAB)  model.  The  LES  results  are  generally  in  good  agreement  with 
the  experiments.  The  liquid  mass-flowrates  basically  relate  to  the  spray  angle  and  droplet 
size  distributions  obtained  after  breakup.  The  Sauter  Mean  Diameter  (SMD)  are  well 
captured  by  the  present  LES  simulation  (within  7%  of  the  experimental  data).  The  di¬ 
ameter  distributions  when  compared  with  the  experimental  data  indicates  a  broad  size- 
distribution  as  opposed  to  the  one  predicted  by  RANS  with  the  TAB  model.  The  size 
distribution  also  indicates  presence  of  large  number  of  small  size  droplets  which  could 
be  attributed  to  the  lack  of  models  addressing  droplet  collision  and  coalescence.  In  ad¬ 
dition,  the  initial  droplet  size  at  the  injector  nozzle  is  assumed  to  be  constant  in  these 
simulations,  whereas  it  may  vary  depending  on  the  local  conditions  governing  primary 
atomization.  A  further  investigation  with  inclusion  of  collision  models  as  well  as  using  a 
size  distribution  at  the  inlet  should  be  performed  in  order  to  accurately  predict  the  spray 
characteristics. 


4.2.  Validation  of  Spray  Evaporation  Model 

In  order  to  validate  the  evaporation  model  and  the  variable  density  formulation  in  CDP, 
simulation  of  a  coaxial  non-swirling  jet  was  performed  following  the  configuration  used 
in  the  experiments  by  Sommerfeld  &;  Qiu  (1998).  This  flow  configuration  was  chosen 
because  of  its  direct  relevance  in  gas-turbine  combustion  chambers.  In  addition,  in  these 
experiments  the  boundary  conditions  for  the  liquid  phase  specifying  the  inlet  droplet  size 
distribution  and  their  correlation  with  droplet  velocity  is  well-defined.  The  gas-phase 
temperatures  are  not  high  enough  to  produce  spray  flames.  This  isolates  the  droplet 
evaporation  problem  from  spray  breakup  and  combustion  and  is  very  useful  in  validating 
the  evaporation  models  used  in  CDP.  Accordingly,  only  one  scalar  equation  (mixture 
fraction)  is  solved  and  the  gas-phase  temperature  is  obtained  from  the  ideal  gas  law. 

The  selection  of  droplet  size  and  velocity  at  the  injection  surface  is  based  on  the  given 


experimental  PDF  of  size- velocity  correlations.  The  grid  used  consists  of  1.5M  hexahedral 
cells  and  around  0.5M  particles  were  present  in  the  computational  domain  at  stationary 
state.  Figure  (10)  shows  a  snapshot  of  mixture  fraction  contours  superimposed  by  scatter 
plot  of  ISO-propyl  alcohol  particles  in  a  coaxial  combustor.  The  droplets  are  injected 
near  the  inlet  circular  wall  of  cross-sectional  diameter  40  mm.  The  droplet  velocity- 
size  correlation  depicts  a  conical  spray  with  a  spray  angle  of  around  60®.  Figure  (11) 
shows  the  droplet  statistics.  The  radial  variations  of  mean  and  rms  droplet  velocity, 
mean  axial  mass  flux,  and  mean  and  rms  droplet  diameter  compared  with  experimental 
data  of  Sommerfeld  &  Qiu  (1998)  are  shown.  The  profiles  are  in  good  agreement  with 
the  experimental  data.  The  droplet  mean  diameter  profile  is  typical  of  the  hollow  cone 
atomizer,  where  smaller  droplets  are  found  in  the  core  region  and  larger  droplets  near  the 
edge  of  the  spray.  Away  from  the  inlet  section,  the  droplet  mean  diameter  distribution 
becomes  more  uniform  over  the  cross-section  and  slowly  decreases  in  the  downstream 
direction  because  of  evaporation.  The  axial  mass-flux  also  decreases  towards  the  exit  due 
to  evaporation  and  is  well  captured  by  the  present  simulation.  At  a:  =  0  and  x  =  0.786 
the  profiles  of  droplet  mass  flux  show  two-peaks  associated  to  hollow-cone  spray.  Due  to 
the  recirculation  region  downstream  of  the  center-body,  the  droplet  mass-flux  becomes 
negative.  Further  downstream  spreading  of  the  spray  is  hindered  by  the  annular  air-jets 
and  maximum  of  the  mass  flux  moves  towards  the  centerline.  These  features  are  well 
captured  by  the  present  LES  computation. 
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5.  Large  Scale  Multi-physics  Simulation  using  CDP 

A  multi-scale,  multi-physics  simulation  of  turbulent  reacting  flow  in  a  realistic  Pratt 
Sz  Whitney  combustor  was  initiated.  This  simulation  includes  all  the  complex  models 
for  spray  breakup,  evaporation,  and  turbulent  combustion  described  in  section(3).  This 
simulation  will  serve  as  the  first  validation  study  of  the  reacting  multiphase  flow  solver 
(CDP)  in  complex  combustor  geometry.  Figure  (12)  shows  the  combustor  geometry  in  the 
symmetry  plane  2:  =  0.  The  simulation  is  performed  for  a  single  injector  which  represents 
one  sector  of  the  full  combustor  containing  18  injectors.  Liquid  fuel  (Jet- A)  enters  the 
combustion  chamber  through  an  annular  ring  at  the  injector  exit.  This  liquid  film  is 
approximated  by  large  drops  of  the  size  of  the  annulus  radius.  These  drops  are  convected 
by  the  surrounding  hot  air,  they  break,  evaporate,  and  the  fuel  vapor  thus  formed  mixes 
with  the  surrounding  air  giving  a  non-premixed  spray  flame.  The  computational  grid 
consists  of  1.9M  hybrid  elements  (hexes,  pyramids,  and  tets)  with  fine  resolution  close 
to  the  injector. 

The  flamelet  library  for  Jet-A  fuel  at  gas-turbine  engine  operating  conditions,  was 
generated  by  using  a  surrogate  fuel  of  80%  n-Decane  and  20%  1-2-4  tri-methyl-benzene 
which  closely  follows  the  chemical  kinetics  and  reaction  rates  of  the  Jet-A  fuel.  Around 
1000  elementary  reactions  among  100  chemical  species  were  used  to  generate  these  tables. 
The  chemical  kinetics  of  surrogate  fuel  was  compared  with  original  fuel  in  terms  of 
prediction  of  pollutants  in  laminar  flames  and  showed  good  agreement.  In  this  multiphase 
simulation,  the  flamelet  tables  are  generated  by  considering  the  heat  of  vaporization  of 
the  liquid  fuel.  This  is  obtained  by  using  heat-content  for  an  equivalent  gaseous  fuel 
which  gives  large  densities  in  the  pure  fuel-vapor  region  (Z  =  1). 

Figure  (12)  shows  instantaneous  snapshots  of  progress  variable  (C),  mixture  fraction 
(Z),  normalized  temperature  (T/To),  and  velocity  magnitude  {umag)  in  the  2:  =  0  sym¬ 
metry  plane.  Scatter  plot  of  droplets  forming  a  conical  spray  is  also  shown.  A  highly 
complex  unsteady  flame  is  observed  in  this  simulation.  High  temperatures  in  the  com¬ 
bustion  chamber  are  reduced  by  large  mass-influx  through  the  dilution  holes.  This  reduces 
the  exit  temperature  considerably.  Strong  recirculation  zone  with  conical  spray  flame  is 
observed  near  the  nozzle.  The  droplets  evaporate  completely  close  to  injector  and  do  not 
appear  beyond  {x  =  2).  The  experimental  data  available  for  validation  includes  pres¬ 
sure  drops  across  different  components,  mass-splits  through  the  inner  and  outer  dilution 
holes,  and  swirlers.  The  comparison  of  these  quantities  with  the  experimental  data  was 
shown  to  be  within  10%  for  the  cold  flow  simulation.  Similar  results  are  obtained  for 
the  reacting  flow  case.  In  addition,  the  exit  plane  temperature  was  measured  at  5  loca¬ 
tions.  The  temperature  field  is  within  10-15%  of  the  experimental  data  near  the  center. 
The  predicted  temperature  near  the  walls  is  much  lower  and  is  still  evolving  with  time 
indicating  that  the  flow  has  not  reached  the  statistically  stationary  state. 

This  computation  was  performed  on  80  processors  on  Frost  and  involved  around  0.5M 
computational  particles.  The  algebraic  multigrid  solver  (AMG)  developed  at  Lawrence 
Livermore  is  used  to  solve  the  Poisson  equation.  The  convergence  rate  of  the  AMG  solver 
was  compared  with  the  conjugate  gradient  solver  (PCG).  For  each  time-step,  the  conju¬ 
gate  gradient  solver  typically  requires  2000  iterations,  whereas  the  AMG  solver  requires 
10-12  cycles  corresponding  to  500-600  conjugate  gradient  iterations.  The  AMG-solver 
gave  an  overall  speed-up  of  2-3  times  over  the  PCG  solver  and  reduced  the  computa¬ 
tional  time  substantially. 
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6.  Summary 

CDP  is  the  flagship  LES  code  developed  by  the  combustor  group  to  perform  LES 
of  reacting  multiphase  flow  in  complex  geometry.  CDP  is  named  after  the  late  Charles 
David  Pierce  (1969-2002)  who  made  several  lasting  contributions  to  the  LES  of  reacting 
flows  and  to  the  DOE’s  ASCI  program.  CDP  is  a  parallel  unstructured  finite- volume  code 
developed  specifically  for  LES  of  variable  density  low  Mach-number  flows.  It  is  written  in 
Fortran  90,  uses  MPI,  and  has  integrated  combustion  and  spray  modules.  A  wide  range 
of  simulations  of  multiphase,  reacting  turbulent  flows  have  been  performed  using  CDP.  It 
has  been  shown  that  the  predictive  capability  of  CDP  for  complex  flows  in  realistic  gas- 
turbine  configurations  is  good.  A  major  redesign  and  rewrite  of  CDP  has  been  initiated 
to  improve  and  add  to  the  current  capabilities.  In  the  past  year,  major  accomplishments 
included  the  following  milestones: 

•  Multi-physics  simulation  in  complex  geometry:  The  first  multi-physics  simulation  in¬ 
cluding  fuel  spray  breakup,  coalescence,  evaporation,  and  combustion  is  being  performed 
in  a  single  periodic  sector  (1/18*'")  of  an  actual  Pratt  &:  Whitney  combustor  geometry. 

•  Large  scale  simulation:  Performed  large  eddy  simulations  of  the  complete  combustor 
geometry  (all  18  injectors)  with  over  100  million  control  volumes  using  CDP-a. 

Further  development  of  CDP-a  will  include  the  implementation  of  advanced  com¬ 
bustion  and  primary  atomization  models,  and  modification  of  the  numerical  algorithm 
to  capture  acoustic  waves  and  combustion  instabilities  based  on  the  compressible  for¬ 
mulation  of  Wall  et  al  (2002).  Several  large-scale,  multiphysics  simulations  in  the  PW 
combustor  using  one  or  more  sectors  will  be  performed  to  assess  the  accuracy  of  the 
overall  formulation. 
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Figure  12.  Instantaneous  snapshots  (from  top  to  bottom)  of  progress  variable,  C,  mixture 
fraction,  Z,  temperature  normalized  by  inlet  air  temperature,  T/To,  and  velocity  magnitude, 
\/u^  +  v2  +  ii;2  superimposed  with  droplet  scatter  plot  in  Pratt  &  Whitney  combustor,  2:  =  0 
plane.  The  geometry  has  been  distorted. 
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A  Eulerian-Lagrangian  model  to  simulate 
two-phase/particulate  flows 

By  S.  V.  Apte,  K.  Maheshf,  &  T.  Lundgren^ 


1.  Motivation  and  Objectives 

Figure  1  shows  a  snapshot  of  liquid  fuel  spray  coining  out  of  an  injector  nozzle  in 
a  realistic  gas-turbine  combustor.  Here  the  spray  atomization  was  simulated  using  a 
stochastic  secondary  breakup  model  (Apte  et  al  2003a)  with  point-particle  approxima¬ 
tion  for  the  droplets.  Very  close  to  the  injector,  it  is  observed  that  the  spray  density  is 
large  and  the  droplets  cannot  be  treated  as  point-particles.  The  volume  displaced  by  the 
liquid  in  this  region  is  significant  and  can  alter  the  gas-phase  flow  and  spray  evolution. 
In  order  to  address  this  issue,  one  can  compute  the  dense  spray  regime  by  an  Eulerian- 
Eulerian  technique  using  advanced  interface  tracking/level-set  methods  (Sussman  et  al 
1994;  Tryggvason  et  al  2001;  Herrmann  2003).  This,  however,  is  computationally  in¬ 
tensive  and  may  not  be  viable  in  realistic  complex  configurations.  We  therefore  plan  to 
develop  a  methodology  based  on  Eulerian-Lagrangian  technique  which  will  allow  us  to 
capture  the  essential  features  of  primary  atomization  using  models  to  capture  interac¬ 
tions  between  the  fluid  and  droplets  and  which  can  be  directly  applied  to  the  standard 
atomization  models  used  in  practice.  The  numerical  scheme  for  unstructured  grids  de¬ 
veloped  by  Mahesh  et  al  (2003)  for  incompressible  flows  is  modified  to  take  into  account 
the  droplet  volume  fraction.  The  numerical  framework  is  directly  applicable  to  realistic 
combustor  geometries. 

Our  main  objectives  in  this  work  are: 

•  Develop  a  numerical  formulation  based  on  Eulerian-Lagrangian  techniques  with 
models  for  interaction  terms  between  the  fluid  and  particles  to  capture  the  Kelvin- 
Helmholtz  type  instabilities  observed  during  primary  atomization. 

•  Validate  this  technique  for  various  two-phase  and  particulate  flows. 

•  Assess  its  applicability  to  capture  primary  atomization  of  liquid  jets  in  conjuction 
with  secondary  atomization  models. 


2.  Mathematical  Formulation 

Recent  direct  numerical  simulations  of  large  number  of  solid  particles  interacting 
through  a  fluid  medium  by  Joseph  and  collaborators  (Choi  &  Joseph  2001)  show  that  a 
layer  of  heavy  particles  with  fluid  streaming  above  it  can  develop  Kelvin-Helmholtz  (K- 
H)  instability  waves  whereas  a  layer  of  particles  above  a  lighter  fluid  develops  Rayleigh- 
Taylor  instability.  This  suggests  that  the  primary  breakup  of  a  liquid  jet  into  a  spray  can 
be  simulated  by  replacing  the  jet  by  a  closely  packed  collection  of  droplets  with  some 
assumed  size  distribution.  The  K-H  instability  at  the  boundary  between  droplets  and 
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Figure  1 .  Snapshot  spray  from  a  gas-turbine  fuel-injector. 

fluid  would  initiate  dispersal  of  droplets  into  a  spray.  Further  breakup  of  these  dispersed 
drops  can  be  obtained  by  advanced  secondary  breakup  models. 

The  formulation  described  below  is  a  modification  of  the  equations  for  spray  compu¬ 
tation  developed  by  Dukowicz  (1980)  which  consists  of  Eulerian  fluid  and  Lagrangian 
particle  calculations,  and  accounts  for  the  displacement  of  the  fluid  by  the  particles  as 
well  as  the  momentum  interchange  between  them.  The  modifications  presented  here  are 
mainly  in  the  details  of  modeling  the  interaction  terms. 

2.1.  Gas-Phase  Equations 

The  fluid  mass  for  unit  volume  satisfies  a  continuity  equation, 

^(p/©/)  +  V-(p/©/U/)  =  0  (2.1) 

where  p/,  ©/,  and  u/  are  fluid  density,  volume  fraction,  and  velocity,  respectively.  This 
indicates  that  the  average  velocity  field  of  the  fluid  phase  does  not  satisfy  the  divergence- 
free  condition  even  if  we  consider  an  incompressible  suspending  fluid.  The  fluid  momen¬ 
tum  equation  is  given  as 

^  (p/©/U/)  +  V  ’  (P/^/U/U/)  =  ~  V  i^fP)  +  V  •  (Pf^c)  +  F  (2.2) 

where  p  is  the  average  dynamic  pressure  in  the  fluid  phase,  /i/  is  the  viscosity  of  the 
fluid  phase,  and  T>c  =  V^c  +  is  the  average  deformation-rate  of  the  fluid-particle 
composite,  Uc  is  the  composite  velocity  of  the  mixture,  and  F  is  the  force  per  unit 
volume  the  particles  exert  on  gas.  These  equations  are  derived  in  detail  for  constant 
density  flows  by  Joseph  &  Lundgren  (1990).  For  particulate  flows  and  dilute  suspensions 
at  low  Reynolds  numbers,  the  fluid  viscosity  should  be  replaced  by  an  effective  viscosity 
/i*  by  using  Thomas  (1965)  correlation, 

=  p/  (1  -h  2,50/  4- 10.05©^  +  0.00273e^®  ®®^)  (2.3) 

2.2.  Particle-Phase  Equations 

The  evolution  of  particle-phase  is  governed  by  a  Liouville  equation  for  the  particle  dis¬ 
tribution  function  ^(Xp,  Up,  Pp,  V^,  i) 


Modeling  dense  two-phase/particulate  flows 


163 


-^  +  Vx-($Up)  +  Vu,-($Ap)  =  0,  (2.4) 

where  Xp  is  the  particle  position,  Up  particle  velocity,  pp  particle  density,  and  Vp  particle 
volume.  Ap  is  the  particle  acceleration  and  Fp  =  rripAp  the  total  force  acting  on  the 
particle  of  mass  uip  and  are  given  below.  Here,  Vx*  and  Vup*  are  the  divergence  operators 
with  respect  to  space  and  velocity,  respectively.  The  individual  particle  positions  and 
velocities  can  be  obtained  by  solving  the  Liouville  equation  in  Lagrangian  framework  for 
each  particle  p: 


n. 

1! 

a 

(2.5) 

K)  =  Pp 

(2.6) 

2.2.1,  Particle  Forces 

The  main  issue  is  to  model  the  force  on  a  particle.  This  may  consist  of  the  standard 
hydrodynamic  drag  force,  dynamic  pressure  gradient,  gradient  of  viscous  stress  in  the  fluid 
phase,  a  generalized  buoyancy  force,  and  inter-particle  collision.  The  total  acceleration 
of  the  particle  Ap  is  given  as, 


Ap  —  Dp  (iif  Up)  Pp  ^  I  S  “b  Acp  (2*7) 

Pp  \  Pp/ 

Here  Bp  is  the  generalized  buoyancy  force  and  Acp  is  the  acceleration  due  to  inter¬ 
particle  forces.  If  Pp  >>  pg  the  pressure  gradient,  viscous,  and  buoyancy  terms  are 
usually  negligible.  In  the  present  study,  the  generalized  buoyancy  force  is  also  neglected 
for  simplicity.  It  is  shown  later  that,  even  without  the  presence  of  this  buoyancy  force, 
one  can  obtain  lift  of  particles  in  a  shear  flow.  The  drag  force  is  caused  by  the  motion  of 
a  particle  through  the  gas.  The  standard  expression  for  Dp  is  used 


where  Ca  is  the  drag  coefficient  and  is  given  by  (Gidaspow  1994;  Andrews  &  O’Rourke 
1996) 


=  — (l-ha7^e^)07i-®,  for  Rcp  <  1000  (2.9) 

=  0.4407^  ®,  for  Rep  >  1000  (2.10) 

where  Cd  is  the  drag  coeflScient  for  spherical  particles,  Rp  =  (3V7/47r)*'^®  is  the  particle 
radius.  The  particle  Reynolds  number  (Rcp)  is  given  as 


(2.11) 


2pf9f\uf-Up\Rp 

”  N 

There  is  an  indirect  collective  effect  in  this  drag  term:  when  there  is  a  dense  collection 
of  particles  passing  through  the  fluid  interphase  momentum  exchange  term  in  equation 
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(2.2)  will  cause  to  approach  the  particle  velocity,  Up  thus  decreasing  the  drag  on  a 
particle,  a  drafting  effect. 

The  probability  function  $  integrated  over  velocity  and  mass  gives  the  probable  number 
of  particles  per  unit  volume  at  x  and  t  in  the  interval  {\ip,Up  + dup)  ,{pp,Pp  +  dpp) , 
{Vp,  Vp  +  dVp).  The  particle  volume  fraction  (Op)  is  defined  from  the  particle  distribution 
function  as, 


0p  =  y  j  J  WpdVpdppdUp. 


(2.12) 


Prom  continuity,  the  gas-phase  volume  fraction  is  obtained  as  ©/  =  l-©p.  The  interphase 
momentum  transfer  function  per  unit  volume  in  equation  (2.2)  is  given  as 


F  =  /  /  /  ^VpPp  Dp  {uf  -  Up)  -  ^  V  Pp 


(Jj\Apd  p  pdxk.p . 


(2.13) 


2.2.2.  Collision  Force 

The  acceleration  of  particles  due  to  inter- particle  interactions  {Acp)  is  an  important 
term  in  dense  particulate  and  two-phase  flows.  For  dilute  and  lightly  loaded  configura¬ 
tions,  the  particle  volume  fraction  (©p)  is  small  (<  10%),  the  inter-particle  collisions  are 
negligible  and  probability  of  particles  overlapping  each  other  is  low.  For  dense  partic¬ 
ulate  flows,  however,  the  particle  volume  fraction  should  not  exceed  the  close-packing 
limit  (which  is  usually  around  0.6  for  three-dimensional  case).  In  the  Eulerian-Eulerian 
approach  for  two-phase  flows,  this  is  ensured  by  force  due  to  the  gradient  of  interparti¬ 
cle  stress  in  the  averaged  momentum  equation  for  the  particle  phase  (Gidaspow  1986; 
Gidaspow  1994).  Same  model  was  used  in  Eulerian-Lagrangian  approach  by  Andrews  &: 
O’Rourke  (1996),  Patankar  &  Joseph  (2001b),  Snider  et  al.  (1998),  and  Snider  (2001). 
Accordingly,  the  expression  for  acceleration  of  particles  due  to  collision  (Acp)  is 


where  r  is  the  interparticle  stress  that  provides  a  pressure  type  force  that  prevents  packing 
of  particles  beyond  the  close-packing  limit.  Expression  for  r  is  given  as  (from  Snider  et 


al  (1998)) 


r  = 


(2.15) 


where  Pg  has  units  of  pressure,  ©cp  is  the  particle  volume  fraction  at  close  packing  and  p  is 
a  constant.  The  values  for  Pg  and  P  are  obtained  from  Snider  et  al.  (1998).  In  this  model, 
the  inter-particle  acceleration  due  to  particle  collision  is  assumed  to  be  independent 
of  its  size  and  velocity.  This  model  is  least  expensive  in  terms  of  computational  cost 
as  particle  binary  pairs  are  not  formed  and  the  collision  force  is  directly  obtained  by 
interpolation  from  equation  (2.14).  This  model,  however,  couldn’t  completely  prevent  the 
particle  volume  fraction  to  exceed  the  close  packing  limit  and  some  numerical  instabilities 
were  experienced  in  the  present  unstructured  code.  Further  research  on  this  model  will 
be  conducted  to  eliminate  this  problem.  An  alternative  but  expensive  collision  scheme 
based  on  the  distinct  element  method  (DEM)  of  Cundall  &  Strack  (1979).  This  scheme 
can  be  readily  applied  to  parcel  techniques  used  in  Lagrangian  spray  simulations.  A 
parcel  represents  a  number  (Np)  of  droplets/particles  of  same  size,  velocity,  and  other 
properties.  The  effective  radius  (Rpar)  of  a  parcel  based  on  its  total  volume  is  then  given 
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by 


(2.16) 


In  this  method,  the  interaction  among  particles  and  between  wall  and  particles  is  taken 
into  account  separately  to  ensure  that  0p  <  ©cp.  The  force  on  parcel  p  due  to 

collision  with  parcel  j  is  given  by 


Fjjj  —  0  fov  dpj  >  {F.pariP~^  Fpar^j  "h  Q:) 


PO 


—  —  TjciyXp  —  Ujf)  •  Tipj  fov  dpj  <!  {Rpar^P  d'  Rpanj  "b 

^pj  “  {RparjP  "b  Rpanj  +  O:)  —  dpj 


F^ 

jp 


p-p 


=  -F^- 
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P-P 


where  dpj  is  the  distance  between  the  center  of  the  and  parcels,  npj  is  the  unit 
vector  from  the  center  of  parcel  j  to  that  of  parcel  p,  a  is  the  force  range,  the  stiff¬ 
ness  parameter,  and  rjc  the  damping  parameter.  Tsuji  et  al.  (1993)  used  the  following 
expressions  to  compute  the  damping  parameter 


„  /  rupkc 

’•“WlTSS 

a  =  —In  (g/tt) 


where  e  is  the  coefficient  of  restitution.  Similarly,  the  parcel- wall  force  {Fip^  on  parcel 
p  due  to  collision  with  wall  w  is 


=  0  for  dp^>  {Rpar,p  +  a) 
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where  dp^  is  the  distance  between  the  parcel  and  the  wall,  and  rip^  is  the  unit  vector  from 
the  wall  to  the  center  of  the  parcel.  The  total  collision  force  is  obtained  by  looping  over 
all  particles  and  walls.  The  corresponding  particle  acceleration  is  obtained  by  dividing 
the  collision  force  by  parcel  mass  [rap  =  NpppVp). 


3.  Numerical  Method 

The  collocated,  finite- volume  numerical  scheme  on  unstructured  grids  developed  by 
Mahesh  et  al.  (2003)  is  modified  to  take  into  account  the  gas-phase  volume  fraction.  In 
addition,  the  particle  centroids  are  tracked  using  the  Lagrangian  framework  developed  by 
Apte  et  al  (2003b).  The  important  feature  of  the  numerical  scheme  is  the  computation 
of  ©/  and  0p  on  the  unstructured  grids.  As  the  particles  in  the  simulations  performed 
do  not  move  out  of  the  domain  or  are  destroyed,  the  total  volume  occupied  by  the 
particles  remains  constant  from  mass-conservation.  As  a  particle  crosses  a  particular 
control  volume,  its  contribution  to  the  particle  volume  fraction  on  neighboring  cells  must 
provide  global  mass-conservation.  In  addition,  it  was  observed  that  the  Eulerian  volume 
fraction  field  should  also  be  smooth  in  order  to  avoid  numerical  instabilities  encountered 
due  to  changes  in  0  as  the  particles  move  from  one  grid  cell  to  another.  A  strategy  similar 
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Computational  domain,  0.2  x  0.6  x  0.0275m 
Fluid  density,  1.2bAkg/m^ 

Numer  of  Parcels,  2880 
Diameter  of  particles,  500^m 


Grid,  10  X  30  X  5 
Particle  Density,  2b00kg/m^ 
Particles  per  parcel,  3375 
Initial  particle  concentration,  0.4 


Table  1 .  Parameter  description  for  the  gravity-dominated  sedimentation  case. 


Figure  2.  Temporal  evolution  particle  distribution  during  gravity-dominated  sedimentation. 
Initially  the  particles  are  randomly  distributed  over  the  box  rectangular  box. 


to  the  two-way  coupling  methodology  by  Maxey  Sz  Patel  (2001)  is  used  to  compute  the 
volume  fraction.  The  interphase  momentum  transport  terms  are  also  treated  in  a  similar 
way. 

The  particle  equations  are  integrated  using  third-order  Runge-Kutta  schemes  for  ode- 
solvers,  At  each  Runge-Kutta  step,  the  particles  were  located  and  the  collision  force 
was  re-computed.  This  was  found  necessary  to  ensure  that  the  close-packing  limit  for 
particle- volume  fraction  is  not  exceeeded. 


4.  Results 

We  first  simulated  sedimentation  of  solid  particles  under  gravity  in  a  rectangular  box. 
Details  of  this  case  are  given  in  Table  1.  The  initial  parcel  positions  are  generated  ran¬ 
domly  in  the  top  half  of  the  box,  0.3  <  y  <  0.6.  These  particles  are  then  allowed  to  settle 
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Computational  domain,  0.2  x  0.6  x  0.0275m 
Gas  jet  velocity,  9m/ s 
Fluid  density,  1.254fcp/m^ 

Numer  of  Parcels,  2880 
Diameter  of  particles,  500/2m 


Grid,  10  X  30  X  5 
Jet  diameter,  0.04m 
Particle  Density,  2500A:p/m^ 
Particles  per  parcel,  3375 
Initial  particle  concentration,  0.4 


Table  2.  Parameter  description  for  the  simulation  of  fluidization  by  a  gas  jet. 


through  the  gas-medium  under  gravity.  The  collision  model  is  important  here  near  the 
bottom  wall  after  the  initial  group  of  parcels  hit  and  bounce  back  from  the  bottom  wall. 
This  prevents  particle  volume  fraction  to  exceed  the  close-pack  limit.  The  upper  mixture 
interface  between  the  particles  and  the  fluid  is  closely  approximated  by  h  =  gt‘^/2  similar 
to  that  obtained  by  Snider  (2001).  The  particles  eventually  settle  down  with  close-packing 
near  the  bottom  wall.  Snider  (2001)  and  Patankar  &  Joseph  (2001a)  did  sedimentation 
under  gravity,  in  an  inclined  pipe  with  large  number  of  parcels  and  used  the  particle 
stress  model  for  collision  force.  This  allowed  them  to  use  large  number  of  parcels  as  the 
computational  cost  for  this  collision  model  is  negligible.  We  plan  to  use  this  model  to  do 
similar  validation  test  cases  using  the  unstructed  LES  code.  One  difficulty  at  the  time 
of  writing  was  that  this  model  didn’t  always  prevent  the  particle  volume  fraction  from 
exceeding  the  close-pack  limit.  Further  investigations  on  this  matter  will  be  performed. 

4.1.  Gas-Solid  Fluidization 

We  consider  the  problem  of  fluidization  of  solid  particles  arranged  in  an  array  at  the 
bottom  of  a  rectangular  box.  Fluidization  is  achieved  by  a  jet  of  gas  issuing  from  the 
bottom  of  the  box.  The  flow  parameters  are  given  in  Table  2.  The  choice  of  collision 
parameters  is  based  on  the  recent  computations  by  Patankar  &  Joseph  (2001b).  The 
particle  motion  is  mostly  dominated  by  the  hydrodynamic  drag  force  and  collision  model 
should  not  affect  the  overall  particle  motion.  The  collision  model,  however,  is  important 
in  governing  the  particle  behavior  near  the  walls  and  helps  prevent  the  volume  fraction 
from  exceeding  the  close-pack  limit. 

Figure  3  shows  the  position  of  parcels  at  different  times  during  bubbling  fluidization. 
Parcel  diameters  are  drawn  to  scale.  The  jet  issuing  from  the  bottom  wall  pushes  the 
particles  away  from  the  center  region  and  creates  a  gas-bubble  in  the  center.  The  particles 
collide  with  each  other  and  the  wall  and  are  pushed  back  towards  the  central  jet  along  the 
bottom  wall.  They  are  then  entrained  by  the  jet  and  are  levitated.  This  eventually  divides 
the  central  bubble  and  two  bubbles  are  trapped.  The  particles  tend  to  move  upwards  and 
collide  with  the  upper  wall  and  remain  levitated  during  future  times.  The  computational 
results  are  in  good  agreement  with  the  simulations  of  Patankar  Sz  Joseph  (2001b)  as 
well  as  in  qualitative  agreement  with  experiments  on  jet  fluidization.  Similar  results 
are  reported  using  Eulerian-Eulerian  approach  in  two-dimensions  by  Ding  &  Gidaspow 
(1990). 

4.2.  Fluidization  by  Lift  of  Spherical  Particles 

The  transport  of  particles  by  fluids  in  coal- water  slurries,  hydraulically  fractured  rocks 
in  oil-bearing  reservoirs,  bedload  transport  in  rivers  and  canals  and  their  overall  effect 
on  the  river  bed  erosion  etc.,  are  important  scientific  and  industrial  issues  in  particulate 
flows.  In  order  to  understand  fluidization/sedimentation  in  such  conduits,  (Choi  &  Joseph 
2001)  performed  a  DNS  study  of  fluidization  of  circular  cylinders  (300  particles)  arranged 
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Figure  3.  Temporal  evolution  of  particle  distribution  during  fluidization  by  a  gas  jet.  Initially 
all  the  particles  are  uniformly  arranged  in  layers  at  the  bottom  of  the  rectangular  box.  Air 
is  injected  through  a  rectangular  slot  at  the  bottom  wall.  Air  bubbles  are  trapped  within  the 
particles  and  the  growth  and  pattern  of  these  bubbles  are  in  agreement  with  experimental 
observations. 


Computational  domain,  63  x  12  x  12cm 
Gas  jet  velocity,  9m/s 
Fluid  density,  Ip/cm^ 

Particle  Density,  l.Olp/cm^ 

Numer  of  Parcels,  3780 
Initial  array  height,  4.75cm, 

Pressure  gradient,  2^dynelcm^ 


Grid,  20  X  11  X  10 

Jet  diameter,  0.04m 

Fluid  viscosity,  Ipoise 

Diameter  of  particles,  0.95cm 

Particles  per  parcel,  1 

Initial  centerline  velocity,  360cm/s 


Table  3.  Parameter  description  for  the  simulation  of  fluidization  of  spherical  particles  in  a 

plane  Poiseuille  flow. 


at  the  bottom  of  a  channel  in  plane  Poiseuille  flow.  They  observed  that  with  sufficient 
pressure  gradient  across  the  channel,  the  particles  initially  at  rest  in  the  lower  half  of  the 
channel  start  moving  and  roll  over  the  wall.  Particle  rotation  in  a  shear  flow  generates  lift 
and  the  channel  is  fluidized  after  some  time.  We  attempt  to  capture  this  phenomenon  by 
our  Eulerian-Lagrangian  model.  The  flow  parameters  are  given  in  Table  3.  As  opposed  to 
Choi  &:  Joseph  (2001),  we  are  performing  three-dimensional  simulations  and  our  particles 
are  spheres.  As  shown  in  Fig.4  we  observe  that  the  effect  of  volume  displacement  due 
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Figure  4.  Temporal  evolution  of  p£u*ticle  distribution  during  fluidization  by  lift  in  a  plane 
Poiseuille  flow.  Also  shown  are  contours  of  axial  gas-phase  velocity.  Initially  all  particles  are 
arranged  at  the  bottom  of  the  channel, 

to  particles  is  to  set  up  Kelvin-Helmholtz  type  waves  between  the  fluid  and  particle 
layers..  A  vertical  pressure  gradient  is  created  and  gives  vertical  velocity  to  the  particles 
and  the  channel  gets  fluidized.  We  also  did  several  test  cases,  with  higher  grid  resolution, 
increased  density  ratios  to  obtain  similar  results.  With  increased  particle  density,  the  two- 
way  coupling  between  the  particle  and  fluid  momentum  equation,  decelerates  the  fluid  in 
the  bottom  half  of  a  channel  and  an  inflection  point  is  created  in  the  axial  velocity  profile. 
This  eventually  cause  lift  and  particle  dispersal.  In  liquid-fuel  combustor  applications, 
we  believe  that  similar  mechanism  can  be  observed  in  the  dense-spray  regime  near  the 
injector  and  will  allow  us  to  capture  the  important  features  of  primary  atomization. 


5.  Summary 

We  have  developed  a  numerical  scheme  which  accounts  for  the  displacement  of  the  fluid 
by  particles  and  is  applicable  to  dense  particulate  flows  and  spray  regimes  close  to  the 
nozzle  injector.  This  scheme  has  been  implemented  into  the  unstructured  LES  code.  We 
performed  various  numerical  simulations  of  fluidization  and  particulate  flows  to  validate 
our  scheme.  It  was  shown  through  simulation  of  channel  flow  with  layers  of  spherical 
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particles  at  the  bottom  wall  that  the  effect  of  particle  volume  fraction  is  to  displace  the 
fluid  in  a  control  volume  and  create  vertical  pressure  gradient  through  two-way  coupling 
between  the  particles  and  fluid.  This  gives  Kelvin-Helmholtz  type  instability  waves  which 
result  in  dispersal  and  lift-off  of  particles.  This  liftoff  of  dense-particles  cannot  be  observed 
without  explicit  modeling  of  lift-forces  on  particles  by  using  the  standard  point-particle 
approximation  in  Lagrangian-Eulerian  framework.  Similar  K-H  waves  are  present  in  the 
dense  spray  regime  near  the  injector  nozzle  which  may  affect  the  overall  spray  dynamics 
and  breakup  in  practical  combustors.  We  plan  to  apply  this  model  coupled  with  secondary 
breakup  model  to  perform  simulations  of  spray  atomization.  We  also  plan  to  perform 
several  validation  studies  of  this  methodology  for  dense  particulate/granular  flows  to 
address  some  issues  related  to  collision  scheme,  efficient  and  consistent  computation  of 
particle  volume  fraction  on  multiple  domain-decomposition. 
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New  type  of  the  interface  evolution  in  the 
Richtmyer-Meshkov  instability 

By  S.  I.  Abarzhi  and  M.  Herrmann 


1.  Motivation  and  objectives 

When  a  shock  wave  passes  an  interface  between  two  fluids  with  different  values  of  the 
acoustic  impedance,  the  misalignment  of  the  pressure  and  density  gradients  results  in 
a  growth  of  the  interface  perturbations  and  causes  the  development  of  the  Richtmyer- 
Meshkov  instability  (RMI)  (Richtmyer  1960;  Meshkov  1969).  The  instability  produces 
with  time  the  turbulent  mixing  of  the  fluids,  which  controls  many  physical  and  techno¬ 
logical  processes,  such  as  inertial  confinement  fusion,  supernova  explosion,  and  impact 
dynamics  of  liquids  (Kull  1991).  Reliable  description  of  the  turbulent  mixing  is  the  basic 
objective  of  studies  of  RMI  (Kull  1991;  Schneider  et  al  1998). 

Observations  report  the  following  evolution  of  the  Richtmyer-Meshkov  instability.  In 
the  linear  regime,  the  light  fluid  accelerates  impulsively  the  heavy  fluid,  and  a  small 
amplitude  perturbation  of  the  fluid  interface  grows  linearly  with  time  (Richtmyer  1960; 
Meshkov  1969).  The  acceleration  value  is  determined  by  the  shock-interface  interaction, 
which  is  essentially  non-local  and  results  in  a  baroclinic  production  of  vorticity  (Haan 
1991;  Velikovich  &:  Dimonte  1996;  Vandenboomgaerde  et  al  1998;  Wouchuk  2001).  In 
the  non-linear  regime,  a  structure  of  bubbles  and  spikes  appear  (Pavlenko  et  al  2000; 
Chebotareva  et  al  1999;  Jacobs  k  Sheeley  1996;  Bonazza  &  Sturtevant  1996).  The  light 
(heavy)  fluid  penetrates  the  heavy  (light)  fluid  in  bubbles  (spikes).  The  bubbles  decelerate 
and  the  spikes  move  steadily.  Small-scale  structures  appear  on  the  side  of  evolving  spikes 
due  to  shear,  and  the  direct  cascade  of  the  fluid  energy  may  occur  (Matsuoka  et  al  2003). 
For  a  finite-amplitude  perturbation,  the  fluid  energy  may  be  transferred  also  to  larger 
scales  (Alon  et  al  1995;  Oron  et  al  2001).  Eventually,  a  mixing  zone  develops.  In  the 
chaotic  regime,  the  bubbles  and  spikes  decelerate,  and  their  positions  are  described  by 
power-law  time-dependencies  with  exponents  determined  by  the  density  ratio  (Schneider 
et  al  1998;  Dimonte  2000). 

The  dynamics  of  the  Richtmyer-Meshkov  instability  is  far  from  being  completely  un¬ 
derstood.  For  a  long  time,  the  theoretical  models  and  numerical  simulations  failed  to 
predict  the  growth-rate  in  the  linear  RMI  observed  in  experiments  (Holmes  et  al  1999). 
Only  recently,  a  rigorous  theory  has  accounted  for  the  non-local  character  of  the  inter¬ 
face  dynamics  in  the  case  of  strong  and  weak  shocks  and  provided  therefore  for  impulsive 
models  the  correct  value  of  the  acceleration  (Wouchuk  2001).  To  describe  the  nonlin¬ 
ear  RMI,  several  models  have  appHed  a  single-mode  approximation,  which  presumed 
locality  of  the  bubble  (spike)  d)niamics  (Alon  et  al  1995;  Goncharov  2002).  Some  other 
models  have  used  an  empiric  equation  with  adjustable  parameters  to  balance  “drag” 
and  “inertia”  in  the  flow  (Oron  et  al  2001;  Dimonte  2000).  All  these  models  however 
cannot  explain  the  observations  and  remain  subjects  for  controversy  (Dimonte  2000). 
There  is  a  strong  need  in  a  formal  theoretical  approach  and  in  experiments  and  simula¬ 
tions  with  systematic  variation  of  parameters  and  improved  diagnostics.  In  this  work  we 
suggest  analytical  and  numerical  solutions  describing  the  nonlinear  coherent  dynamics 


X 

Figure  1.  Interface  definition. 


of  two-dimensional  Richtmyer-Meshkov  instability  for  fluids  with  a  fi.nite  density  ratio. 
Our  results  predict  new  properties  of  the  nonlinear  evolution  of  RMI,  explain  existing 
experiments,  and  identify  new  sensitive  diagnostic  parameters. 


2.  Governing  equations 

The  dynamics  of  the  Richtmyer-Meshkov  instability  are  governed  by  a  system  of  con¬ 
servation  laws,  which  are  compressible  two-dimensional  Navier-Stokes  with  the  initial 
conditions  and  the  boundary  conditions  at  the  fluid  interface, 


|  +  v.w  =  o 

(2.1) 

^+V-(^v)  +  Vp  +  V-f  =  0 
at 

(2.2) 

+  V  •  {[pE  +  p]  v)  +  'V  ■  q  +  f  -.Vv  =  0. 
at 

(2.3) 

Here,  p  denotes  the  density,  v  the  velocity  vector,  p  the  pressure,  r  the  stress  tensor,  E 
the  total  energy,  and  q  the  heat  flux  vector.  All  quantities  are  either  in  the  heavy  gas, 
denoted  by  the  subscript  h  in  the  following,  or  in  the  light  gas,  denoted  by  the  subscript 
1.  The  above  system  of  equations  is  closed  by  the  ideal  gas  law, 

p  =  p^T , 

(2.4) 

with  #  the  gas  constant  and  T  the  temperature. 

The  interface  T  located  at  z*{x,t)  separating  heavy  from  light  gas, 
level  set  scalar  G,  see  Fig.  1.  Defining 

is  described  by  a 

G(5c,f)|  =  Go  =  const. 

(2.5) 

with  G{x,t)  <  Go  in  the  light  gas  and  G{x,t)  >  Gq  in  the  heavy  gas,  compare  Fig.  1, 
*  an  evolution  equation  for  the  scalar  G  can  be  derived  by  simply  differentiating  Eq.  (2.5) 
with  respect  to  time, 

^  +  vVG  =  0.  (2.6) 

at 

This  equation  is  called  the  level  set  equation  (Osher  k  Sethian  1988).  It  is  easy  to  see 
that  Eq.  (2.6)  is  independent  of  the  choice  of  G  away  from  the  interface.  However,  to 
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facilitate  the  numerical  solution  of  Eq.  (2.6),  G  is  chosen  to  be  a  distance  function  away 
from  the  interface, 

=  1.  (2.7) 


|VG|| 


Using  the  level  set  scalar,  geometrical  properties  of  the  interface,  like  its  normal  vector 
n  or  curvature  can  be  easily  calculated, 

VG 


n  = 


|VG|’ 


K  =  V  •  n . 


(2.8) 


There  is  no  mass  flow  across  the  moving  interface,  and  the  normal  component  of 
velocity,  pressure  and  temperature  are  continuous  at  the  fluid  interface: 

Vn,/i|r 

Phlr 

r.lj. 

The  flow  has  no  mass  sources,  and  the  boundary  conditions  at  the  infinity  close  the 
set  of  the  governing  equations 


=  «n,l|r 

(2.9) 

=  Ip 

(2.10) 

=  P(|r 

(2.11) 

=  Ti\r- 

(2.12) 

(2-13) 

Initially,  the  fluid  interface  is  slightly  disturbed  with  a  small  amplitude  co-sinusoidal 
perturbation,  z*(rr,t  =  0)  {l/k)cos{kx),  where  k  =  27r/A  is  the  wave- vector,  and  A 
is  the  spatial  period  in  the  ^-direction.  The  perturbation  should  be  symmetric,  in  order 
a  stable  coherent  structure  of  the  bubbles  and  spikes  to  occur.  The  density  ratio  or  the 
Atwood  number  A  =  (ph  Pi)/{ph  +  pi)  is  determining  factor  of  RMI  dynamics. 


3.  Non-local  theoretical  solutions 

Based  on  the  observations,  we  divide  the  fluid  interface  into  active  regions  (small  scales) 
with  intensive  vorticity,  and  passive  regions  (large  scales)  which  are  simply  advected.  If 
the  energy  cascades  are  not  extensive  (i.e.,  the  fluid  densities  are  not  very  similar,  the 
perturbation  amplitude  is  small,  and  the  initial  shock  is  weak),  then,  a  considerable  part 
of  the  fluid  energy  concentrates  in  the  large-scale  coherent  motion  with  V  •  =  0 

and  V  X  =  0.  To  find  the  nonlinear  solutions,  describing  the  dynamics  of  the 
bubble  front  in  a  vicinity  of  its  tip,  we  reduce  the  Eqs.  (2.1),  (2.2),  (2.9),  and  (2.11)  to  a 
local  d5mamical  system.  All  calculations  are  performed  in  the  frame  of  reference  moving 
with  velocity  v{t)  in  the  2;-direction,  where  v{t)  is  the  velocity  at  the  bubble  tip  in  the 
laboratory  frame  of  reference.  For  the  large-scale  motion  Vh{i)  =  and  we  expand 

the  potential  as  a  Fourier  series, 

oo 

=  ^2  ^m{t){cos{mkx)  exp(—mkz) /mk  +  z) 

m=l 
oo 

—  "^2  ^Tn{i){cos{mkx)  exp{mkz)/m  —  z) 

m— 1 

For  X  w  0  the  interface  has  the  form  where  (i(t)  <  1  is  the 


(3.1) 

(3.2) 


176  S.  L  Abarzhi  and  M,  Herrmann 

principal  curvature  at  the  bubble  tip,  and  N  is  the  order  of  approximation.  Substituting 
these  expressions  in  the  governing  equations,  taking  the  first  integral  of  Eq.  (2.2),  and 
re-expanding  Eqs.  (2.9)  and  (2.11)  for  x  «  0,  we  derive  a  system  of  ordinary  differential 
equations  for  the  surface  variables  CA^(f),  and  the  moments  Mn{t)  = 
and  Mn{t)  =  where  n  is  integer.  For  =  1,  one  has  from  Eqs.  (2.9)- 

(2.13)  respectively 


Cl  =  3CiMi  +  M2/2  =  3CiMi  -  M2/2,  (3.3) 

(Mi/2  +  CiMo  -  Mf/2  -  Ci)ph  =  (ii^i/2  -  Ci^o  -  M1V2  -  Ci)ph  (3.4) 

MQ(t)  =  -Mo{t)  =  -Ht).  (3.5) 


The  system  (3.3)-(3.5)  describes  the  local  dynamics  of  the  bubble  as  long  as  the  period 
of  the  structure  is  invariable,  and  the  energy  cascades  are  not  extensive.  The  presentation 
in  terms  of  moments  allows  one  to  account  for  the  effect  of  higher-order  correlations.  The 
time-scale  in  Eqs.  (3.3)-(3.5)  is  r  =  1/kvo,  where  vq  is  the  absolute  value  of  the  initial 
velocity.  For  t/r  <  1,  the  dynamical  system  (3.3)-(3.5)  has  regular  asymptotic  solutions 
with  time  independent  surface  variables  Cn  and  with  velocity  v  and  moments  Mn^ 
decaying  as  1/t. 

It  is  easy  to  see  that  the  local  system  (3.3)-(3.5)  cannot  be  satisfied  in  a  single-mode 
approximation.  One  may  derive,  for  example,  a  single-mode  solution  of  the  Layzer- 
type,  which  conserve  mass,  momentum  and  has  no  mass  sources.  For  this  bubble  Ci  = 
=  -^fc/6  and  velocity  v  =  vl  =  {I  -  1^)1  Ak,  however  the  solution  does  not 

satisfy  Eqs.  (2.9)  and  (3.3)  and  requires  mass  flux  across  the  interface.  To  reproduce 
the  parameters  of  the  drag  model  (Oron  et  al  2001)  with  Ci  ~  Cd  =  ~k/6  and 
V  =  Vo  =  A/3)/k{l  +  j4),  one  should  violate  Eqs.  (2.13)  and  (3.5)  and  intro¬ 

duce  a  source  of  mass  of  the  light  fluid  (Goncharov  2002).  Obviously,  these  solutions  are 
unphysical,  because  they  violate  the  conservation  laws. 

To  obtain  regular  asymptotic  solutions  describing  the  nonlinear  dynamics  of  the  bubble 
front,  one  should  account  for  the  non-local  properties  of  the  flow  that  has  singularities. 
The  singularities  determine  the  interplay  of  harmonics  in  the  global  flow  and  the  local 
dynamical  system,  and  affect  therefore  the  shape  of  the  regular  bubble.  We  find  a  con¬ 
tinuous  family  of  regular  asymptotic  solutions  for  Eqs.  (3.3)-(3.5),  parameterized  by  the 
principal  curvature  at  the  bubble  tip,  and  choose  the  fastest  solution  in  the  family  as  the 
physically  significant  one.  For  iV  =  1  the  bubble  velocity  as  the  function  of  the  bubble 


curvature  is 

=  -L  ^(Ci/fc)  -  12A(Ci/fc)^)  .  _  (3  6) 

2kt  {A-i{Ci/k)  +  4A{C,/ky)^  VW  ; 

where  Ccr  <  C  <  0.  For  the  family  solutions  (3.6),  the  interplay  of  harmonics  is  well 
captured,  the  higher  order  corrections  for  the  velocity  and  lowest-order  amplitudes  are 
small,  the  solutions  converge,  yet,  most  of  them  are  unstable.  The  fastest  stable  solution 
in  the  family  (3.6)  is  the  solution  with 


Ci=a,  =  0  v^VA=-^l2Akt 


(3,7) 


The  foregoing  theoretical  results  suggest  the  following  evolution  of  the  bubble  front  in 
the  Richtmyer-Meshkov  instability.  In  the  linear  regime  of  RMI,  the  bubble  curvature  and 
velocity  change  as  ~  t;  in  the  weakly  non-linear  regime,  the  curvature  reaches  an  extreme 
value,  dependent  on  the  initial  conditions  and  the  Atwood  number;  asymptotically,  the 
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bubble  flattens  and  decelerates.  For  ^  <  1  the  bubbles  move  faster  than  those  for  A  =  1, 
and  for  all  A  the  bubbles  flatten  asymptotically.  The  flattening  of  the  bubble  front  is 
a  distinct  feature  of  RMI  universal  for  all  A.  It  follows  from  the  fact  that  RM  bubbles 
decelerate.  As  A  ~  0,  the  velocity  ~  oo  and  this  suggests  that  for  fluids  with  similar 
densities  the  bubble  velocity  has  a  much  faster  time-dependence,  such  as  where  -1  < 
a  <  0,  in  a  qualitative  agreement  with  experiments  of  Jacobs  Sz  Sheeley  (1996),  where 
for  A  0  the  dependence  1  /t  was  shown  to  underestimate  the  velocity  data. 

4.  Numerical  method 

In  our  numerical  simulations,  the  Navier-Stokes  equations  (2.1)- (2. 3)  are  solved  using 
a  hybrid  capturing-tracking  scheme,  originally  proposed  by  Smiljanovski  et  al  (1997)  for 
deflagration  waves.  When  applying  this  scheme  to  the  RMI,  its  key  idea  is  to  explicitly 
track  the  location  and  motion  of  the  interface  between  the  light  and  the  heavy  gas  by 
the  level  set  equation  (2.6),  whereas  all  other  fluid  phenomena  like  shocks  and  expansion 
fans  are  captured.  The  main  advantage  of  this  approach  is  that  while  the  simplicity 
and  robustness  of  standard  capturing  schemes  can  be  retained,  the  interfacial  processes 
are  described  with  accuracy  comparable  to  standard  tracking  schemes.  In  the  following 
two  sections,  the  hybrid  capturing-tracking  scheme  is  summarized  briefly.  The  interested 
reader  is  referred  to  Smiljanovski  et  al  (1997)  for  a  more  detailed  description. 

4.1.  In- cell-reconstruction 

In  finite  volume  schemes,  the  cell  value  of  a  conserved  quantity  U''^^  is  defined  as  the 
volume  average  of  that  quantity, 

averaged  over  the  cell  volume  .  Assuming  piecewise  constant  distributions  of  U  for 
each  fluid  within  each  cell,  Eq.  (4.1)  reduces  to 

=  aUl^  -k  (1  -  Oi)U\^  ,  (4.2) 

where  a  is  the  heavy  gas  cell  volume  fraction  that  can  easily  be  calculated  from  the  level 
set  scalar  C?, 

f^H{G{x')-G^)dx\  (4.3) 

with  H  the  Heavyside  function. 

The  key  idea  of  the  in-cell-reconstruction  scheme  is  to  reconstruct  both  and 
from  see  Fig.  2,  and  to  use  only  the  reconstructed  two  states  to  calculate  cell  face 
fluxes  in  cells  containing  part  of  the  interface.  Combining  the  jump  conditions  of  U  across 
the  interface,  Eqs.  (2.9)  -  (2.12),  with  (4.2)  and  Eqs.  (4.3),  the  cell  values  and 
in  each  cell  containing  part  of  the  interface  can  be  reconstructed  from  . 

4.2.  Cell  update 

The  numerical  solution  is  evolved  in  time  using  an  operator  splitting  technique  (Strang 
1967), 

=  Cl,^2Clt,2VAiC^At/2Clt,2  U’' ,  (4.4) 

where  C  denotes  the  convection  operator,  T>  the  diffusion  operator,  the  cell  volume 
averaged  solution  at  time  t””,  and  the  cell  volume  averaged  solution  at  = 


178 


S.  1.  Abarzhi  and  M.  Herrmann 

1  —  a 


Figure  2.  In-cell-reconstruction. 


Figure  3.  Flux  update  in  cells  containing  part  of  the  interface. 


-h  At.  In  order  to  calculate  the  correct  update,  all  gradients  in  the  individual  operator 
steps  must  be  calculated  using  only  cell  values  of  the  same  fluid  type. 

In  the  diffusion  operator  P,  we  calculate  all  gradients  using  2nd  order  central  differ¬ 
ences.  The  corresponding  stencils  across  the  interface  thus  involve  the  reconstructed  cell 
values  Uh  respectively  Ui  plus  one  additional  adjacent  cell  value  on  the  opposite  side  of 
the  interface.  This  cell  has  to  be  first  transformed  into  the  corresponding  matching  state 
using  Eqs.  (2.9)-(2.12)  before  the  gradients  are  evaluated.  In  this  operation,  our  method 
resembles  the  ghost  fluid  approach  (Fedkiw  et  al  1999). 

Since  the  convection  operator  C  is  split  into  each  spatial  direction,  we  will  only  focus  on 
the  x-direction  operator  in  the  following.  If  a  cell  (t,;)  and  its  directly  adjacent  neighbors 
do  not  contain  part  of  the  interface,  is  advanced  in  time  by 

Ax  \  / 

In  our  numerical  method  we  solve  cell  face  Riemann  problems  using  a  2nd  order  wave 
distribution  algorithm  due  to  LeVeque  (1990)  and  formally  recast  the  individual  wave 
contributions  in  the  form  of  cell  face  fluxes  and  However,  special  care 

must  be  taken,  if  (i,  j)  contains  part  of  the  interface  at  or  as  shown  in  Fig.  3. 

To  ensure  the  correct  flux  calculation,  individual  cell  face  fluxes  for  both  the  heavy  and 
the  light  gas  must  be  calculated  using  only  (reconstructed)  quantities  of  the  respective 
fluid, 

^  pi-w 


(4.6) 

(4.7) 
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Here,  the  subscripts  —  and  +  denote  the  left-hand  side  respectively  right-hand  side 
approximation  of  Then,  the  average  cell  face  flux  -g 


with  P  the  heavy  gas  cell  face  fraction,  see  Fig.  3.  Note  that  because  our  convection 
operator  is  based  upon  a  wave  distribution  scheme,  only  takes  those  wave  con¬ 

tributions  into  account  that  arise  from  the  cell  face  Riemann  problem.  Since  the  interface 
itself  constitutes  a  separate  wave,  its  contribution  to  the  change  of  has  to  be  taken 
into  account  additionally, 

{U'if  -  + 

Aq^  +  Aa^  .  (4.9) 


Here,  Aa^  is  the  change  of  the  heavy  gas  cell  volume  fraction  due  to  the  movement  of 
the  interface  within  the  cell  (i,  j)  itself,  and  Aa^  and  are  the  contributions  due  to 
movement  from  adjacent  cells  to  the  left  respectively  right,  see  Fig.  3.  Note  that  Eq.  (4.9) 
implies  that  the  global  conservation  property  of  the  numerical  scheme  is  now  dependent 
on  the  accuracy  with  which  the  individual  Aa  are  calculated  and  hence  relies  on  the 
accuracy  of  the  level  set  method. 

Finally,  combining  Eq.  (4.8)  and  Eq.  (4.9)  yields  the  update  for  in  cells  that 
contain  part  of  the  interface 


^pi-\-l/2J pi+l/2J  (2  -  /^»+V2J)pj+l/2J^  ^ 

Aa^  (y^^  -  Uy  +  Aa^  (y^^  - 
Aa”  (yy'^  -  | 


+ 


(4.10) 


One  of  the  major  advantages  of  using  Eq.  (4.10)  is  the  fact  that  the  CFL-condition  can 
be  based  on  the  grid  size  Ax  of  the  underlying  grid,  because  cell  updates  are  performed 
only  on  the  cell  volume  averaged  quantities. 


5.  Results 

We  present  the  numerical  results  of  the  RMI  calculated  for  a  shock  Mach  number  of 
Ma  =  1.2  and  two  different  Atwood  and  Reynolds  numbers.  The  fist  case  corresponds 
to  the  SFe/Air  experiment  of  Benjamin  et  al  (1993)  with  A  =  0.67  and  Re  =  11442, 
whereas  in  the  second  case  A  =  0.9  and  Re  =  6977.  The  Reynolds  numbers  are  calculated 
using  the  bubble  velocity  V  in  the  laboratory  frame  of  reference  and  the  wave  length  A. 
The  initial  interface  of  wave  length  A  =  0.0375  m  and  amplitude  uq  =  0.0024  m  is  located 
at  5;  =  Om.  All  simulations  are  performed  in  a  [—1.1m,  0.3  m]  x  [—0.01875  m,  0.01875  m] 
box  resolved  by  2352  x  63  equidistant  cartesian  grid  cells. 

Figure  4  depicts  the  temporal  evolution  of  the  interface  shape  for  A  =  0,67,  whereas 
Fig.  5  shows  the  interface  shapes  for  A  =  0.9.  In  both  cases,  a  spike  of  heavy  gas  is 
formed  that  penetrates  ever  further  into  the  light  gas.  In  the  A  =  0.67  case,  the  spike 
takes  on  the  typical  mushroom-like  shape,  whereas  in  the  A  =  0.9  the  spike  simply  bulges 
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Figure  4.  Temporal  evolution  of  the  interface  for  A=0.67. 


Figure  5.  Temporal  evolution  of  the  interface  for  A=0.9. 

A  =0.67  A  =0.90 


Figure  6.  Shape  of  the  bubble  front  for  A=0.67  (left)  and  A=0.9  (right)  plotted  every 
At/r  =  10.  Each  interface  is  shifted  by  Az  =  —0.05. 


at  the  end.  This  difference  is  most  likely  due  to  the  employed  numerical  resolution  that 
is  not  sufficient  to  resolve  the  apparently  smaller  scale  spike  mushroom  structure  in  the 
A  =  0.9  case. 

Figure  6  shows  the  temporal  evolution  of  the  bubble  front  for  both  cases.  The  flattening 
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Figure  7.  Bubble  velocity  V  in  the  laboratory  frame  of  reference  for  >1  =  0.67  (left)  and 

i4  =  0.9  (right). 


of  the  bubble  front  that  is  predicted  by  non-local  theory  is  clearly  visible  in  both  cases, 
but  is  more  pronounced  in  the  A  =  0.67  case.  Also,  the  A  =  0.67  case  exhibits  some  tiny 
oscillations  of  the  bubble  front  at  later  times  that  are  not  visible  in  the  A  —  0.9  case. 

The  bubble  velocity  V  in  the  laboratory  frame  of  reference  is  depicted  in  Fig.  7.  Initially 
being  at  rest,  both  bubbles  are  impulsively  accelerated  by  the  passing  shock.  As  predicted 
by  non-local  theoretical  analysis,  the  bubble  velocity  reaches  a  local  maximum  in  the 
weakly  non-linear  regime  and  then  asymptotically  decelerates  to  a  constant  velocity.  In 
the  laboratory  frame  of  reference  the  asymptotic  bubble  velocity  is  V  =  66.8  m/s  for 
A  =  0.67  and  V  =  40.7  m/s  for  A  —  0.9. 

Figure  8  shows  the  evolution  of  the  bubble  curvature  Here,  C  Is  calculated  using  a 
least  squares  fit  of  a  circle  of  radius  1/|C|  to  all  intersection  points  of  the  interface  with 
the  cell  face  within  \x\/X  <  0.12.  As  predicted  by  non-local  theoretical  analysis,  in  the 
linear  regime,  the  bubble  curvature  changes  linear  with  time.  Then,  in  the  weakly  non¬ 
linear  regime,  the  curvature  reaches  an  extremum  followed  by  an  asymptotic  flattening 
of  the  bubble,  i.e.  a  decrease  in  curvature  for  both  values  of  A. 

Finally,  Figure  9  depicts  the  calculated  bubble  velocity  u  as  a  function  of  the  absolute 
bubble  curvature  |C|.  Initially,  the  bubble  exhibits  an  abrupt  acceleration  that  is  due 
to  the  interaction  with  the  passing  shock,  whereas  the  curvature  remains  roughly  un¬ 
changed.  In  the  linear  regime,  the  bubble  curvature  increases  with  only  gradual  changes 
in  the  bubble  velocity.  This  result  is  consistent  with  linear  theory,  Eqs.  (3.3)-(3.5).  In 
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Figure  9.  Bubble  velocity  v  as  function  of  absolute  bubble  curvature  |d  for  A  =  0.67  (left) 

and  >1  =  0.9  (right). 


the  weakly  non-linear  regime,  the  bubble  velocity  reaches  a  local  maximum  and  then 
starts  to  decrease  with  almost  constant  curvature.  Finally,  the  bubble  curvature  asymp¬ 
totically  tends  to  zero  while  the  bubble  continues  to  decelerate,  as  predicted  by  non-local 
theory.  However,  depending  on  the  case,  a  slightly  different  bubble  behavior  is  evident. 
For  A  =  0.67,  the  bubble  both  flattens  and  decelerates  simultaneously.  For  A  =  0.9, 
the  bubble  deceleration  occurs  prior  to  any  significant  decrease  of  C,  thus  leading  to  a 
flattening  of  the  bubble  front  with  only  gradual  changes  in  the  bubble  velocity. 

In  summary,  these  numerical  results  afflrm  the  bubble  behavior  predicted  by  the  non¬ 
local  theory. 


6.  Conclusion 

We  performed  systematic  theoretical  and  numerical  studies  of  the  nonlinear  large-scale 
coherent  dynamics  in  the  Richtmyer-Meshkov  instability  for  fluids  with  contrast  densi¬ 
ties.  Our  simulations  modeled  the  interface  dynamics  for  compressible  and  viscous  fluids. 
For  a  two-fluid  system  we  observed  that  in  the  nonlinear  regime  of  the  instability  the 
bubble  velocity  decays  and  its  surface  flattens,  and  the  flattening  is  accompanied  by 
slight  oscillations.  We  found  the  theoretical  solution  for  the  system  of  conservation  laws, 
describing  the  principal  influence  of  the  density  ratio  on  the  motion  of  the  nonlinear 
bubble.  The  solution  has  no  adjustable  parameters,  and  shows  that  the  flattening  of  the 
bubble  front  is  a  distinct  property  universal  for  all  values  of  the  density  ratio.  This  prop¬ 
erty  follows  from  the  fact  that  the  RM  bubbles  decelerate.  The  theoretical  and  numerical 
results  validate  each  other,  describe  the  new  type  of  the  bubble  front  evolution  in  RMI, 
and  identify  the  bubble  curvature  as  important  and  sensitive  diagnostic  parameter. 
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Modeling  primary  breakup:  A  three-dimensional 
Eulerian  level  set /vortex  sheet  method  for 
two-phase  interface  dynamics 

By  M.  Herrmann 


1,  Motivation  and  objectives 

Atomization  processes  play  an  important  role  in  a  wide  variety  of  technical  applications 
and  natural  phenomena,  ranging  from  inkjet  printers,  gas  turbines,  direct  injection  IC- 
engines,  and  cryogenic  rocket  engines  to  ocean  wave  breaking  and  hydrothermal  features. 
The  atomization  process  of  liquid  jets  and  sheets  is  usually  divided  into  two  consecutive 
steps:  the  primary  and  the  secondary  breakup.  During  primary  breakup,  the  liquid  jet  or 
sheet  exhibits  large  scale  coherent  structures  that  interact  with  the  gas-phase  and  break 
up  into  both  large  and  small  scale  drops.  During  secondary  breakup,  these  drops  break 
up  into  ever  smaller  drops  that  finally  may  evaporate. 

Usually,  the  atomization  process  occurs  in  a  turbulent  environment,  involving  a  wide 
range  of  time  and  length  scales.  Given  today’s  computational  resources,  the  direct  nu¬ 
merical  simulation  (DNS)  of  the  turbulent  breakup  process  as  a  whole,  resolving  all 
physical  processes,  is  impossible,  except  for  some  very  simple  configurations.  Instead, 
models  describing  the  physics  of  the  atomization  process  have  to  be  employed. 

Various  models  have  already  been  developed  for  the  secondary  breakup  process.  There, 
it  can  be  assumed  that  the  characteristic  length  scale  £  of  the  drops  is  much  smaller  than 
the  available  grid  resolution  Ax  and  that  the  liquid  volume  fraction  in  each  grid  cell  0/ 
is  small,  see  Fig.  1.  Furthermore,  assuming  simple  geometrical  shapes  of  the  individual 
drops,  like  spheres  or  ellipsoids,  the  interaction  between  these  drops  and  the  surrounding 
fluid  can  be  taken  into  account.  Statistical  models  describing  the  secondary  breakup 
process  in  turbulent  environments  can  thus  be  derived  (O’Rourke  1981;  O’Rourke 
Amsden  1987;  Reitz  1987;  Reitz  &  Diwakar  1987;  Tanner  1997). 

However,  the  above  assumptions  do  not  hold  true  for  the  primary  breakup  process. 
Here,  the  turbulent  liquid  fluid  interacts  with  the  surrounding  turbulent  gas-phase  on 
scales  larger  than  Ax,  resulting  in  highly  complex  interface  dynamics  and  individual  grid 
cells  that  can  be  fully  immersed  in  the  liquid  phase,  compare  Fig.  1.  An  explicit  treatment 
of  the  phase  interface  and  its  dynamics  is  therefore  required.  To  this  end,  we  propose  to 
follow  in  essence  a  Large  Eddy  Simulation  (LES)  type  approach:  all  interface  dynamics 
and  physical  processes  occurring  on  scales  larger  than  the  available  grid  resolution  Ax 
shall  be  fully  resolved  and  all  djmamics  and  processes  occurring  on  subgrid  scales  shall 
be  modeled.  The  resulting  approach  is  called  Large  Surface  Structure  (LSS)  model. 

In  order  to  develop  such  a  LSS  model  for  the  turbulent  primary  breakup  process, 
one  potential  approach  is  to  start  off  from  a  fully  resolved  description  of  the  interface 
dynamics  using  the  Navier-Stokes  equations  and  include  an  additional  source  term  in  the 
momentum  equation  due  to  surface  tension  forces  (Brackbill  et  al.  1992).  In  order  to  track 
the  location,  motion,  and  topology  of  the  phase  interface,  the  Navier-Stokes  equations  are 
then  coupled  to  one  of  various  possible  tracking  methods,  for  example  marker  particles 
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secondary  breakup 


Figure  1.  Breakup  of  a  liquid  jet. 


(Brackbill  et  al  1988;  Rider  h  Kothe  1995;  Unverdi  &  Tryggvason  1992),  the  Volume-of- 
Fluid  method  (Noh  &  Woodward  1976;  Kothe  &  Rider  1994;  Gueyffier  et  al.  1999),  or  the 
level  set  method  (Osher  &  Sethian  1988;  Sussman  et  al  1994,  1998).  Then,  introducing 
ensemble  averaging  or  spatial  filtering  results  in  unclosed  terms  that  require  modeling 
(Brocchini  k  Peregrine  2001  a, 6).  Unfortunately,  the  derivation  of  such  closure  models  is 
not  straightforward  and,  hence,  has  not  been  achieved  yet.  This  is  in  part  due  to  the  fact 
that,  with  the  exception  of  the  surface  tension  term,  all  other  physical  processes  occurring 
at  the  phase  interface  itself,  like  for  example  stretching,  are  not  described  by  explicit 
source  terms.  Instead,  they  are  hidden  within  the  interdependence  between  the  Navier- 
Stokes  equations  and  the  respective  interface  tracking  equation.  Thus,  a  formulation 
containing  the  source  terms  explicitly  could  greatly  facilitate  any  attempt  to  derive  the 
appropriate  closure  models. 

To  this  end,  a  novel  three-dimensional  Eulerian  level  set/vortex  sheet  method  is  pro¬ 
posed.  Its  advantage  is  the  fact  that  it  contains  explicit  source  terms  for  each  individual 
physical  process  that  occurs  at  the  phase  interface.  It  thus  constitutes  a  promising  frame¬ 
work  for  the  derivation  of  the  LSS  subgrid  closure  models. 

This  paper  is  divided  into  four  parts.  First,  the  level  set/vortex  sheet  method  for  three- 
dimensional  two-phase  interface  dynamics  is  presented.  Second,  the  LSS  model  for  the 
primary  breakup  of  turbulent  liquid  jets  and  sheets  is  outlined  and  ail  terms  requiring 
subgrid  modeling  are  identified.  Then,  preliminary  three-dimensional  results  of  the  level 
set /vortex  sheet  method  are  presented  and  discussed.  Finally,  conclusions  are  drawn  and 
an  outlook  to  future  work  is  given. 


2.  The  level  set/vortex  sheet  method 

The  aim  of  the  level  set/ vortex  sheet  method  is  to  describe  the  dynamics  of  the  phase 
interface  F  between  two  inviscid,  incompressible  fluids  1  and  2,  as  shown  in  Fig.  2.  In  this 
case,  the  velocity  ui  on  either  side  i  of  the  interface  T  is  determined  by  the  incompressible 
Euler  equations,  given  here  in  dimensionless  form, 

V  •  iXt  =  0 , 

^  +  (ui.V)wi  =  --Vp, 

Ot  Pi 


(2.1) 

(2.2) 
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Figure  2.  Phase  interface  definition. 


subjected  to  the  boundary  conditions  at  the  interface  F, 


[(tti  -  U2)  ■  n] 
[n  X  (tt2  -«i)] 
[P2  -  Pi] 


=  0 
r 


_  J_ 
r  "  We'' 


(2.3) 

(2.4) 

(2.5) 


and  at  infinity, 


lim  Ui  =  ±Uoo  .  (2.6) 

y— >±00 

Here,  n  is  the  interface  normal  vector,  t)  is  the  vortex  sheet  strength,  and  k  is  the  local 
curvature  of  F.  The  Weber  number  is  defined  as 


We  =  ^ref^ref/SLref  ,  (2.7) 

where  E  is  the  surface  tension  coefficient  and  pref  ?  ^tref»  and  Lref  are  the  reference  den¬ 
sity,  velocity,  and  length,  respectively.  An  interface  subjected  to  the  above  boundary 
conditions  is  called  a  vortex  sheet  (Saflhnan  &  Baker  1979). 

The  partial  differential  equation  describing  the  evolution  of  the  vortex  sheet  strength  17 
can  be  derived  by  combining  the  Euler  equations,  Eqs.  (2.1)  and  (2.2),  with  the  boundary 
conditions  at  the  interface,  Eqs.  (2.3)-(2.5),  resulting  in  (Pozrikidis  2000) 

3ti 

+  w  •  V?7  =  — n  X  [(77  X  n)  •  Vw]  -h  n  [(Vw  •  n)  •  r/] 

+  (n  X  Vk)  +  2An  x  a ,  (2.8) 

Here,  A  =  (pi  —  P2)/(pi  ’^92)  is  the  Atwood  number  and  a  is  the  average  acceleration 
of  fluid  1  and  fluid  2  at  the  interface.  The  major  advantage  of  Eq.  (2.8),  as  compared  to 
a  formulation  based  on  the  Euler  equations,  is  the  fact  that  Eq.  (2.8)  contains  explicit 
local  individual  source  terms  on  the  right-hand  side  describing  the  physical  processes  at 
the  interface.  These  are,  from  left  to  right,  two  stretching  terms,  a  surface  tension  term 
Tff^  and  a  density  difference  term. 

In  addition  to  the  evolution  of  the  local  vortex  sheet  strength,  Eq.  (2.8),  the  location 
and  motion  of  the  phase  interface  itself  has  to  be  known.  To  this  end,  vortex  sheets  are 
typically  solved  by  a  boundary  integral  method  within  a  Lagrangian  framework  where 
the  phase  interface  is  tracked  by  marker  particles  (Baker  et  al.  1982;  Pullin  1982;  Hou 
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et  al  1997,  2001;  Rangel  &  Sirignano  1988).  Marker  particles  allow  for  highly  accurate 
tracking  of  the  phase  interface  motion  in  a  DNS.  However,  the  introduction  of  ensemble 
averaging  and  spatial  filtering  of  the  interface  topology  is  not  straightforward  and  hence 
a  strategy  for  the  derivation  of  appropriate  LSS  subgrid  closure  models  is  not  directly 
apparent. 

Level  sets,  on  the  other  hand,  have  been  successfully  applied  to  the  derivation  of  closure 
models  in  the  field  of  premixed  turbulent  combustion  (Peters  1999,  2000).  Thus,  instead 
of  using  marker  particles  to  describe  the  location  and  motion  of  the  phase  interface,  here, 
the  interface  is  represented  by  an  iso-surface  of  the  level  set  scalar  field  G(a;,t),  as  shown 
in  Fig.  2.  Setting 

(7(£c,t)|r  =  =  const,  (2.9) 

G{x,t)  >  Go  in  fluid  1,  and  G{x,t)  <  Go  in  fluid  2,  an  evolution  equation  for  the  scalar 
G  can  be  derived  by  simply  differentiating  Eq.  (2.9)  with  respect  to  time. 


dG  r-7/^  A 

— — h  u  •  VG  =  0 
ut 


(2.10) 


This  equation  is  called  the  level  set  equation  (Osher  &  Sethian  1988).  Using  the  level  set 
scalar,  geometrical  properties  of  the  interface,  like  its  normal  vector  and  curvature,  can 
be  easily  expressed  as 

"•‘WV 

Strictly  speaking,  Eqs.  (2.8)  and  (2.10)  are  valid  only  at  the  location  of  the  inter¬ 
face  itself.  However,  to  facilitate  the  numerical  solution  of  both  equations  in  the  whole 
computational  domain,  17  is  set  constant  in  the  interface  normal  direction, 

V7?.VG  =  0,  (2.12) 

and  G  is  chosen  to  be  a  distance  function  away  from  the  interface. 


Equations  (2.8)  and  (2.10)  are  coupled  by  the  self-induced  velocity  u  of  the  vortex 
sheet.  To  calculate  w,  the  vector  potential  is  introduced, 

=  cj .  (2.14) 

Here,  the  vorticity  vector  u;  is  calculated  following  a  vortex-in-cell  type  approach  (Chris¬ 
tiansen  1973;  Cottet  &:  Koumoutsakos  2000) 

uj{x)  =  [  -  x')5  {G(x')  -  Go)  \VG{x')\dx' ,  (2.15) 

Jv 

where  5  is  the  delta-function.  Then,  u  can  be  calculated  from 


,(a;)  =  [  S{x  -  x^)  (V  X  ip)  dx' . 

Jv 


In  summary,  Eqs.  (2.8),  (2.10),  and  (2.14)  -  (2,16)  describe  the  three-dimensional  two- 
phase  interface  dynamics  and  constitute  the  level  set/vortex  sheet  method. 


2.1.  Numerical  methods 

Numerically,  Eqs.  (2.8)  and  (2.10)  axe  solved  in  a  narrow  band  (Peng  et  al  1999)  by 
a  third-order  WENO  scheme  (Jiang  &:  Peng  2000)  using  a  third-order  TVD  Runge- 
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Figure  3.  LSS  interface  definitions. 


Kutta  time  discretization  (Shu  &:  Osher  1989).  The  redistribution  of  77  (2,12)  is  solved 
by  a  Fast  Marching  Method  (Sethian  1996;  Adalsteinsson  k,  Sethian  1999),  whereas  the 
reinitialization  of  G  (2.13)  is  solved  by  an  iterative  procedure  (Sussman  et  al  1994; 
Peng  et  al  1999).  The  interested  reader  is  referred  to  Herrmann  (2002)  for  a  detailed 
description  of  the  numerical  methods  employed  in  the  level  set/vortex  sheet  method. 


3.  The  LSS  model  for  turbulent  primary  breakup 

The  basic  idea  of  the  LSS  model  is  to  split  the  treatment  of  the  primary  breakup 
process  into  two  parts.  All  phase  interface  d3niamics  occurring  on  scales  larger  than 
the  local  grid  size  are  explicitly  resolved  and  tracked  by  a  level  set  approach,  whereas 
interface  dynamics  occurring  on  subgrid  scales  are  described  by  an  appropriate  subgrid 
model.  Furthermore,  the  LSS  subgrid  model  has  to  separate  out  all  broken  off  subgrid 
scale  liquid  drops  and  transfer  them  to  a  secondary  breakup  model. 

The  level  set  equation  describing  the  interface  location  and  motion  on  the  resolved 
scales  can  be  derived  by  first  introducing  appropriate  interface  based  filters  (Oberlack 
et  al  2001)  into  the  level  set  equation  (2.10),  see  Fig.  3, 

^+S-VG  =  0.  (3.1) 

Here,  denotes  quantities  on  the  resolved  (filter)  scale.  Furthermore,  the  mass  transfer 
rate  Thp  into  the  secondary  breakup  model  has  to  be  taken  into  account, 

Ad 

mp  =  piSpAoo  =  f  P{D)lfidD ,  (3.2) 

where  Sp  is  the  subgrid  primary  breakup  velocity,  Aqq  is  the  local  surface  area  of  the 
resolved  interface,  and  P{D)  is  the  droplet  diameter  number  distribution, 

(3.3) 

where  N  is  the  total  number  of  drops.  Then,  the  resolved  scale  level  set  equation  reads 

— +  (u  +  Spn).VG  =  0, 


(3.4) 
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where  n  is  the  normal  vector  of  the  resolved  scale  interface, 


.  \ — / 

|VG| 

To  describe  the  phase  interface  dynamics  on  the  resolved  scale,  their  effect  on  the  flow 
field  has  to  be  taken  into  account  by  an  additional  source  term  T  in  the  momentum 
equation, 

T  =  T>K5{d  -  Go)n  +  Tsgs  .  (3-6) 

Here,  the  first  term  on  the  right-hand  side  describes  the  effect  of  surface  tension  forces 
due  to  the  local  curvature  k  of  the  resolved  scale  interface,  whereas  the  second  term, 
Tsgs,  accounts  for  the  effect  of  the  subgrid  scale  surface  tension  forces  on  the  resolved 
scale  flow  field. 

Thus,  the  yet  unclosed  subgrid  terms  of  the  LSS  model  requiring  modeling  are  the 
subgrid  primary  breakup  velocity  Sp,  the  droplet  diameter  number  distribution  P(Z)), 
and  the  subgrid  scale  surface  tension  effect  Tsgs-  As  previously  indicated,  these  subgrid 
terms  are  to  be  derived  from  the  level  set/vortex  sheet  method.  Performing  DNS  of 
the  primary  breakup  of  liquid  surfaces  and  sheets  in  turbulent  environments  will  help 
to  identify  characteristic  regimes  of  the  turbulent  primary  breakup  and  their  dominant 
physical  processes.  These  can  then  be  quantified  using  the  explicit  source  terms  in  the 
ry-equation  (2.8),  thus  providing  guidelines  for  the  derivation  of  appropriate  LSS  subgrid 
models. 


4.  Results 

In  order  to  both  validate  the  three-dimensional  level  set/vortex  sheet  method  and  to 
demonstrate  its  ability  to  perform  DNS  of  the  primary  breakup  process,  the  results  of  two 
different  cases  are  presented.  First,  the  calculated  oscillation  periods  of  liquid  columns 
and  spheres  are  compared  to  theoretical  results.  Then,  the  breakups  of  a  randomly  per¬ 
turbed  liquid  surface  and  sheet  are  presented. 

4.1.  Oscillating  columns  and  spheres 

To  validate  the  proposed  level  set/vortex  sheet  method,  the  calculated  oscillation  periods 
T  of  liquid  columns  and  spheres  of  mean  radius  R  =  0.25,  center  Xc  =  (0.5, 0.5, 0.5), 
amplitude  e  =  0.05R,  and  Atwood  number  A  =  0  are  compared  to  theoretical  results 
(Lamb  1945).  The  initial  vortex  sheet  strength  in  both  cases  is  set  to 

T){x,t  =  0)  =  0.  (4.1) 

All  calculations  are  performed  in  a  unit  sized  box  resolved  by  an  equidistant  cartesian 
grid  of  128  x  128  and  128  x  128  x  128  nodes,  respectively. 

Figure  4  shows  the  distribution  of  the  surface  tension  term  T^^  of  the  77-equation  (2.8) 
in  the  2:-,  1/-,  and  2;-direction, 

^ 

We 

for  the  oscillating  sphere  of  mode  number  n  =  5  and  Weber  number  We  =  10  calculated 
at  t  =  0.  As  the  shape  of  the  sphere  indicates,  T^  in  the  2:-direction  is  a  factor  of  roughly 
four  higher  than  Ta  in  the  other  two  directions,  leading  to  the  predominant  oscillation 
in  the  7/-2-plane. 
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Figure  4.  Distribution  of  the  surface  tension  term  T<r  in  the  x-direction  (top),  y-direction 
(left),  and  z-direction  (right)  for  the  mode  n  =  5  oscillating  sphere  at  t  =  0  and  We  =  10. 

Figure  5  depicts  the  comparison  of  the  oscillation  period  for  the  oscillating  columns 
on  the  left-hand  side  and  the  oscillating  spheres  on  the  right-hand  side  for  two  different 
Weber  numbers.  As  can  be  clearly  seen,  agreement  between  simulation  and  theory  is  very 
good. 

4.2.  Liquid  surface  and  sheet  breakup 

To  demonstrate  the  capability  of  the  proposed  level  set /vortex  sheet  method  to  simulate 
the  primary  breakup  process,  the  temporal  evolution  of  both  a  randomly  perturbed 
liquid  surface  and  sheet  are  simulated.  In  the  case  of  the  liquid  surface,  the  on  average 
flat  interface  located  at  z  =  0  is  perturbed  in  the  z-direction  by  a  Fourier  series  of  64 
sinusoidal  waves  in  both  the  x-  and  y-direction  with  random  amplitude  0  <  e  <  0.01  and 
random  phase  shift.  In  the  case  of  the  liquid  sheet,  the  two  on  average  fiat  interfaces  are 
located  at  z  =  — B/2  and  z  =  -\-B/2  and  are  again  perturbed  by  two  Fourier  series  of  64 
sinusoidal  waves.  The  thickness  of  the  liquid  sheet  is  set  to  J5  =  0.1. 

The  initial  vortex  sheet  strength  for  the  liquid  surface  is  set  to 

=  0)  =  (-1,0,0)  (4.3) 


and  to 


(-1-0-0)  =  ^>0 
(  1,0,0)  :  z<0 


(4.4) 
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Figure  5.  Oscillation  period  T  of  liquid  columns  (left)  and  spheres  (right)  as  a  function  of  mode 
number  n  for  varying  Weber  numbers  We.  Lines  denote  theoretical  and  symbols  computational 
results. 

in  the  liquid  sheet  case.  Both,  the  surface  and  the  sheet  simulation  were  performed  in  a 
X-  and  2/-direction  periodic  box  of  size  [0, 1]  x  [0, 1]  x  [—1,1]  resolved  by  a  cartesian  grid 
of  64  X  64  X  128  equidistant  nodes.  In  both  simulations,  the  Atwood  number  is  A  =  0. 
The  Weber  number  in  the  surface  simulation  is  We  =  500  and  the  Weber  number  in  the 
sheet  simulation  based  on  the  sheet  thickness  is  We^  =  100. 

As  depicted  in  Fig.  6,  the  surface  shows  an  initial  growth  of  two-dimensional  Kelvin- 
Helmholtz  instabilities  (t  =  1).  These  continue  to  grow  {t  =  3)  and  form  three-dimensional 
structures  (t  =  5)  resulting  in  elongated  fingers  (t  =  6.5)  that  finally  initiate  breakup 
{t  =  8.0). 

The  liquid  sheet,  depicted  in  Fig.  7,  also  exhibits  the  initial  formation  of  two-dimensional 
Kelvin-Helmholtz  instabilities  {t  =  1)  that  continue  to  grow  {t  =  3)  until  the  liquid  film 
gets  too  thin  and  ruptures  (i  =  5).  Individual  fingers  are  formed  that  extend  mostly  in 
the  transverse  direction  (t  =  8)  and  continue  to  break  up  into  individual  drops  of  varying 
sizes  (t  =  12). 


5.  Conclusions  and  futiu-e  work 

A  Eulerian  level  set /vortex  sheet  method  has  been  presented  that  allows  for  the  three- 
dimensional  calculation  of  the  phase  interface  d3mamics  between  two  inviscid  and  in¬ 
compressible  fluids.  Results  obtained  with  the  proposed  method  for  oscillating  columns 
and  spheres  show  very  good  agreement  with  theoretical  predictions.  Furthermore,  the 
applicability  of  the  method  to  the  primary  breakup  process  has  been  demonstrated  by 
simulations  of  the  breakup  of  both  a  liquid  surface  and  a  liquid  sheet. 

In  addition,  the  LSS  model  for  turbulent  primary  breakup  has  been  outlined,  and  all 
terms  requiring  subgrid  modeling  have  been  identified.  The  proposed  level  set /vortex 
sheet  method  has  the  advantage  that  it  allows  for  the  detailed  study  of  each  individual 
physical  process  occurring  at  the  phase  interface.  It  thus  provides  a  promising  framework 
for  the  derivation  of  the  LSS  subgrid  models. 

Future  work  will  focus  on  including  the  effect  of  non-zero  Atwood  numbers  and  on 
coupling  of  the  level  set /vortex  sheet  method  to  an  outside  turbulent  flow  field.  Also,  the 
level  set /vortex  sheet  method  will  be  parallelized  making  use  of  the  new  domain  decom- 
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Figure  6.  Temporal  evolution  of  the  three-dimensional  liquid  surface  breakup,  -4  =  0, 

We  =  500. 


position  parallelization  of  the  Fast  Marching  Method  presented  in  Herrmann  (2003).  This 
will  allow  for  efficient  DNS  of  the  primary  breakup  process  to  help  identify  the  different 
regimes  of  turbulent  primary  breakup  and  their  dominant  physical  processes,  facilitating 
the  derivation  of  the  LSS  subgrid  models.  Finally,  combining  the  LSS  model  to  spray 
models  describing  the  secondary  breakup  will  allow  for  the  first  LES  of  the  turbulent 
atomization  process  as  a  whole. 
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Fragmentation  under  the  scaling  symmetry  and 
turbulent  cascade  with  intermittency 

By  M.  Gorokhovski  f 


1.  Motivation  and  objectives 

Fragmentation  plays  an  important  role  in  a  variety  of  physical,  chemical,  and  geo¬ 
logical  processes.  Examples  include  atomization  in  sprays,  crushing  of  rocks,  explosion 
and  impact  of  solids,  polymer  degradation,  etc.  Although  each  individual  action  of  frag¬ 
mentation  is  a  complex  process,  the  number  of  these  elementary  actions  is  large.  It  is 
natural  to  abstract  a  simple  ‘effective’  scenario  of  fragmentation  and  to  represent  its 
essential  features.  One  of  the  models  is  the  fragmentation  under  the  scaling  symmetry: 
each  breakup  action  reduces  the  typical  length  of  fragments,  r  =>  ar,  by  an  independent 
random  multiplier  a  (0  <  a  <  1),  which  is  governed  by  the  fragmentation  intensity  spec¬ 
trum  g(a),  Jq  q(a)da  =  1.  This  scenario  has  been  proposed  by  Kolmogorov  (1941),  when 
he  considered  the  breakup  of  solid  carbon  particle.  Describing  the  breakup  as  a  random 
discrete  process,  Kolmogorov  stated  that  at  latest  times,  such  a  process  leads  to  the 
log-normal  distribution.  In  Gorokhovski  k  Saveliev  (2003),  the  fragmentation  under  the 
scaling  symmetry  has  been  reviewed  as  a  continuous  evolution  process  with  new  features 
established. 

The  objective  of  this  paper  is  twofold.  First,  the  paper  synthesizes  and  completes  theo¬ 
retical  part  of  Gorokhovski  &:  Saveliev  (2003).  Second,  the  paper  shows  a  new  application 
of  the  fragmentation  theory  under  the  scale  invariance.  This  application  concerns  the  tur¬ 
bulent  cascade  with  intermittency.  We  formulate  here  a  model  describing  the  evolution  of 
the  velocity  increment  distribution  along  the  progressively  decreasing  length  scale.  The 
model  shows  that  when  the  tmbulent  length  scale  gets  smaller,  the  velocity  increment 
distribution  has  central  growing  peak  and  develops  stretched  tails.  The  intermittency  in 
turbulence  is  manifested  in  the  same  way:  large  fluctuations  of  velocity  provoke  highest 
strain  in  narrow  (dissipative)  regions  of  flow. 


2.  Universalities  of  fragmentation  imder  the  scaling  symmetry 

2.1.  The  evolution  equation  for  normalized  distribution  of  fragments  and  its  steady-state 

solution 

The  population  balance  in  the  case  of  fragmentation  under  the  scaling  symmetry  evolves 
according  to  the  following  integro-differential  equation  (see,  for  example,  Gorokhovski 
Saveliev  (2003)): 

^  =  (T+-  l)uf  (2.1) 
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where  f{r,t)  is  the  normalized  distribution  of  size,  i/  is  constant  breakup  frequency, 
/o°°  =  1  and 

is  the  operator  of  fragmentation.  To  fulfill  the  evolution  of  distribution  with  time,  we 
consider  q(a)  to  be  different  from  delta  function.  The  ultimate  steady-state  solution  of 
equation  (2.1)  is  delta  function: 

f{r)-S{r)  (2-3) 

To  get  (2.3),  remark  that  I+S(r)  =  Jg  ^q(a)S  (J)  =  <5(r),  and  then  from  /  = 

0,  it  follows  that  T+S(r)  -  S(r)  =  0.  The  question  is:  How  does  the  distribution  /(r,t) 
evolve  to  the  ultimate  steady-state  solution  (2.3)?  This  question  can  not  be  completely 
answered  since  the  solution  of  the  evolution  equation  (2.1)  requires  knowledge  of  the 
spectrum  g(o:),  which  is  principally  unknown  function.  At  the  same  time,  the  operator 
7+  in  equation  (2.1)  is  invariant  under  the  group  of  scaling  transformations  (r  ->■  ar). 
Due  to  this  symmetry,  the  evolution  of  the  distribution  / (r,  t)  to  the  ultimate  steady- 
state  solution  (2.3)  goes  at  least,  through  two  intermediate  asymptotics.  Evaluating  these 
intermediate  asymptotics  does  not  require  knowledge  of  entire  function  q(a)  -  only  its  first 
two  logarithmic  moments,  and  further  only  the  ratio  of  these  moments  in  the  long-time 
limit,  determine  the  behavior  of  the  solution  to  equation  (2.1).  These  two  universalities 
are  shown  as  follows. 


2.2.  First  and  second  universalities 


The  asymptotic  solution  of  (2.1)  is  (Gorokhovski  &  Saveliev  2003): 

,2 


/(r,t-^oo)  = 
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y27r(ln^a) 


/  (In  a) 

exp - ^ — s — r^t  I  X 


ut 


X  exp 


{Hr/R)f\  {R'\ 

2  (In^  a)vtj  \  r  J 


2  (In'*  a) 

l-(lna>/(ln*  a) 


(2.4) 


where  R  denotes  the  initial  length  scale.  The  expression  (2.4)  confirms  the  main  result 
of  Kolmogorov  (1941):  the  long-time  limit  distribution  is  log-normal  (first  universality 
with  two  parameters,  which  are  the  first  and  the  second  logarithmic  moments  of  the  frag¬ 
mentation  intensity  spectrum).  At  the  same  time,  it  is  seen  from  (2.4),  that  the  second 
multiplier  tends  to  unity  as  time  progresses.  This  implies  that  only  one  universal  param¬ 
eter  controls  the  last  stage  of  the  fragmentation  process  (second  universality): 


f(r,t)  oc 


(2.5) 


2.3.  First  universality  and  Fokker-Planck  equation 
The  emerging  corollary  from  the  first  universality  is  as  follows:  changing  of  higher  mo¬ 
ments  (ln*a^,  ik  >  2  in  equation  (2.1)  does  not  affect  its  solution  at  times  sufficiently 

larger  than  the  life  time  of  the  breaking  fragment.  Then  the  moments  (in*  a^,k>2  can 
be  simply  equated  to  zero  (rather  than  making  the  broadly-used  assumption  about  the 
smallness  of  latest).  Consequently,  by  expanding  (^)  on  powers  of  Ina  in  (2.1),  and 
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Figure  1.  Size  distributions  computed  by  direct  modeling  of  the  evolution  equation  with  pre¬ 
sumed  Gaussian  spectrum  of  breakup  intensity,  ^(a),  (on  the  left-side)  and  by  analitical  solution 
of  Fokker-Planck  equation  with  (In  a)  and  (in^a)  taken  from  presumed  q{a). 


by  setting  to  zero  the  third  and  all  higher  logarithmic  moments,  the  evolution  equation 
(2.1)  reduces  exactly  to  the  Fokker-Planck  equation  (Gorokhovski  Saveliev  2003): 


dfjr) 

dt 


d  ,  1  ^  ^  /I  2  \ 

r  (Ina)  +  —  — r— r  (In  a) 
dr  ^  ^  2\  dr  dr  ^  ^ 


I'fi'r) 


or  in  terms  of  logarithm  of  size  distribution  #(x  =  Inr),  one  yields: 

d^(x) 


dt 
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The  solution  of  (2.6)  verifies  to  be: 
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exp 


(In^  -\-{\na)uty 

2  (In^  a)  ut 


fo{ro)dro  (2.8) 


where  fo(ro)  is  the  initial  distribution. 

If  q{a)  is  presumed,  we  can  compare  the  Monte-Carlo  simulation  of  the  evolution 
equation  (2.1)  with  analytical  solution  (2.8),  where  (In  a)  and  (In^a)  are  calculated  from 
the  presumed  q{a).  In  Fig.l,  on  the  left  hand-side,  we  show  the  distribution  from  Monte 
Carlo  computation  of  (2.1)  at  different  non-dimensional  time  i/i,  with  q{oi)  presumed  as 
Gaussian;  (In  a)  =  —0.36  and  (in^a)  =  0.14.  The  same  moments  have  been  prescribed 
in  (2.8)  to  compute  the  evolution  of  Retribution  by  Fokker-Planck  equation  (right  hand- 
side  of  Fig.l).  It  is  seen  that  at  ut  =  lA  and  later,  the  Monte  Carlo  simulation  of  (2.1) 
and  analytical  solution  of  Fokker-Planck  equation  (2.8)  match  each  other.  We  performed 
such  a  comparison  using  different  shapes  of  q{a)  and  the  emerging  picture  shows  that 
after  a  certain  time  (the  weaker  the  spectrum  of  breakup  intensity  is,  the  larger  this  time 
is),  the  Monte  Carlo  solution  of  the  evolution  equation  and  the  analytical  solution  of 
Fokker-Planck  equation  were  practically  the  same. 
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2.4.  Second  universality,  fractals  and  Boltzman  distribution.  Identification  of 

The  power  distribution  (2.5)  implies  the  fractal  properties  of  formed  fragments  in  the 
long-time  limit.  The  dimension  of  such  a  fractal  object  is  defined  by  the  ratio 
Setting  in  (2.5)  rr  =  Inr,  one  yields: 


$(2;)  =  r  •  f{r,t)  <x  e  ^ 


(2.9) 


where 

(In  a) 


(2.10) 


Prom  (2.9),  one  can  see  that  in  the  fragmentation  process,  the  asymptotic  power  distri¬ 
bution  (2.5)  plays  the  same  role  as  the  Boltzmann  distribution  in  problems  of  statistical 
physics.  This  gives  an  idea  for  the  choice  of  by  making  use  of  the  theory  of  Einstein 

on  the  Brownian  motion.  In  this  theory,  the  coefficient  of  diffusion  in  the  Fokker-Planck 
equation  is  represented  by  the  product  mobilityx  energy,  while  the  drift  velocity  is  given 
by  the  product  mobilityx  force.  The  ratio  characterizes  the  typical  length  scale.  In  this 
spirit,  making  analogy  with  (2.7),  one  gives  for  the  normalized  typical  length  scale  r*: 


(In^  a) 
(In  a) 


(2.11) 


This  scale  may  characterize  the  dominant  mechanism  of  the  cascade  fragmentation  (an 
example  of  can  be  found  in  Gorokhovski  (2001)). 


3.  Application  to  the  turbulent  cascade  with  intermittency 

The  cascade  in  isotropic  turbulence  with  intermittency  in  the  velocity  field  may  also  be 
viewed  in  the  framework  of  fragmentation  under  the  scaling  symmetry.  Here,  the  energy 
of  larger  unstable  eddies  is  transferred  to  smaller  one  at  a  fluctuating  rate.  It  is  clear  that 
controlling  of  each  elementary  breakup  of  eddy  is  useless  and  impossible  task,  since  the 
number  of  degrees  of  freedom  to  produce  each  turbulent  structure  is  very  large.  The  very 
simple  way  is  again,  to  assume  that  at  each  repetitive  step  of  cascade,  the  probability 
to  find  the  velocity  scale  of  a  ‘daughter’  eddy  is  independent  of  the  velocity  scale  of  its 
‘mother’  eddy;  i.e.  when  the  turbulent  length  scale  r  gets  smaller,  the  velocity  increment, 
Arv(x)  =  |v(a;  +  r)  -  v(x)|,  is  changed  by  independent  positive  random  multiplier: 

A,,v  =  a  A/  V,  with  r  <  I  (3.1) 

The  formulation  (3.1)  is  similar  to  Castaign  et  al.  (1990),  Castaign  et  al.  (1993),  Castaign 
(1996),  Kahalerras  et  al.  (1997),  Naert  et  al.  (1998).  In  these  papers,  the  measurements 
of  statistics  of  the  velocity  increment  at  the  progressively  reduced  length  scale  showed 
distributions  with  stretched  tails  and  sharp  central  peak,  i.e.  at  small  length  scales,  the 
small  amplitude  events  alternate  with  events  of  strong  velocity  variation.  This  provokes 
effect  of  intermittency:  highest  strain  in  narrow  regions  of  flow.  By  Taylor’s  hypothesis  of 
‘frozen  turbulence’,  it  is  traditional  to  evaluate  the  velocity  increment  by  one-point  mea¬ 
surement  of  the  velocity  time  increment.  Consequently,  the  penetration  towards  smaller 
scale  in  the  turbulent  cascade  may  be  viewed  as  evolution  ‘in  time’  by:  n  =  ln(Lint/^t) 
(Friedrich  &;  Peinke  1997),  where  Lint  is  integral  length  scale  and  k  is  the  eddy  scale. 
Then  we  may  compare  equation  (2.8)  with  measured  distribution  of  the  velocity  incre¬ 
ment  for  different  length  scales.  Another  way,  is  to  compare  equations  (2.8)  and  (2.11) 
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Figure  2.  Evolution  of  the  flatness  factor  K{t)  =  ((AtV)^)  /((Arv)^)^  -  3  for  the  PDF  of 
the  time  velocity  increment  (continuous  line:  model;  symbol:  Mordant  et  al.  (2001)). 


directly  with  Lagrangian  velocity  statistics  measured  by  Mordant  et  al.  (2001)  in  fully 
developed  turbulence.  Assuming  that  at  integral  time  scale,  the  distribution  of  the  ve¬ 
locity  increment  is  Gaussian  (see,  for  example,  Obukhov’s  (1959)  Lagrangian  theory  of 
isotropic  turbulence),  the  expression  (2.8)  can  be  written  as: 


/(ArV,r.)  =  ;^  X 

r°°  1 

/  ~T=^==^ 

•'o  ■J27r(ln^a)T, 


GaKss(AV)rf(AV) 


(3.2) 


where  r*  is  assumed  here  to  be  ln{Tint/n)  (Tint  is  integral  time  scale  and  n  is  eddy 
turbulent  time  scale).  The  crucial  problem  in  (3.2)  concerns  definition  of  (In^a)  and 
(In a).  It  has  been  recognized  in  two  recent  papers  of  Lundgren  (2002)  and  Gauge  et 
al.  (2003),  that  the  typical  turbulent  length  scale,  at  which  Kolmogorov’s  scaling  takes 
place  at  finite  large  Reynolds  number,  is  close  to  Taylor  micro-scale,  A.  In  this  spirit, 
the  expression  (2.11)  is  formulated  here  as:  (ln^a)/(lna)  =  \n{\/Lint)  and  further 
(In  a)  =  const  •  ln(A/Lint)-  In  Fig.  3,  the  computed  PDF’s  of  the  velocity  increment  are 
shown  against  measurements  of  Mordant  et  al  (2001)  for  Rex  =  740;  \y.ms  =  0.98  m/s; 
Tint  =  23  ms;  =  0.2  ms  (variations  have  been  normalized  to  unit  variance  in  order 
to  emphasize  changes  in  the  functional  form).  Without  special  fit  to  each  experimental 
profile  (computation  requires  only  one  constant  giving  a  good  fit  to  the  experimental 
evolution  of  the  flatness  parameter.  Fig.  2),  it  is  seen  that  expression  (3.2)  is  in  agreement 
with  the  measured  PDF.  The  computed  PDF’s  reproduce  the  progressive  non-Gaussianity 
with  development  of  stretched  tails  as  time  increment  becomes  smaller. 


4.  Conclusion  and  future  work 

The  main  result  in  this  paper  concerns  formulation  of  the  turbulent  cascade  with  in> 
termittency  in  the  framework  of  the  fragmentation  theory  with  scale  invariance.  The 
model  of  evolution  of  the  velocity  increment  distribution  along  the  progressively  decreas¬ 
ing  length  scale  is  proposed.  The  Monte  Carlo  simulation  of  the  evolution  equation  with 
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Figure  3.  Experimental  from  Mordant  et  al.  (2001)  (upper  part)  and  corresponding  modeled 
(bottom  part)  PDF  of  the  normalized  increment  AtV/  ^(Atv)^)  ^  at  Re\  =  740.  The  curves 
are  shifted  for  clarity.  Prom  top  to  bottom;  t  =  0.15;  0.3;  0.6;  1.2;  2.5;  5;  10;  20;  23  txis.. 


presumed  fragmentation  spectrum  showed  that  the  solution  matches  the  Fokker-Planck 
approximation.  We  showed  that  the  long-time  evolution  towards  fractals  is  similar  to  the 
Boltzmann  distribution  in  the  statistical  physics.  This  allowed  to  represent  the  ratio  of 
two  first  logarithmic  moments  of  the  fragmentation  intensity  spectrum  as  a  typical  scale, 
at  which  the  cascade  fragmentation  is  manifested.  The  distribution  of  velocity  increment 
showed  that  when  the  turbulent  length  scale  gets  smaller,  this  distribution  has  central 
growing  peak  and  develops  stretched  tails.  This  is  similar  to  what  we  know  on  the  in¬ 
termitt  ency  in  turbulence  from  papers  of  Castaign  et  al.  (1990,  1993,  1996,  1997,  1998). 
In  addition,  the  model  proposed  can  be  readily  applied  in  LES  computation  of  turbulent 
intermittent  flow  with  dispersed  particles.  In  such  computation  we  often  need  to  predict 
the  flow  properties  at  scales  substantially  smaller  than  the  grid  size.  The  knowledge  of  the 
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velocity  increment  at  these  scales  may  improve  simulation  of  light  particles  dispersion, 
droplet  evaporation  involving  blowing  effects,  and  sub-grid  vapor/ air  mixing. 
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“Hypothetical”  heavy  particles  dynamics  in  LES 
of  turbulent  dispersed  two-phase  channel  flow 

By  M.  Gorokhovski  and  A.  Chtab  f 


1.  Motivation  and  objectives 

The  extensive  experimental  study  of  dispersed  two-phase  turbulent  flow  in  a  vertical 
channel  has  been  performed  in  Eaton’s  research  group  in  the  Mechanical  Engineering 
Department  at  Stanford  University  (see  Kulick  et  al.  (1994)  and  Fessler  et  al  (1994)). 
In  Wang  &  Squires  (1996),  this  study  motivated  the  validation  of  LES  approach  with 
Lagrangian  tracking  of  round  particles  governed  by  drag  forces.  While  the  computed 
velocity  of  the  flow  have  been  predicted  relatively  well,  the  computed  particle  velocity 
differed  strongly  from  the  measured  one.  Using  Monte  Carlo  simulation  of  inter-particle 
collisions,  the  computation  of  Yamamoto  et  al  (2001)  was  specifically  performed  to  model 
Eaton’s  experiment.  The  results  of  Yamamoto  et  al  (2001)  improved  the  particle  velocity 
distribution.  At  the  same  time,  Vance  Sz  Squires  (2002)  mentioned  that  the  stochastic 
simualtion  of  inter-particle  collisions  is  too  expensive,  requiring  significantly  more  CPU 
resources  than  one  needs  for  the  gas  flow  computation.  Therefore,  the  need  comes  to 
account  for  the  inter-particle  collisions  in  a  simpler  and  still  effective  way.  To  present 
such  a  model  in  the  framework  of  LES/Lagrangian  particle  approach,  and  to  compare 
the  calculated  results  with  Eaton’s  measurement  and  modeling  of  Yamamoto  is  the  main 
objective  of  the  present  paper. 


2.  Equation  for  the  particle  motion  along  smoothed  trajectory 

In  the  high-Reynolds  number  flows,  three  random  forces  act  on  the  motion  of  solid 
particles:  (i)  particle-small  scale  turbulence  interaction  (affecting  mostly  light  particle 
dynamics);  (ii)  inter-particle  collisions  (important  for  relatively  heavy  particle  motion; 
this  randomness  motivated  the  present  work);  (iii)  particle- wall  interaction  (due  to  the 
wall  roughness).  Accounting  for  all  details  of  this  randomness  in  LES  is  formidable.  The 
problem  is  how  to  describe  effectively  the  random  Lagrangian  motion  of  solid  particles. 
One  of  the  possibilities  is  as  follows:  By  analogy  with  kinetic  theory,  we  may  introduce 
a  ‘hypothetical’  particle,  which  is  moving  along  the  smoothed  trajectory  averaged  over 
random  collision  trajectories.  The  smoothed  acceleration  of  such  solid  particle  changes 
the  local  momentum  in  the  gas  phase,  thereby  affecting  the  acceleration  of  neighboring 
solid  particles.  To  derive  the  equation  of  such  a  smoothed  motion,  let  us  consider  the 
dispersed  two-phase  turbulent  flow  as  a  time  evolution  of  a  system  of  interacting  stochas¬ 
tic  fluid  (Pope  2000)  and  solid  particles.  The  kinetic  description  is  then  specified  by  the 
distribution  function  of  particles  with  position  T^(a:i,a:2,a:3)  and  velocity  "^(vi,  V2,  V3), 
/(■?■,  ^,t),  in  the  six-dimensional  space,  for  solid  particles,  /p(‘r^p,  Y’p,  t)  and  fluid  par¬ 
ticles,  For  solid  particles,  the  Boltzman  equation  can  be  written  in  the 
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^  +  ^p-^=/(/p,/p)  +  /(/p,/,)  (2.1) 

where  I(fpyfp)  and  Hfpjg)  are  operators  for  solid-solid  and  solid-liquid  particle  colli¬ 
sions,  respectively.  The  first  collision  operator  in  (2.1)  is  usually  modeled  assuming  pair 
hard  sphere  collisions  with  prescribed  efficiency  (see  Vance  Sz  Squires  (2002),  Lavelieville 
et  al  (1997),  Simonin  et  al  (2002),  Sommerfeld  (2001),  Wang  et  al  (2000),  Mei  &  Hu 
(1999),  Sigurgeirsson  et  al  (2001)).  The  form  of  the  second  operator  is  principally  un¬ 
known.  The  total  number  of  solid  particles  does  not  change  due  to  any  collisions,  as  well 
as  the  total  momentum  of  solid  particles  is  unchanged  due  to  solid-solid  collisions, x.e.: 


However 


J  d\i{U,U)  =  o 

(2.2) 

y’rfV(/p./s)=o 

(2.3) 

1  d\l(fpjp)yp  =  0 

(2.4) 

[  d\lifp,fg)yp^0 

(2.5) 

Introducing  the  solid  particles  density,  rip  (in  usual  terms  of  kinetic  approach)  and  the 
particle  velocity  averaged  by  /p,  (vp)/^  =  f  d^pfpVp,  let  us  assume  that  the  solid- 
solid  particle  collision  occurs  frequently  such  that  the  correlation  of  fluctuations  of  solid 
particle  velocities  can  be  identified  with  the  particle  temperature  of  ordinary  statistical 
mechanics,  Tpi 


{''p,cyv,p) 3  (Vp 


(2.6) 


Here  /m  is  Maxwellian  distribution,  rrip  is  the  mass  of  the  considered  solid  particle 
and  Sap  is  the  Kronecker  delta.  Multiplying  (2.1)  by  the  velocity  of  particle,  integrating 
over  all  these  velocities  and  using  (2.6),  one  yields: 


d{yp,i3)u _ L_£. 


dt 


dxp 


j_  r 

\  rup  J  rip  J 


'^P,pd{fp^  fg)d  Vp^p 


(2.7) 


where  the  first  term  implies  the  change  of  the  ‘particle  pressure’  along  the  smoothed 
trajectory  of  the  particle  and  the  second  term  is  the  mean  rate  of  the  particle  velocity 
change  due  to  particle-turbulence  interaction.  These  two  terms  have  to  be  modeled. 
The  first  term  is  modeled  as  follows.  We  introduce  the  ‘temperature’  of  stochastic  fluid 
particles,  Ttur,g>  According  to  its  kinetic  definition,  one  writes: 


Ttur,,  =  lp,VOLUyf)/2  (2.8) 

where  pg  is  the  gas  density,  VOLl  may  be  viewed  as  a  volume  over  integral  spatial  scale 
and  {\^g)  /2  is  the  kinetic  energy  of  turbulence  in  gas  flow.  Assuming  a  relaxation  of  the 
statistical  temperature  of  solid  particle  to  the  statistical  temperature  of  liquid  one,  one 
writes: 

^=mur,,-T^)  (2.9) 

where  (3  is  an  exchange  frequency  parameter.  If  is  very  large,  the  statistical  temperature 
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of  particle  may  be  assumed  to  be  locally  in  a  ‘thermodynamic’  equilibrium  with  the 
surrounding  turbulence: 

T^  =  Ttur.9  (2.10) 

Concerning  the  second  term  in  (2.7),  for  heavy  particles,  it  can  be  presented  by  the  draft 
force: 


-  (Vp,/9)/J  /Tp  (2.11) 

where  Tp  is  the  Stokes  time.  With  the  particle  Reynolds  dependency  from  Clift  et  al 
(1978),  it  writes: 


Ppdp 


^  _  f'P^P _ t _  (0  12) 

18ppZ/pl  +  0.15Re0.687  V-  ; 

In  this  formulation,  the  equation  (2.7)  without  the  first  term  represents  usual  LES/ 
particle  tracking  procedure. 


3.  Computation  procedure 

LES  of  particle-laden  flow  is  performed  for  conditions  corresponding  to  the  Eaton’s 
experiment.  In  this  experiment,  a  set  of  measurements  has  been  performed  on  a  ver¬ 
tical  fully-developed  air-chEUinel  flow  laden  with  spherical  particles  of  different  mass 
loading.  From  this  measurement,  we  chose  the  case  with  particles  of  copper  (density 
pp  =  8800  kgirr?,  diameter  dp  —  70  pm  and  20%  of  mass  loading).  The  numerical  code 
developed  at  CTR,  Stanford  University  by  Pierce  &  Moin  (2001),  was  adapted  in  this 
paper  for  IBM  PC.  In  this  code,  the  sub-grid  momentum  transport  term  was  modeled  by 
dynamic  approach  of  Germano  et  al  (1990).  In  the  present  work,  this  code  has  been  cou¬ 
pled  in  ‘two- ways’  with  Lagrangian  particle  solver,  according  to  (2. 7)- (2.11).  The  second 
order  Runge-Kutta  scheme  has  been  used  for  computation  of  the  particle  motion. 

To  define  the  local  statistical  temperature  of  turbulence  in  (2.8),  the  volume  was  as¬ 
sociated  with  the  control  volume  of  the  finite-difference  mesh.  Two  different  expressions 
for  the  ‘temperature’  of  turbulence  have  been  used  to  calculate  (2.8): 

T'turb^g  =  “  V^^a)  /2  (^‘1) 

a 

and  for  the  mean  one 

{Tturb,g)  —  "^Pg^x^y^z  {{^9,oc  ”  V^,q:)  )  /2  (^*2) 

a 

The  numerical  algorithm  of  two-way  momentum  coupling  was  implemented.  The  par¬ 
ticle  equations  have  been  solved  using  the  second  order  Runge-Kutta  method.  For  the 
gas  velocity  at  a  particle  position,  the  linear  interpolation  scheme  has  been  used.  The 
implementation  of  higher  order  schemes  of  interpolation  did  not  give  an  explicit  advan¬ 
tage,  requiring  at  the  same  time  a  substantial  computational  effort.  The  computations 
were  performed  at  Reynolds  number  based  on  friction  velocity  and  channel  half-width 
of  644  (corresponding  to  Re3nolds  numbers  of  13800  based  on  centerline  velocity  and 
channel  half- width).  Parameters  of  the  computation  have  been  chosen  similar  to  Wang 
Sc  Squires  (1996)  with  64  x  65  x  64  grid  points  for  the  flow  resolution  in  the  x,  y  and  z 
directions,  respectively,  that  covered  the  computational  domain  57r<5/2  x  26  x  7r6/2.  In 
the  streamwise  and  spanwise  directions,  uniform  grid  was  used.  In  the  direction  normal 
to  the  wall,  the  non-uniform  stretched  grid  has  been  used  with  first  velocity  position  at 
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t/+  =  0.88,  Periodic  boundary  conditions  were  used  for  gas  phase  and  for  particles  at  free 
boundaries. 

4.  Results 

For  unladen  and  laden  turbulent  flow  with  different  mass  loading,  Fig.  la  shows  the 
mean  stream-wise  gas-velocity  obtained  in  Eaton’s  experiment  and  in  the  present  com¬ 
putation.  It  has  been  noted  in  the  experiment  that  particles  do  not  change  practically 
the  mean  velocity  profile  of  gas.  As  it  is  seen  from  Fig.  la,  the  computed  mean  gas  ve¬ 
locity  field  is  also  not  influenced  by  the  presence  of  particles.  Fig. lb  and  Ic  show  the 
turbulence  intensity  in  stream- wise  and  wall-normal  directions.  The  Eaton’s  experiment 
predicted  an  attenuation  of  the  turbulence  by  particles.  This  is  also  seen  from  compu¬ 
tation  in  Fig. lb  and  Ic.  To  demonstrate  the  strong  effect  of  the  turbulence  attenuation, 
the  centreline  experimental  and  computed  values  of  kinetic  energy  and  viscous  dissipa¬ 
tion  are  presented  in  Fig.2.  versus  different  mass  loading.  In  Fig.3,  the  profiles  of  mean 
particle  velocity  and  of  its  variance  are  shown.  Fig.Sa  gives  the  particle  mean  streamwise 
velocity.  It  is  clearly  seen  that  similar  to  measurements  and  computations  of  Yamamoto 
et  al  (2001),  the  present  computation  gives  the  flattened  profile.  In  Fig.Sb,  the  computed 
r.m.s.  streamwise  particle  velocity  is  compared  with  the  measurements.  The  computation 
is  in  agreement  with  experiment  except  near  the  channel  centre.  At  the  same  time,  it  is 
seen  from  Fig.Sc,  that  computed  r.m.s.  of  wall-normal  velocity  is  overestimated  against 
the  measured  values  (the  data  from  Yamamoto  et  al.  (2001)  show  an  underestimation  of 
measurements). 

5.  Conclusion  and  future  work 

The  recent  LES  computation  of  particle-laden  turbulent  flow  showed  that  the  particle 
velocity  distribution  can  be  predicted  relatively  well,  if  the  inter- particle  collisions  are 
included  in  the  simulation.  However  the  Monte  Carlo  simulation  of  inter-particle  colli¬ 
sions,  which  is  used  in  those  computations,  is  too  expensive  for  practical  applications.  In 
this  paper,  a  simplified  approach  of  two- phase  flow  simulation  is  proposed.  By  analogy 
with  kinetic  theory,  we  introduced  a  ‘hypothetical’  particle,  which  is  moving  along  the 
smoothed  trajectory  averaged  over  random  collision  trajectories.  An  equation  of  such  a 
smoothed  motion  has  been  derived,  using  hypothesis  of  a  ‘thermodynamic’  equilibrium 
between  the  statistical  temperature  of  the  particle  and  the  surrounding  turbulence.  The 
Lagrangian  tracking  of  ‘hypothetical’  particles  was  performed  along  LES  computation  of 
a  vertical  fully-developed  air-channel  flow  (experiment  in  Eaton’s  research  group).  It  has 
been  shown  that  our  computation  is  in  agreement  with  Eaton’s  experiment  and  compu¬ 
tation,  where  the  inter-particle  interaction  has  been  simulated  by  hard-sphere  collisions 
with  prescribed  efficiency.  At  the  same  time,  to  account  for  inter-particle  interactions, 
the  presented  model  does  not  require  additional  CPU  time.  Our  future  work  concerns 
the  further  development  of  this  approach  for  interaction  between  particles  &  rough  wall. 
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Figure  1.  Comparison  of  computed  gas  velocity  profiles  with  measurements  of  Kulick  et  al 
(1994)  at  different  mass  loading:  a)  streamwise  mean  velocity;  b)  r.m.s.  of  streamwise  velocity; 
c)  r.m.s.  of  wall-normal  veiocity. 
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Figure  2.  Attenuation  of  gas-phase  turbulent  kinetic  energy  and  dissipation  with  particle 
mass  loading:  filled  symboles  -  computation;  empty  symbols  -  measurement. 
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Figure  3.  Comparison  of  cx)mputed  particle  velocity  profiles  with  measurements  of  Kulick  et 
al  (1994)  and  results  from  Yamamoto  et  al  (2001)  with  inter-particle  collisions:  a)  streamwise 
mean  velocity;  b)  r.m.s.  of  streamwise  velocity;  c)  r.m.s.  of  wall-normal  velocity. 
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A  domain  decomposition  parallelization  of  the 
Fast  Marching  Method 

By  M.  Herrmann 


1,  Motivation  and  objectives 

Evolving  interfaces  play  an  important  role  in  a  multitude  of  different  areas,  ranging 
from  fluid  mechanics,  combustion,  and  grid  generation  to  material  sciences,  semiconduc¬ 
tor  manufacturing,  seismic  analysis,  and  control  problems  [see  Sethian  (1999&)  for  a  de¬ 
tailed  overview],  'Lraditionally,  interfaces  have  been  treated  in  a  Lagrangian  framework 
tracking  their  evolution  by,  for  example,  marker  particles  [see  among  others  Brackbill 
et  al  (1988)].  In  recent  years,  however,  describing  the  topology  and  evolution  of  inter¬ 
faces  by  Eulerian  partial  differential  equations  (PDE)  has  become  ever  more  popular 
since  this  approach  offers  certain  theoretical  and  computational  advantages  over  the  La¬ 
grangian  formulation  (Sethian  19996).  Depending  on  the  type  of  problem,  two  different 
solution  strategies  for  the  Eulerian  approach  exist.  In  the  case  of  an  initial  value  prob¬ 
lem,  level  set  methods  (Osher  &  Sethian  1988),  or  alternatively  Volume-of-Fluid  methods 
(Noh  &  Woodward  1976),  can  be  employed  to  solve  the  evolving  interface.  In  the  case  of 
a  boundary  value  problem,  the  Fast  Marching  Method  (Sethian  1996a)  has  emerged  as 
the  efficient  solution  method. 

In  this  paper,  we  focus  on  two  boundary  value  problems  that  typically  arise  in  the 
numerical  implementation  of  level  set  methods,  namely  reinitialization  and  redistribution. 
In  level  set  methods,  an  iso-surface  of  the  level  set  scalar  G, 

G{x,t)  =  Go  =  const ,  (1.1) 

is  used  to  define  the  location  of  an  arbitrary  shaped  interface  F.  The  transport  equation 
for  the  scalar  G  can  then  be  derived  from  simple  kinematic  considerations  as 

^+'u.VG  =  0.  (1.2) 

ot 

Since  this  so-called  level  set  equation  (1.2)  is  valid  only  at  the  location  of  the  interface 
itself,  the  choice  of  G  outside  the  interface,  i.e.  G  ^  Go,  is  in  principle  arbitrary.  However, 
for  numerical  reasons,  G  is  generally  chosen  to  be  a  distance  function, 

Enforcing  this  condition  is  usually  called  reinitialization. 

Furthermore,  some  quantities  S  may  be  defined  only  at  the  location  of  the  interface. 
In  order  to  extend  these  quantities  to  the  whole  computational  domain,  they  are  set 
constant  in  the  interface  normal  direction, 

V5.VG  =  0.  (1.4) 

This  procedure  is  called  redistribution,  since  it  redistributes  the  values  of  S  from  the 
interface  into  the  surrounding  domain. 
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Both,  Eqs.  (1.3)  and  (1.4)  constitute  boundary  value  problems,  since  G  and  S  are 
defined  on  F  only.  Several  different  numerical  methods  exist  to  solve  these  equations. 
Among  these  are  brute  force  approaches  based  on  calculating  the  minimum  of  the  ge¬ 
ometric  distance  between  each  grid  node  in  the  computational  domain  and  every  point 
on  the  interface  (Merriman  et  al  1994),  and  PDE-based  approaches  like  the  iteration 
scheme  by  Sussman  et  al  (1994).  While  the  former  are  computationally  very  expensive, 
the  latter  inadvertently  alter  both  the  location  of  interface  and  the  value  of  S  on  the 
interface  due  to  their  iterative  nature.  In  the  case  of  the  reinitialization  equation  (1.3), 
supplementary  fixes  addressing  this  problem  relatively  successfully  have  been  proposed 
(Russo  &  Smereka  2000;  Peng  et  al  1999;  Sussman  et  al  1998;  Sussman  k  Fatemi  1999; 
Enright  et  al  2002). 

An  alternative  approach  to  solving  Eqs.  (1.3)  and  (1.4)  is  the  so-called  Fast  Marching 
Method  (FMM).  It  was  originally  proposed  by  Tsitsiklis  (1994,  1995)  and  applied  to 
the  level  set  formulation  by  Sethian  (1996a)  and  Helmsen  et  al  (1996).  The  FMM  is  a 
non-iterative  procedure  that  explicitly  makes  use  of  the  way  information  in  Eqs.  (1.3) 
and  (1.4)  propagates.  The  FMM  is  thus  theoretically  optimal  in  its  operation  count. 
Still,  typical  problem  sizes  of  state  of  the  art  numerical  simulations  in  general  require 
a  domain  decomposition  approach  for  parallel  computing.  However,  the  FMM  is  highly 
sequential  and  hence  not  straightforward  to  parallelize  in  a  domain  decomposition  sense. 
At  least  to  the  knowledge  of  the  author,  no  domain  decomposition  parallelization  of  the 
Fast  Marching  Method  has  been  published  yet. 

This  paper  is  structured  as  follows:  first,  the  standard,  sequential  FMM  is  reviewed. 
Then,  different  parallelization  strategies  are  discussed  and  a  domain  decomposition  par¬ 
allelization  is  proposed.  Thereafter,  some  preliminary  results  concerning  the  speedup  of 
the  proposed  method  are  presented  and  discussed.  Finally,  conclusions  are  drawn  and  an 
outlook  to  future  work  is  given. 


2.  The  sequential  Fast  Marching  Method 
In  this  section,  a  short  overview  of  the  standard  Fast  Marching  Method  is  given.  For 
further  details,  the  interested  reader  is  referred  to  Sethian  (1996a),  Adalsteinsson  k 
Sethian  (1999),  and  Sethian  (1999a). 

The  idea  of  the  FMM  for  level  sets  is  to  first  solve  Eq.  (1.3)  and  use  its  solution  to 
then  solve  Eq.  (1.4)  (Adalsteinsson  k  Sethian  1999).  Hence,  we  will  at  first  focus  on  the 
solution  of  Eq.  (1.3). 

To  solve  Eq.  (1.3)  correctly,  the  gradient  operator  has  to  be  approximated  by  upwind, 
entropy-satisfying  finite  differences  (Sethian  1999  a).  The  approximation  most  often  used 
is  due  to  Godunov  (Rouy  k  Tourin  1992): 

|VG|«  [max(Z)yJG,-£»+j^G,0)2+ 

mBx{D-lG,-Dt/,G,0f  +  (2.1) 

m^{D^lG,-D^lG,0)^]''^  , 

where  are  difference  notations.  For  example,  the  first  order  approximation  is 

- - a; - ’ 
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(a)  Calculate  all  node  values  that  are  directly  adjacent  to  the  interface  and  tag  them  as 
accepted.  Tag  all  nodes  adjacent  to  these  accepted  nodes  as  close  and  all  others  as  far. 

(b)  Calculate  G  of  all  close  nodes  by  Eq.  (2.3),  treating  G  in  any  adjacent  close  or  far  node 
as  00.  Set  the  loop  index  n  —  \. 

(c)  Mark  as  accepted  the  close  node  ijk  with  the  smallest  G  value,  denoted  by  G"^  =  Gijk- 

(d)  Mark  all  far  nodes  adjacent  to  Gijk  as  close. 

(e)  Recalculate  the  G  values  of  all  close  nodes  adjacent  to  Gijk  by  Eq.  (2.3),  treating  G  in 
any  adjacent  close  or  far  node  as  oo. 

(f )  Set  n  =  n  +  1  and  return  to  step  (c)  until  all  nodes  are  accepted. 

Table  1.  The  sequential  FMM  algorithm 


Thus,  the  discretized  version  of  Eq.  (1.3)  solved  in  the  FMM  reads  as 

[mBx{Dr-G,-Dt;,G,Of+ 

max(Dr|G,-D+«G,0)2+  (2.3) 

1/2 

max(i)-.^G,-i)+^G,0)2]  =1. 

Provided  that  the  G  values  of  all  nodes  neighboring  ijk  are  given,  Eq.  (2.3)  constitutes  a 
quadratic  equation  yielding  Gijk  itself.  The  simple,  albeit  inefficient  way  to  solve  Eq.  (2.3) 
throughout  the  whole  computational  domain  is  to  iteratively  update  each  node  in  the 
domain  by  Eq.  (2.3)  until  a  stationary  solution  is  reached  (Rouy  &  Tourin  1992). 

However,  this  approach  neglects  to  take  advantage  of  the  fact  that,  due  to  the  upwind 
structure  of  Eq.  (2.3),  information  propagates  only  from  smaller  to  larger  values  of  G. 
This  yields  attribute  1  of  the  FMM: 

Attribute  1.  A  node  value  Gijk  determined  only  by  those  neighboring  nodes  of 
smaller  value.  It  can  thus  globally  depend  at  most  on  those  nodes  in  the  domain  that  are 
of  smaller  value. 

Attribute  1  implies  that  a  smallest  node  is  fixed  and  cannot  change  its  value.  Hence, 
given  appropriate  boundary  conditions  for  Gijk  at  or  adjacent  to  the  interface  G  =  Go, 
updates  of  Gijk  according  to  Eq,  (2.3)  can  be  confined  to  a  narrow  band  around  the 
globally  smallest  values  that  sweeps  outward  to  ever  larger  values  of  Gijk.  For  details  see 
Sethian  (1996a),  Sethian  (1999a),  and  Adalsteinsson  &:  Sethian  (1999). 

In  summary,  this  leads  to  the  sequential  FMM  algorithm  given  in  Table  1,  The  algo¬ 
rithm  is  executed  once  for  all  nodes  <  Go  and  once  for  all  nodes  G9.^  >  Go,  where 
the  superscript  0  denotes  the  initial  values  of  G  at  node  ijk.  Furthermore,  the  following 
attribute  of  the  Fast  Marching  Method  can  be  discerned: 

Attribute  2.  The  sequential  loop  steps  (c)~(f)  sort  all  accepted  nodes  that  are  not 
initially  accepted  in  step  (a)  in  ascending  order,  i.e.  >  G”. 

Using  a  heap  sort  algorithm  with  back  pointers  (Sethian  19966)  to  locate  the  smallest 
value  G  in  step  (c)  makes  the  sequential  FMM  algorithm  highly  efficient  with  a  theoretical 
operation  count  of  0(N\ogN). 
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(Am)  Perform  steps  (a)  and  (b)  of  the  sequential  FMM  algorithm. 

(Bm)  Send  all  nodes  with  to  process  #0,  all  nodes  with  G^jk  >  Go  to  process  #1, 

(Cm)  Perform  sequential  FMM  algorithm  steps  (c)-(f). 

(Em)  Receive  results  for  nodes  G%k  <  Go  from  process  #0  and  results  for  nodes  Gijk  >  Go 
from  process  #1. 

Table  2.  The  parallel  FMM  algorithm  Vi 


3.  Parallelizing  the  Fast  Marching  Method 

In  this  section,  different  strategies  to  parallelize  the  FMM  are  discussed.  First,  a  simple 
parallelization  strategy  not  based  on  domain  decomposition  is  given,  followed  by  the 
discussion  of  several  domain  decomposition  parallelization  approaches. 

3.1.  Go~hased  parallelization 

The  trivial  way  to  parallelize  the  FMM  algorithm  described  in  table  1  is  to  execute 
the  complete  sequential  algorithm  for  all  nodes  <  Go  and  for  all  nodes  G^jf^  > 
Go  in  parallel,  since  neither  region  influences  the  other.  The  resulting  algorithm  Vi  is 
summarized  in  Table  2. 

This  parallelization  strategy  has  two  obvious  drawbacks.  First,  the  parallelization  is 
limited  to  two  parallel  processes,  since  only  two  independent  regions  exist.  Secondly, 
depending  on  the  problem  size,  memory  resource  problems  arise,  because  both  processes 
need  to  work  on  the  whole  computational  domain. 

3.2.  Domain  decomposition  parallelization 

Domain  decomposition  parallelization  of  the  sequential  FMM  algorithm  poses  two  prob¬ 
lems.  First,  the  globally  smallest  close  value  has  to  be  located  in  step  (c).  Although  this 
procedure  is  non-local  by  definition,  it  still  is  easy  to  parallelize,  since  each  domain  can 
compute  its  locally  smallest  value  independently,  and  then  simply  use  these  to  find  a 
global  minimum.  Second,  a  new  globally  smallest  value  G^  can  be  found  in  step  (c)  only 
after  steps  (d)-(e)  of  the  previous  loop  step  n  —  1  have  been  executed. 

Nevertheless,  leaving  at  first  efficiency  considerations  aside,  domain  decomposition  is 
straightforward.  In  order  to  simplify  the  notation  in  the  following,  we  only  discuss  the 
domain  decomposition  into  two  neighboring  domains  Dm  s-iid  All  arguments,  how¬ 

ever,  apply  analogous  to  the  three-dimensional  domain  decomposition  into  an  arbitrary 
number  of  domains.  Figure  1  depicts  some  naming  conventions  that  are  employed  in 
the  following.  Each  domain  Dm  is  extended  by  r  ghost  nodes  in  the  domain  boundary 
normal  direction,  where  r  is  the  spatial  order  of  the  difference  approximation,  Eq.  (2.2). 
Here,  only  the  first  order  approximation  is  employed.  Hence,  each  domain  is  extended  as 
depicted  in  Fig.  1. 

Assuming  that  each  process  m  =  0 , . ,  iVp  works  only  on  part  Dm  of  the  whole  compu¬ 
tational  domain.  Table  3  summarizes  the  parallel  FMM  algorithm  7^2-  Note  that  V2  has 
to  be  executed  twice  on  each  process,  once  for  all  nodes  G^^^  <  Go  and  once  for  all  nodes 
G^jk  >  C?o.  In  essence,  disregarding  step  (A),  algorithm  V2  is  a  domain  decomposed 
sequential  algorithm,  because  globally  only  one  single  node  in  a  single  domain  is  updated 
per  loop  step,  while  all  other  domains  are  waiting  idle.  However,  algorithm  P2  introduces 
a  clearly  defined  inter-domain  communication  boundary.  Recalling  that  the  update  of 
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Qxx\  Sm+l' 

Domain  'Dm  I  \  Domain 


Figure  1.  Domain  naming  conventions. 


(A)  Perform  steps  (a)  and  (b)  of  the  sequential  FMM  algorithm. 

(B)  Locate  the  locally  smallest  close  G  value;  denote  it  as  . 

(C)  Find  the  globally  smallest  close  G  value,  Go  =  min(C?x>o...jVp)5  and  mark  it  as  accepted. 
If  Gg  €  Vrm  go  to  next  step,  else  go  to  step  (F). 

(D)  Perform  sequential  FMM  algorithm  steps  (c)-(e)  for  Gg. 

(E)  If  any  of  the  close  nodes,  updated  in  step  (e)  of  the  sequential  FMM,  belong  to  Bm^ 
communicate  them  to  Qm+i  of  domain  Vm+i> 

(F)  Set  n  =  n  -f- 1.  Return  to  step  (B)  until  all  local  nodes  axe  accepted. 

Table  3.  The  parallel  FMM  algorithm  V2 


Gijk’i  Eq.  (2.3),  using  first  order  approximations,  Eq.  (2.2),  does  involve  at  most  the 
directly  adjacent  nodes  in  the  ±i,  ±j,  and  ±k  direction,  any  local  node  in  domain  Dm 
can  be  updated  correctly,  provided  that  all  ghost  nodes  Qm  =  are  known.  Hence, 

only  changes  of  Bm+i  need  to  be  communicated  to  Qm,  as  is  done  in  step  (E)  above. 

Taking  these  arguments  into  account,  one  can  in  fact  avoid  the  strict  sequential  nature 
of  algorithm  V2^  Looking  for  example  at  domain  Dm,  as  long  as  no  change  in  Qm  occurs, 
the  locally  smallest  close  value  can  be  moved  into  a  local  accepted  group  and 

updates  of  the  nodes  adjacent  to  Gp^  can  be  performed  according  to  the  sequential 
FMM  algorithm  steps  (d)  and  (e). 

However,  special  care  must  be  taken  whenever  a  node  belonging  to  Qm,  for  example 
Gijk,  changes.  If  Gijk  changes  to  accepted  status,  then,  recalling  attribute  1,  all  locally 
accepted  nodes  belonging  to  Dm  that  are  smaller  than  or  equal  to  Gijk  cannot  be  influ¬ 
enced  by  this  change.  Conversely,  all  locally  accepted  nodes  belonging  to  Dm  larger  than 
Gijk  might  be  wrong,  since  they  could  depend  on  G^fc.  Hence,  to  allow  for  a  consistent 
algorithm,  each  domain  has  to  be  able  to  rollback  to  its  state  at  the  beginning  of  loop 
step  p,  where  p  is  such  that  G'^~^  <  Gijk  <  G^.  The  same  argument  applies,  if  Gijk 
changes  from  accepted  to  close  status  through  a  rollback  operation  in  domain  Dm-it\- 
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(A)  Perform  steps  (a)  and  (b)  of  the  sequential  FMM  algorithm. 

(B)  Check,  if  any  node  belonging  to  Gm  changed  status  with  new  value  Gb-  If  so,  rollback  to 
state  S^j  where  p  is  given  by  <  Gb  ^  Mark  Gb  as  close  and  insert  it  into  list 
£b-  Set  n  =  p. 

(C)  Locate  the  locally  smallest  close  G  value  (including  list  Cb)\  denote  it  as  Gvm- 

(D)  Perform  steps  (c)-(e)  of  the  sequential  FMM  algorithm  for  Gv^  • 

(E)  If  node  Gj)^  or  any  of  its  adjacent  nodes  updated  in  step  (D)  belongs  to  Sm»  communicate 
them  to  Qm+i  of  domain  Vm+i- 

(F)  Store  the  current  state  as  5’^. 

(G)  Set  n=nH-l.  Return  to  step  (B)  until  all  local  nodes  are  accepted. 

(H)  Wait  until  all  other  domains  reach  step  (H)  or  a  node  belonging  to  Qm  changes  status. 
In  the  latter  case,  go  to  step  (B). 

Table  4.  The  parallel  FMM  algorithm 


These  considerations  lead  to  the  domain  decomposed  parallel  algorithm  summarized 
in  Table  4. 

The  drawback  of  algorithm  is  two-fold.  First,  the  complete  state  of  the  local  domain 
has  to  be  stored  at  every  loop  step  in  order  to  allow  for  a  possible  rollback  to  this  state. 
Second,  any  change  in  status  of  a  node  belonging  to  Qm  leads  to  a  rollback  operation  in 
domain  Vm^  To  overcome  these  shortcomings,  we  will  make  use  of  the  following  additional 
attribute  of  the  FMM: 

Attribute  3.  Let  be  the  solution  to  Eq.  (2.8)  at  loop  step  p.  If  any  single  one 

of  the  adjacent  nodes  i^j'k'  becomes  smaller,  i.e.  G^,j,f^,  <  G^ffk'  P'  ^  P^  ^ 

/  _ 

subsequent  update  of  node  ijk  by  Eq.  (2.3)  yields 

The  proof  of  attribute  3  is  straightforward.  Attribute  3  implies  that  any  node  which 
has  been  locally  accepted  at  loop  step  p  and  is  then  rolled  back  to  status  close,  can  retain 
its  value,  because  any  subsequent  update  will  either  decrease  its  value  or  leave  it 
unchanged.  Its  change  back  to  accepted  status  at  a  later  loop  step  is  thereby  uninfluenced. 
Following  the  same  line  of  argument,  all  neighboring  close  nodes  can  also  retain  their 
vfc/  values.  Thus,  step  (B)  of  Ps  needs  to  rollback  only  the  status  of  the  nodes  from 
accepted  back  to  close,  but  does  not  need  to  rollback  their  node  values.  Furthermore, 
attribute  3  implies  that  only  the  change  to  accepted  status  of  a  node  in  Qm  needs  to 
initiate  a  rollback. 

Incorporating  attribute  3,  the  final  domain  decomposed  parallel  algorithm  7^4  is  given 
in  Table  5.  Obviously,  the  efficiency  of  algorithm  Va  depends  on  the  required  amount  of 
inter-domain  communication,  i.e.  how  often  nodes  belonging  to  Bm  change  to  accepted 
status,  and  how  many  rollback  operations  are  required  in  step  (B).  If  the  solution  of 
Eqs.  (1.3)  and  (1.4)  is  required  only  up  to  a  certain  distance  T  away  from  the  G  ~  Gq 
interface,  then,  naturally,  only  those  nodes  within  this  band,  -Go|  <  T,  need  to  be 
considered  in  the  FMM  algorithm.  Depending  on  the  geometry  of  the  G  =  Go  interface, 
this  so-called  narrow  band  approach  (Peng  et  al  1999)  may  drastically  reduce  the  nec¬ 
essary  inter-domain  communication,  as  illustrated  in  Fig.  2.  In  fact,  as  long  as  there  are 
no  nodes  ijk  belonging  to  Bm  with  |G9.^  -  Go|  <  T,  no  inter-domain  communication  is 
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(A)  Perform  steps  (a)  and  (b)  of  the  sequential  FMM  algorithm. 

(B)  Check,  if  any  node  belonging  to  Qm  changed  status  to  accepted  and  decreased  its  value 
from  a  previously  accepted  value  to  the  new  value  Gb  .  If  so,  rollback  by  marking  all  nodes 

as  close,  where  p  is  given  by  <  Gb  <  G^ .  Mark  Gb  as  close  and  insert  it 
into  list  Cb  .  Set  n  —  p. 

(C)  Locate  the  locally  smallest  close  G  value  (including  list  Cb)]  denote  it  as  Gvm' 

(D)  Perform  steps  (c)-(e)  of  the  sequential  FMM  algorithm  for  G^m' 

(E)  If  node  Gvm  belongs  to  Bmi  communicate  it  to  Qm+i  of  domain  Pm+i- 

(F)  Set  n=n+l.  Return  to  step  (B)  until  all  local  nodes  are  accepted. 

(G)  Wait  until  all  other  domains  reach  step  (G)  or  a  node  belonging  to  Qm  changes  to  accepted 
status.  In  the  latter  case  go  to  step  (B). 

Table  5.  The  parallel  FMM  algorithm  Va 
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Figure  2.  Narrow  band  approach. 


required  at  all  and  the  problem  completely  decouples.  Although  in  most  applications  this 
is  not  the  case,  the  narrow  band  approach  can  still  reduce  the  number  of  inter-domain 
communications  substantially. 


4.  Redistribution 

The  preceding  sections  dealt  exclusively  with  the  solution  of  the  reinitialization  equa¬ 
tion  (1.3)  as  the  prerequisite  for  solving  the  redistribution  equation  (1.4).  The  basic  idea 
in  solving  Eq.  (1.4)  is  to  again  confine  its  solution  to  a  small  band  around  the  globally 
smallest  Gijk  values  that  marches  outward  to  ever  larger  values  of  Gijk- 

To  this  end,  first,  initial  values  of  S  have  to  be  calculated  at  all  nodes  directly  adjacent 
to  the  G  =  Go  interface  by  either  first  order  approximations  (Adalsteinsson  k  Sethian 
1999)  or  higher  order  schemes  (Chopp  2001).  Then,  Eq.  (1.4)  is  approximated  by 

A-*  •  £>r-5)  +  ■  D+ls)  + 

(nr/.G’'  ■  (g+]:G"  •  D+IS)  + 

A-‘  (Dr/.GT  .  DZIS)  +  >1+^  (k+^G"  •  D+ls)  =  0 


(4.1) 
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Figure  3.  Optimal  domain  decomposition  into  2,  4,  and  8  domains. 


Here,  the  switch  A  ^  is  given  by 


{ 


1 

0 


max  (d-.JG",  -D^G-,  o)  = 
otherwise  , 


(4.2) 


with  all  other  A  defined  accordingly.  The  switch  A  ensures  that  only  those  nodes  are 
used  to  evaluate  Sijk  in  Eq.  (4.1)  that  also  contributed  to  the  update  of  Eq.  (2.3). 
In  every  FMM  loop  step,  Eq.  (4.1)  is  only  solved  for  the  node  that  changes  status  to 
accepted  in  step  (c)  of  the  sequential  FMM.  If  this  node  belongs  to  Bm,  its  new  value 
has  to  be  communicated  to  the  corresponding  ghost  node  in  domain  in  step  (E) 

of  the  parallel  FMM  algorithm  P4. 


5.  Results 

To  evaluate  the  performance  of  the  proposed  parallel  FMM  algorithm  Va  to  solve 
Eqs.  (1.3)  and  (1.4),  the  results  of  four  different  sets  of  computations  are  presented  in  the 
following.  All  four  sets  are  three-dimensional  and  based  upon  the  same  interface  geometry, 
composed  of  a  sphere  with  radius  Rq  =  0.25  and  center  located  at  Xc  —  (0.5, 0.5, 0.5). 
The  level  set  scalar  field  representing  this  sphere  is  given  by 

G{x)  =Ro-\x-  Xc\ .  (5.1) 

The  distribution  of  S  on  the  interface  is  set  to 

s(*)  -  c«  („«„  (.-.:)■))  ■ 

All  computations  are  performed  on  a  global  domain  of  size  [0,l]x[0,l]x[0,l]  discretized  by 
192x192x192  equidistant  cartesian  grid  nodes. 

5.1.  Optimal  domain  decomposition 

As  mentioned  in  section  1,  information  in  Eqs.  (1.3)  and  (1.4)  propagates  in  the  interface 
normal  direction.  Hence,  a  domain  decomposition  such  that  all  domain  boundaries  are 
parallel  to  the  interface  normal  vectors  is  optimal  in  the  sense  that  no  information  does 
cross  these  boundaries.  Figure  3  shows  such  a  decomposition  into  2,  4,  and  8  domains. 
This  domain  decomposition  is  also  optimal  with  regard  to  load  balancing.  Since  all  do¬ 
mains  contain  the  exact  same  number  of  nodes  Gijk  <  Go  as  well  as  Gijk  >  Gq^  the  load 
imbalance  factor  is  Fi  =  0,  see  Eq.  (5.5)  defined  later. 
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Figure  4.  Speedup  due  to  parallel  FMM  employing  the  narrow  band  approach  (left)  and  whole 
domain  update  (right)  with  the  optimal  decomposition  into  1,  2,  4,  and  8  domains.  Dashed  line 
denotes  theoretically  possible  speedup,  straight  line  represents  attained  speedup. 


Figure  5.  Overhead  due  to  parallel  FMM  employing  the  narrow  band  approach  (left)  and  whole 
domain  update  (right)  with  the  optimal  decomposition  into  1,  2,  4,  and  8  domains.  Shown  are 
communication  factor  Fc  )  and  rollback  factor  Fr  («  )• 


Two  different  sets  of  computations  were  performed.  The  first  set  employs  the  narrow 
band  approach  with  the  width  of  the  band  set  to  T  =  8 Ax.  The  second  set  performs  the 
FMM  throughout  the  whole  computational  domain. 

Figure  4  shows  a  comparison  of  the  speedup  for  both  cases  to  the  theoretically  pos¬ 
sible  speedup.  The  theoretically  possible  speedup  was  determined  by  calculating  only 
domain  number  0,  see  Fig.  3,  using  Neumann  boundary  conditions.  Note  that,  since  the 
operation  count  of  the  sequential  FMM  is  O(iV'logiV’),  slightly  hyperlinear  speedup  is 
theoretically  possible.  However,  the  actual  efficiency  attained  in  the  parallel  computa^ 
tion  is  approximately  0.96  for  the  narrow  band  approach  and  roughly  0.98  for  the  whole 
domain  update. 

Figure  5  illustrates  the  overhead  due  to  the  parallelization.  Depicted  are  the  commu¬ 
nication  factor  Fc,  defined  as 


^  total  number  of  communication  operations 
^  total  number  of  nodes 


(5.3) 
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Figure  6.  Non-optimal  domain  decomposition  into  3,  9,  and  27  domains. 


Figure  7.  Speedup  due  to  parallel  FMM  employing  the  narrow  band  approach  (left)  and 
whole  domain  update  (right)  with  the  non-optimal  decomposition  into  1,  3,  9,  and  27  domains. 


and  the  rollback  factor  FV,  defined  as 

p  _  total  number  of  rollback  operations 
^  ^  total  number  of  nodes 

As  expected,  with  optimal  domain  decomposition,  the  amount  of  communication  and 
rollback  operations  is  very  small,  indicating  that  the  overhead  due  to  parallelization  is 
minimal.  This  result  is  consistent  with  the  observed  high  efficiency. 


5.2.  Non-optimal  domain  decomposition 

When  applying  the  parallel  FMM  to  actual  problems,  an  optimal  domain  decomposition, 
as  presented  in  the  previous  section,  is  not  always  viable.  In  this  non-optimal  case,  three 
major  factors  can  impact  the  performance  of  the  parallel  algorithm:  load  imbalancing, 
communication  overhead,  and  rollback  overhead.  To  illustrate  their  effect,  two  sets  of 
computations  are  performed  using  a  decomposition  into  1,  3,  9,  and  27  domains  as  de¬ 
picted  in  Fig.  6.  The  first  set  again  uses  the  narrow  band  approach  with  the  width  of  the 
band  set  to  T  =  8Ax,  whereas  the  second  set  calculates  the  FMM  throughout  the  whole 
computational  domain. 

Figure  7  shows  the  speedup  attained  for  both  the  narrow  band  approach  on  the  left  and 
the  whole  domain  update  on  the  right.  As  can  be  seen,  speedup,  and  thus  efficiency,  is 
significantly  lower  than  the  optimal  domain  decomposition  case,  see  Fig.  4.  The  efficiency 
decreases  to  0.17  for  the  narrow  band  approach  and  0.34  for  the  whole  domain  update. 
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Figure  8.  Load  imbalance  factor  Fi  due  to  parallel  FMM  employing  the  narrow  band  approach 
(left)  and  whole  domain  update  (right)  with  the  non-optimal  decomposition  into  1,  3,  9,  and  27 
domains.  Shown  is  Fi  for  Gijk  <  Go  (^  )  and  Fi  for  Gijk>  Go  («  ). 


Figure  9.  Overhead  due  to  parallel  FMM  employing  the  narrow  band  approach  (left)  and  whole 
domain  update  (right)  with  the  non-optimal  decomposition  into  1,  3,  9,  and  27  domains.  Shown 
are  communication  factor  Fc  (^  )  and  rollback  factor  Fr  (•  ). 


To  further  analyze  this  behavior,  the  load  imbalance  factor 

^  ^  maximum  number  of  nodes  per  domain 

average  number  of  nodes  per  domain 


(5.5) 


for  each  of  the  four  different  domain  decompositions  is  depicted  in  Fig.  8.  Since  the 
parallel  FMM  algorithm  is  called  twice,  once  for  all  nodes  Gijk  <  Oq  and  once  for  all 
nodes  Gijk  '>Go,Fi  is  calculated  accordingly.  Obviously,  the  load  imbalance  factors  for 
both  sets  are  relatively  large.  This  explains  the  significantly  reduced  efficiency  of  the 
non-optimal  domain  decomposition  as  compared  to  the  optimal  domain  decomposition. 
Otherwise,  the  load  imbalance  factors  for  Gijk  >  Gq  are  roughly  the  same  for  both  sets. 
However,  the  load  imbalance  factor  for  Gijk  <  Oq  is  significantly  larger  in  the  narrow 
band  approach  than  in  the  whole  domain  update,  leading  to  the  lower  speedup  and 
efficiency  in  the  narrow  band  approach  as  compared  to  the  whole  domain  update. 

Figure  9  exhibits  the  communication  factor  Fc  and  the  rollback  factor  Fr.  Compared  to 
the  optimal  domain  decomposition  case  (Fig.  5)  both  factors  are  one  order  of  magnitude 
larger.  Furthermore,  Fc  and  Fr  are  significantly  larger  in  the  narrow  band  approach  as 
opposed  to  the  whole  domain  update.  This  is  due  to  the  aforementioned  higher  load 
imbalance  in  the  narrow  band  approach. 
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6.  Conclusions  and  future  work 

In  this  paper,  the  first  domain  decomposition  parallelization  of  the  Fast  Marching 
Method  for  level  sets  has  been  presented.  Parallel  speedup  has  been  demonstrated  in 
both  the  optimal  and  non-optimal  domain  decomposition  case.  The  parallel  performance 
of  the  proposed  method  is  strongly  dependent  on  load  balancing  separately  the  number 
of  nodes  on  each  side  of  the  interface.  A  load  imbalance  of  nodes  on  either  side  of  the 
domain  leads  to  an  increase  in  communication  and  rollback  operations.  Furthermore, 
the  amount  of  inter-domain  communication  can  be  reduced  by  aligning  the  inter-domain 
boundaries  with  the  interface  normal  vectors.  In  the  case  of  optimal  load  balancing  and 
aligned  inter-domain  boundaries,  the  proposed  parallel  FMM  algorithm  is  highly  efficient, 
reaching  efficiency  factors  of  up  to  0.98. 

Future  work  will  focus  on  the  extension  of  the  proposed  parallel  algorithm  to  higher 
order  accuracy.  Also,  to  further  enhance  parallel  performance,  the  coupling  of  the  domain 
decomposition  parallelization  to  the  C7o“hscsed  parallelization  will  be  investigated. 
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1.  Motivation  and  objectives 

Simulations  of  flows  involving  free  surfaces  have  become  ubiquitous  in  the  literature. 
The  evolution  of  both  simulation  methods  and  computer  speed  have  allowed  the  inves¬ 
tigation  of  many  problems  of  increasing  complexity  and  engineering  relevance.  For  2D 
simulations,  it  is  reasonably  common  to  use  grid  resolutions  of  512  x  512  or  larger.  See 
for  example  the  2D  planar  breaking  wave  simulations  of  Chen  et  al  (1999),  or  the  ax- 
isymmetric  drop  breakup  simulations  of  Han  and  Tryggvason  (1999a,  1999b).  Many  such 
free  surface  problems  are  fundamentally  three  dimensional  and  the  absence  of  three- 
dimensional  effects  such  as  the  pinch-off  of  stretched  filaments  by  surface  tension  makes 
it  difficult  to  make  valid  physical  conclusions  or  use  2D  results  to  develop  models.  Achiev¬ 
ing  similar  grid  resolution  in  3D,  however,  is  outside  the  computational  reach  of  most 
research  centers. 

For  many  problems  of  interest,  a  fine  grid  is  required  in  only  a  relatively  small  portion 
of  the  domain  (e.g.  around  regions  of  high  surface  curvature)  and  much  coarser  grids  are 
sufficient  to  capture  the  smoothly  evolving  velocity  fields  far  from  the  surface.  It  is  this 
type  of  problem  that  motivates  the  present  Cartesian  adaptive  method,  where  the  finest 
resolution  in  the  neighbourhood  of  the  free  surface  may  be  of  order  512^  (sometimes 
called  the  effective  resolution),  but  the  coarsening  away  from  the  free  surface  yields  an 
actual  number  of  control  volumes  that  is  less  than  using  the  fine  grid  everywhere  by  at 
least  an  order  of  magnitude. 

A  number  of  adaptive  Cartesian  methods  for  freesurface  calculations  have  been  pro¬ 
posed  in  the  literature.  For  example,  Haj-Hariri  et  al  (1997)  used  Cartesian  local  grid 
refinement  to  investigate  thermocapillary  motion  of  3D  drops.  Their  method  used  an 
octree-based  structure  to  store  the  grid  heirarchy.  More  recently  Sussman  et  al  (1999) 
proposed  an  adaptive  levelset  method  based  on  the  embedded  grid  approach,  where  the 
global  computational  domain  is  divided  into  uniformly  refined  rectangular  patches.  This 
approach  has  the  advantage  of  allowing  a  traditional  staggered  or  semi-staggered  struc¬ 
tured  discretization  throughout  most  of  the  domain,  with  special  interpolations  required 
only  at  the  interface  between  grid  levels.  The  embedded  grid  approach  may  not,  however, 
lead  to  the  smallest  Cartesian  grids  possible  because  of  the  restriction  that  refined  regions 
be  rectangular  and  isotropic.  Additionally,  embedded  grid  approaches  can  be  difficult  to 
parallelize  and  load  balance. 

In  the  present  contribution  we  develop  a  level  set  method  based  on  local  anisotropic 
Cartesian  adaptation  as  described  in  Ham  et  al  (2002).  Such  an  approach  should  allow 
for  the  smallest  possible  Cartesian  grid  capable  of  resolving  a  given  flow.  The  remainder 
of  the  paper  is  organized  as  follows.  In  section  2  the  level  set  formulation  for  free  surface 
calculations  is  presented  and  its  strengths  and  weaknesses  relative  to  the  other  free  surface 
methods  reviewed.  In  section  3  the  collocated  numerical  method  is  described.  In  section 
4  the  method  is  validated  by  solving  the  2D  and  3D  drop  oscilation  problem.  In  section 
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5  we  present  some  results  from  more  complex  cases  including  the  3D  drop  breakup  in  an 
impulsively  accelerated  free  stream,  and  the  3D  immiscible  Rayleigh-Taylor  instability. 
Conclusions  are  given  in  section  6. 


2.  Mathematical  Formulation 

For  recent  reviews  of  the  level  set  method  and  its  many  applications,  the  interested 
reader  is  referred  to  Osher  and  Fedkiw  (2001)  or  Sethian  (2001).  Here  we  briefly  present 
its  formulation  for  incompressible  2-fluid  problems. 

The  incompressible,  immiscible,  two-fluid  system  is  treated  as  a  single  fluid  with  strong 
variations  in  density  and  viscosity  in  the  neighborhood  of  the  interface.  The  continuity 
and  momentum  equations  for  such  a  flow  can  be  written  in  conservative  form  as: 


ap  dpuj  _  Q  (2.1) 

dt  dXj  ' 

^  ^  _|P  +pi  +  pg.+  (2.2) 

dt  dxj  oxi  axj 

where  Ui  is  the  fluid  velocity,  p  the  fluid  density,  p  the  pressure,  nj  the  viscous  stress 
tensor,  gi  the  acceleration  due  to  gravity,  a  the  surface  tension  coefficient,  k  the  local  free 
surface  curvature,  5  the  Dirac  delta  function  evaluated  based  on  d  the  normal  distance 
to  the  surface,  and  the  unit  normal  at  the  free  surface. 

It  is  well  known  that  solving  equations  2.1  and  2.2  directly  in  the  presence  of  the 
discontinuities  at  the  interface  will  lead  to  the  excessive  smearing  of  the  interface  over 
long  time  integration,  and/or  numerical  “ringing”  in  the  region  of  the  discontinuities  due 
to  dispersive  errors  in  the  numerical  discretization.  In  the  present  work,  we  capture  the 
interface  as  the  zero-level  isosurface  of  a  higher-order  function  the  level  set  function 
(effectively  an  additional  transported  scalar).  On  either  side  of  the  interface,  the  sign  of 
the  level  set  function  can  be  used  to  determine  which  fluid  is  present.  This  allows  the 
fluid  properties  to  be  written  as  a  function  of  the  level  set  only,  specifically  p  =  p{4)^ 
This  allows  the  continuity  equation  to  be  written: 

(2.3) 

d(j)\dt  ^dxjj  ^dxj 

For  the  case  of  constant  density  except  in  the  neighborhood  of  the  zero  level  set, 
which  represents  the  fluid  interface,  the  solution  of  the  continuity  equation  can  thus  be 
decomposed  into  the  solution  of  the  following: 


d(p  d<j>  ^ 

dt  ~  ^^0 

(2.4) 

dxj 

(2.5) 

Eq.  2.4  is  the  standard  evolution  equation  for  the  level  set  function,  and  eq.  2.5  is  the 
incompressible  continuity  equation.  Note  that  the  level  set  equation  need  only  be  solved 
near  the  interface,  which  we  have  defined  as  the  zero  level  set.  Away  from  the  interface, 
it  is  common  to  make  (p  equal  to  a  signed  distance  function. 

In  a  similar  way,  the  application  of  chain  rule  to  the  momentum  equation  allows  the 
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Figure  1.  Spatial  location  of  variables  for  collocated  discretization. 


decomposition  of  the  momentum  equation  into  the  solution  of  the  level  set  equation,  eq, 
2.4,  and  the  solution  of  the  following  momentum  equation: 


dui  dujUi 


dp  ,  dTij 


dxi 


_ ^ 

dxj 


P9i  crK6{\(j)\)ni 


(2.6) 


Equations  2.4  -  2.6  comprise  our  governing  system  for  the  present  work.  Note  that 
the  level  set  formulation  results  in  a  system  of  governing  equations  that  can  no  longer 
be  written  in  conservative  form.  Thus,  when  the  finite  volume  method  is  applied  to  this 
system,  we  cannot  expect  to  achieve  discrete  conservation  of  mass  and  momentum  (in 
the  region  of  the  interface).  It  is  the  hope  of  the  level  set  formulation  that  these  errors 
in  conservation  are  mitigated  by  the  more  accurate  capturing  of  the  interface  that  is 
possible  with  the  smoothly-varying  level  set  function. 


3.  Numerical  Method 

The  governing  equations  are  solved  on  a  Cartesian  adaptive  grid.  The  grid  arrangement 
and  adaptation  are  described  more  completely  in  Ham  et  al  (2002),  and  here  we  only 
discuss  details  specific  to  the  simulation  of  multiphase  flows  using  level  set  methods  on 
such  a  grid. 

Figure  1  shows  the  spatial  arrangement  of  variables  on  the  Cartesian  adaptive  grid. 
All  variables  are  stored  at  the  control  volume  (CV)  centers  with  the  exception  of  a 
face-normal  velocity,  located  at  the  face  centers,  and  used  to  enforce  the  divergence- 
free  constraint  in  each  time  step.  The  variables  are  staggered  in  time  so  that  they  are 
located  most  conveniently  for  the  time  advancement  scheme.  Denoting  the  time  level  by 
a  superscript  index,  the  velocities  are  located  at  time  level  and  and  pressure, 
density,  viscosity,  and  the  level  set  at  time  levels  and  The  semi-descretization 
of  the  governing  equations  in  each  time  step  is  then  as  follows. 


Step  1.  Advance  the  level  set: 


At 


(3.1) 
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Here  the  advantage  of  time-staggering  is  evident  -  i.e.  we  know  the  velocity  <  from 
the  previous  time  step,  so  this  equation  is  decoupled  from  the  other  equations,  and  can 
be  advanced  on  its  own  to  get  the  level  set  value  at  the  mid-point  of  the  new  time  level, 
Here  we  have  used  an  implicit  Crank-Nicholson  time  advancement  scheme,  which 
requires  an  iterative  solution  method.  In  practice  the  hyperbolic  system  is  not  stiff,  and 
can  be  quickly  converged  by  a  simple  iterative  scheme  such  as  Gauss-Seidel.  The  spatial 
derivatives  required  in  eq.  3.1  are  approximated  by  a  5*^-order  WENO  scheme  (Jiang  & 
Peng  2000).  While  effective  at  recovering  the  viscosity  solution  to  the  level  set  equation, 
the  WENO  discretization  requires  that  the  grid  be  locally  refined  in  a  uniform  way  in  a 
band  about  the  zero  level  set,  and  thus  does  not  take  full  advantage  of  the  flexibility  in 
the  adaptive  grid. 

Step  2.  Reinitialize  the  level  set  by  solving  to  steady  state: 

^  =  sgn{<l>){l-m).  (3.2) 

or 

The  reinitialization  step  is  performed  every  time  step,  and  ensures  that  the  level  set  is  a 
signed  distance  function  away  from  </>  =  0,  without  (theoretically)  changing  the  location  of 
the  zero-level  set.  Spatial  derivatives  required  in  eq.  3.2  are  once  again  approximated  using 
a  5*''-order  WENO  scheme  (Jiang  &  Peng  2000).  For  this  equation  we  use  explicit  third 
order  TVD  Runge-Kutta  method  for  time  integration.  In  practice,  it  is  not  neccessary 
to  solve  to  steady  state,  and  we  have  found  that  5  iterations  with  a  pseudo-time  step  of 
Ar  =  Aa:/4  is  sufficient  when  performed  every  computational  time  step. 

Step  3.  Calculate  the  new  density  and  viscosity  at  the  midpoint  of  the  time  step: 

=  piH  +P2{i-H  =  (3.3) 

=  PiH  +P2{i-H  (3.4) 

where  are  the  constant  properties  of  the  fluid  occupying  the  region  (j)  >  0,  and 

P2,fJ>2  are  the  constant  properties  of  the  fluid  occupying  the  region  <f>  <  0,  and  F  is  a 
smoothed  Heaviside  step  function  (Sussman  et  al.  1994). 

Step  4.  Project  the  momentum  equations: 

The  remaining  steps  are  a  variant  of  the  collocated  fractional  step  method  described, 
for  example,  by  Kim  and  Choi  (2000).  First,  calculate  a  projected  velocity  field  ui  using 
the  momentum  equations: 


Uj 

At 


(3.5) 


where  Ri  contains  all  other  terms  in  the  momentum  equation,  eq  2.6.  We  discretize  both 
the  convective  and  viscous  terms  implicitly  using  second-order  S3anmetric  discretizations, 
and  the  surface  tension  explicitly  based  on  the  known  level  set  at  the  midpoint  of  the 
current  time  step,  Some  care  must  be  taken  in  the  discretization  of  the  surface 

tension  terms  when  treated  as  source  terms  in  the  momentum  equations  of  a  collocated 
scheme,  as  described  below. 
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Step  5.  Subtract  the  old  pressure  gradient: 


cTi+l  ^n+1 


=  -I-  At- 


1  6p 


Sxi 

Step  6.  Interpolate  the  starred  velocity  field  to  the  faces: 


(3.6) 


=  Kp+i  -  At 


Ri 


Pf 


(3.7) 


where  {)^  is  a  second-order  interpolation  operator  that  yields  a  face-normal  component 
from  two  CV-centered  vectors. 


Step  7.  Solve  the  variable  coefficient  Poisson  equation  for  the  new  pressure: 

At 


\i  ^  2^  n+^  SjI 

f  Pf 


(3.8) 


Step  8.  Update  the  face  velocities  to  the  new  divergence-free  field: 


At 


1  dp 


Pf 


+J  dn 


(3.9) 


Step  9.  Reconstruct  the  pressure  gradient  at  the  CV  centers: 


1  1  ap"+i  ‘ 


dx, 


n+|  Qji 


(3.10) 


where  ()  *  represents  a  reconstruction  operator.  In  this  case  we  use  a  face-area  weighted 
least  squares  reconstruction. 


Step  10.  Update  the  CV  velocities: 


At 


1 

pn+i  dXi 


(3.11) 


By  adding  eqs.  3.5,  3.6,  and  3.11,  it  is  clear  that  a  second-order  time  advancement  of 
the  momentum  equation  is  recovered. 

A  critical  difference  between  the  present  formulation  and  the  formulation  of  Kim  and 
Choi  is  in  the  calculation  of  the  starred  face-normal  velocities  (eq.  3.7).  Kim  and  Choi 
assume  that: 


pn+1/2  n+1/2  ' 

^  P/ 


(3.12) 
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This  is  an  0{Ax^)  approximation,  seemingly  consistent  with  the  overall  accuracy  of  the 
method,  and  significantly  simplifies  the  calculation  of  the  Poisson  equation  source  term. 
In  the  present  investigation,  however,  it  was  found  that  when  surface  tension  forces  were 
introduced  in  the  region  of  the  zero  level  set,  this  approximation  could  lead  to  large  non¬ 
physical  oscillations  in  the  CV-centered  velocity  field.  To  solve  this  problem,  the  surface 
tension  forces  must  be  calculated  at  the  faces,  and  then  averaged  to  the  CV  centers,  i.e.: 


Rf 


P 


(3.13) 


With  this  calculation  of  the  surface  tension  forces,  we  can  no  longer  make  the  assump¬ 
tion  of  eq.  3.12,  and  the  additional  terms  must  be  included  in  the  calculation  of  C/Jf  and 
thus  in  the  Poisson  equation  source  term. 


4.  Validation 

As  validation  cases  for  the  method,  we  solve  the  2D  column  and  3D  drop  oscillation 
problems. 

4.1.  2D  column  oscillation 

Prom  Lamb  (1932),  for  a  2D  column  of  liquid  in  the  limit  of  zero  viscosity  perturbed 
according  to: 


r  =  a  (l-f  ecos  {n9))  (4.1) 

where  a  is  the  mean  radius,  e  a  small  perturbation,  and  n  the  mode,  the  oscillation 
frequency  will  be: 


a;2=n(n2-l)-^.  (4.2) 

Figure  2(a)  shows  the  initial  condition  for  a  drop  oscillation  calculation  for  mode 
n  =  5.  Here  we  have  exaggerated  the  perturbation  amplitude  to  e  =  0.15  for  illustrative 
purposes.  In  the  actual  computations,  e  =  0.02  was  used  for  the  initial  condition.  Figure 
2(b)  compares  the  calculated  results  to  the  theory  (period  T  =  27r/a;),  with  generally 
good  agreement.  For  these  calculations,  we  used  periodic  boundary  conditions  in  a  square 
domain  of  size  L  =  4a,  and  set  the  density  of  the  surrounding  fluid  to  p2  =  O.OOlp  to 
minimize  its  effect  on  the  oscillations.  The  fluid  viscosity  was  adjusted  to  keep  the  decay 
in  amplitude  of  the  oscillations  to  less  that  5%  per  cycle. 

4.2.  3D  drop  oscillation 
For  a  3D  drop  perturbed  according  to 

r  =  a{l  +  €Sn)  (4.3) 

where  the  surface  harmonics  of  order  n,  Sn,  axe  defined: 


(4.4) 
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mode  n 


(a)  (b) 

Figure  2.  a)  Sample  grid  and  initial  zero-level  set  for  2D  drop  oscillation  problem  with  n  =  5. 
b)  Comparison  of  computed  and  theoretical  2D  drop  oscillation  periods  for  modes  n  =  2  through 
5. 


55  =  4\/—  {63cos^0  -  rOcos'^e  +  15) 
16  V  TT  ^  ' 

the  oscillation  frequency  is  given  by: 


(4.5) 

(4.6) 

(4.7) 

(4.8) 


a;2  =  n  (n  —  1)  (n  +  2) 

pa^ 


(4.9) 


Figure  3  (a)  shows  the  drop  surface  for  the  mode  n  =  5.  Figure  3  (b)  compares  the 
calculated  results  to  the  theory,  also  with  good  agreement. 


5.  Results 

In  the  following  subsections  we  present  some  results  from  simulations  of  more  com¬ 
plex  flows.  For  the  purposes  of  this  paper  describing  the  numerical  method,  these  cases 
are  meant  to  simply  illustrate  the  potential  of  the  method.  Consequently  we  do  not 
present  any  analysis  of  the  associated  flow  physics,  which  will  be  the  subject  of  future 
investigations. 
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(a)  (b) 

Figure  3.  a)  Initial  zero-level  set  for  3D  drop  oscillation  problem  with  n  =  5.  b)  Comparison 
of  computed  and  theoretical  3D  drop  oscillation  periods  for  modes  n  =  2  through  5. 

5.1.  Secondary  breakup  of  spherical  drops 

The  secondary  breakup  of  drops  is  an  important  problem  in  spray  atomization,  and  the 
subject  of  the  2D  axisymmetric  numerical  investigation  of  Han  and  Tryggvason  (1999a, 
1999b).  We  used  the  present  Cartesian  adaptive  method  to  calculate  3D  drop  breakup  in 
an  impulsively  accelerated  free  stream.  Figure  4  shows  the  calculated  free  surface  for  a 
case  run  with  equivalent  resolution  of  128  x  128  x  128  with  a  domain  size  of  BD  x  BD  x  BD. 

5.2.  Rayleigh- Taylor  Problem 

The  Rayleigh-Taylor  instability  refers  to  the  instability  of  the  plane  interface  between 
two  fluids  of  different  density  superimposed  one  over  the  other  and  subject  to  gravity. 
When  the  upper  fluid  has  a  density  greater  than  the  lower  fluid,  the  interface  can  be 
unstable  to  small  perturbations  whose  amplification  is  well  described  by  linear  theory 
with  dependence  on  the  density  ratio,  gravity,  surface  tension  coefficient,  and  viscos¬ 
ity  (Chandrasekhar  1961).  As  the  amplification  continues  and  the  problem  enters  the 
nonlinear  regime,  the  fluid  mixing  can  become  chaotic,  characterized  by  bubbles  of  lighter 
fluid  rising  into  the  heavier  fluid,  and  spikes  of  heavier  fluid  falling  into  the  lighter  fluid, 
with  regions  of  high  vorticity  near  the  spike/bubble  interface.  The  resulting  mixing  zone 
is  known  experimentally  (Schneider  et  al  1998)  to  broaden  in  a  way  that  depends  lin¬ 
early  on  the  gravitational  acceleration  g  and  the  Atwood  number  A  —  {pi-p2)/{pi  +^2)5 
and  quadratically  on  the  time,  i.e. 


h.s  =  oib^sAgt^,  (5.1) 

where  hb  or  hs  represents  the  penetration  length  for  bubbles  or  spikes  respectively,  and 
a  has  been  introduced  as  a  constant  of  proportionality,  sometimes  called  the  acceleration 
constant. 

Recently,  the  miscible  Rayleigh-Taylor  problem  has  been  investigated  numerically  by 
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(a)  0.5  (b)  1.5  (c)  2.5  (d)  3.5  (e)  4.5 


(f)  5.5  (g)  6.5  (h)  8.5 

Figure  4.  Breakup  of  an  initially  spherical  drop  in  an  impulsively  accelerated  field.  The 
number  below  each  figure  indicates  the  non-dimensional  time  tU/D.  Free  stream  veloc¬ 
ity  is  from  top-left-back  to  lower-right-front.  Properties  for  this  simulation  are  as  follows: 
Re  =  PgDUIpg  =  1000,  We  =  PgU’^Dja  =  20,  Oh  =  pify/p^  =  0.007. 


Young  et  al  (2001),  who  calculate  «  0.03.  Experimental  results  for  immiscible  fluids 
yield  higher  values  of  «  0.05  —  0.07.  A  recent  review  of  experimental  and  simulation 
results  for  the  immiscible  case  is  given  by  Glimm  et  al.  (2001). 

Figure  5  presents  some  results  from  the  application  of  the  present  Cartesian  adaptive 
method  to  this  problem.  These  computations  were  performed  in  a  2  x  2  x  2  box  with 
the  interface  perturbed  randomly  with  a  maximum  amplitude  of  0.01.  Properties  of  the 
simulation  were  selected  to  give  a  wavelength  of  maximum  instability  of  A*  =  0.35.  These 
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Figure  5.  Evolution  of  the  interface  for  the  3D  Rayleigh-Taylor  problem  with  multi-mode 
perturbation:  top  panels  -  plan  view  looking  down  on  interface;  bottom  panels  -  elevation  view 
from  side. 

preliminary  simulations  were  made  with  the  relatively  coarse  equivalent  resolution  in  the 
region  of  the  zero-level  set  of  64  x  64  x  64,  or  about  10  CVs  per  wavelength  for  the  most 
unstable  mode.  Figure  5  illustrates  the  evolution  of  the  interface  at  3  different  times  for 
the  Atwood  number  A  =  0.98. 


6.  Conclusions 

A  simulation  tool  that  integrates  Cartesian  adaptive  grids  with  the  level  set  method 
has  been  developed.  The  method  as  described  is  particularly  suited  to  problems  where 
the  smallest  scales  are  associated  with  the  free  surface  motions,  and  significant  savings 
can  thus  be  realized  by  coarsening  the  grid  away  from  the  surface.  The  method  has  been 
validated  and  its  potential  demonstrated  by  solving  several  test  problems,  including  2D 
and  3D  drop  oscillations,  drop  breakup  in  an  impulsively  accelerated  free  stream,  and 
the  immiscible  3D  Rayleigh-Taylor  problem. 

Our  ongoing  work  is  focused  on  changing  the  level  set  solver  to  the  particle  level  set 
method  of  Enright  et  al  (2002).  The  improved  conservation  properties  of  this  method 
may  allow  us  to  move  away  from  the  higher-order  WENO  discretizations  presently  used 
in  the  level  set  advancement  and  reinitialization  equations.  With  lower-order  methods, 
adaptation  can  be  added  in  the  region  of  the  zero-level  set,  resulting  in  a  further  signifi¬ 
cant  reduction  in  computational  cost. 
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Turbulent  mixing  of  multiphase  flow 

By  Y.-N.  Young 

J.  Ferziger,  F.  E.  Ham  and  M.  Herrmann 


1.  Motivation  and  objectives 

Mixing  of  multi-phase  fluids  is  common  in  diverse  research  fields,  and  understanding 
of  such  an  important  phenomenon  is  useful  to  a  range  of  engineering  applications  such  as 
the  polymer  blender  or  control  and  designs  of  fluid  processing.  In  this  paper  we  adopt  the 
phase-field  modeling  approach  to  investigate  capillary  induced  effects  on  mixing.  Phase- 
field  modeling  has  been  applied  to  simulation  of  multi-phase  flow  (Chella  &  Vinals  1996; 
Jasnow  &  Vinals  1996;  Jacqmin  1999)  due  to  its  attractive  aspect  of  easy  numerical 
implementation.  More  recently  it  has  also  been  applied  to  simulations  of  solidification  of 
dendritic  alloys  (Zhao  et  al  2003)  and  polymer  blenders  (Roths  et  al.  2002). 

On  macroscopic  scales,  the  interface  between  two  fluids  is  infinitely  sharp.  In  phase- 
field  modeling,  the  fluid  properties  are  modeled  (assumed)  to  change  smoothly  over  a 
small  layer  across  the  interface  on  mesoscopic  scales  (Chella  k.  Vinals  1996;  Jasnow  & 
Vinals  1996).  Such  a  diffuse  interface  of  separation  is  first  considered  in  a  liquid  near  or  at 
its  critical  point,  where  the  fluid  property  within  the  boundary  needs  to  be  modeled  and 
resolved  (Siggia  1979).  However,  phase-field  modeling  is  not  restricted  to  liquids  at  or  near 
the  critical  point  (Chella  &  Vinals  1996;  Jasnow  &  Vinals  1996;  Jacqmin  1999;  Young 
et  al  2003).  In  fact,  one  can  certainly  envision  that  on  the  time  scale  of  macroscopic 
fluid  motions,  the  thermodynamic  potential  may  depend  on  the  gradient  of  the  order 
parameter,  which  designates  the  fluid  phase  (or  density).  Accordingly,  the  macroscopic 
jump  in  the  normal  stress  across  the  interface  due  to  surface  tension  can  be  modeled 
as  a  mesoscopic  continuum  body  force  proportional  to  gradient  of  surface  potential. 
On  the  mescoscopic  scales,  such  a  continuum  surface  tension  force  varies  smoothly  in 
the  transition  region  around  the  interface.  Naturally  such  a  smooth  continuum  model 
of  fluid  interface  brings  great  numerical  convenience.  Recently,  phase-field  modeling  is 
made  exactly  energy-conserving  by  adding  a  thermodynamical  constraint  (Jamet  et  al 
2002).  We  did  not  include  this  constraint  in  this  work  as  the  correction  is  small  for  our 
cases  of  interest. 

An  interesting  finding  in  multiphase  fluids  stirred  by  chaotic  mixing  flow  is  the  self¬ 
similar  drop  size  distribution  (Berthier  et  al  2001;  Muzzio  et  al  19916).  After  rescaling 
the  drop  size  distribution  with  respect  to  the  characteristic  size,  all  the  drop  size  distri¬ 
butions  collapse  to  a  universal  functional  form  for  various  combinations  of  parameters, 
such  as  viscosity,  capillary  number,  and  stirring  flow  strength.  Some  explanation  to  the 
self-similarity  is  provided  in  (Muzzio  et  al  1991  a, c),  and  it  is  not  obvious  if  similar 
collapse  of  size  distribution  can  also  be  found  in  a  more  general  turbulent  flow,  where 
the  distribution  of  stretching  and  stretching  rate  is  randomly  distributed.  In  the  case  of 
stochastic  mixing  (Lacasta  et  al  1995),  the  existence  of  a  characteristic  domain  size  is 
an  indication  that  similar  collapse  of  drop  size  distribution  may  be  found.  However,  no 
report  on  the  self-similar  drop  size  distribution  is  given  in  Lacasta  et  al  (1995).  Thus 
we  conduct  numerical  simulations  of  multiphase  fluids  stirred  by  two-dimensional  turbu¬ 
lence  to  assess  the  possibility  of  self-similar  drop  size  distribution  in  turbulence.  In  our 
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turbulence  simulations,  we  also  explore  the  non-diffusive  limit,  where  molecular  mobility 
for  the  interface  is  vanishing.  Special  care  is  needed  to  transport  the  non-diffusive  inter¬ 
face.  Numerically,  we  use  the  particle  level  set  method  to  evolve  the  interface.  Instead  of 
using  the  usual  methods  to  calculate  the  surface  tension  force  from  the  level  set  function, 
we  reconstruct  the  interface  based  on  phase-field  modeling,  and  calculate  the  continuum 
surface  tension  forcing  from  the  reconstructed  interface. 

This  paper  is  organized  as  follows.  In  §2  we  formulate  the  coupled  Navier-Stokes-Cahn- 
Hilliard  system  and  present  results  from  direct  numerical  simulations  of  the  coupled 
system  stirred  by  turbulent  flows.  In  §3.1  we  formulate  the  multiphase  fluid  problem 
combining  the  particle  level  set  method  (for  interface  tracking)  with  phase-field  modeling 
(for  surface  tension  force).  Numerics  for  the  particle  level  set  method  are  summarized  in 
§3.2,  and  validation  is  provided  in  §3.3.  In  §3.4  we  present  results  of  drop  dynamics  from 
direct  numerical  simulations,  and  finally  we  provide  some  conclusion  in  §4. 


2.  Turbulent  mixing  in  the  Navier-Stokes-Cahn-Hilliard  system 

We  generalize  the  system  in  Berthier  et  al  (2001)  to  include  the  effect  of  surface 
tension  on  stirring  flows.  The  phase-field  function  C  denotes  the  phase  of  the  fluid: 
C  =  ±1  corresponds  to  fluid  phase  1  and  2,  respectively.  C  is  described  by  the  Cahn- 
Hilliard  equation,  which  is  coupled  to  the  incompressible,  two-dimensional  Navier-Stokes 
equations  in  our  formulation. 

^  +  u-VC  =  /3A^VV,  (2-1) 

dt 

^+u-Vu  =  -VP  +  i/V^u-CVV’  +  F  +  Fd,  (2.2) 

ot 

V  •  u  =  0,  (2.3) 

where 

V-(C?)  =  F(C)  =  j(C2  -  1)2.  (2.4) 

In  equation  2.2,  F  is  a  random  forcing  at  wavenumber  k  in  the  range  ni  <  k/ko  <  712, 
where  ko  =  27t/1  and  I  is  the  dimension  of  the  computation  domain.  Fd  ==  -'Au  (A  =  0.1 
in  all  our  simulations)  is  the  drag  force  dissipating  energy  at  large  scales. 

The  positive,  constant  coefficient  M  is  the  molecular  mobility,  1/  is  the  kinematic 
viscosity,  a  and  p  are  related  to  the  interfacial  properties:  The  interfacial  thickness  $ 
y/oLjP^  and  the  surface  tension  coefficient  a  =  =  y/a^ao^  where  po  is  the 

uniform  fluid  density  and  ao  is  the  surface  tension  force  when  y/oi^  =  1.  We  can  non- 
dimensionalize  the  above  equations  with  respect  to  a  characteristic  length  scale  I  (of  the 
order  of  interfacial  thickness),  a  characteristic  velocity  vq,  and  the  corresponding  time 
I/vq.  The  dimensionless  equations  are 

^  +  u  ■  VC  =  I>v2  [C*  -  C  -  V^C] ,  (2.5) 

CfZ 

+  u .  Vu  =  -  VP  +  -1- V"u  -  -^CV  [C®  -  C  -  V^C]  +  F'  +  F^.  (2.6) 

dt  Re  Re  ^ 

V  •  u  =  0.  (2.7) 

The  dimensionless  coefficient  D  =  ISMIvqI  is  the  inverse  Peclet  number.  Re  =  vqI/u  is 
the  Reynolds  number,  and  7  =  y/^lvou  is  the  capillary  number.  If  the  scaling  length 
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Figure  1,  Energy  spectrum  of  turbulent  velocity  (solid  line),  and  the  k  inverse  cascade 
scaling  is  the  dashed  line,  feo  =  =  1/4. 


scale  I  is  the  interfacial  thickness  {I  ~  and  the  characteristic  velocity  is  the  “diffusion 
velocity”  across  the  interface  (vo  =  then  the  Reynolds  number  Re  =  flM/v  and 

the  capillary  number  7  =  a/flMv.  The  time  scale  for  diffusion  across  the  interface  is 
Tc  =  The  characteristic  hydrod3mamic  time  scale  is  ts  =  1/|S|,  where  |S|  is 

the  velocity  strain  rate.  It  is  convenient  to  control  the  interfacial  properties  using  both 
a  and  thus  in  the  numerical  code  the  dimensional  equations  2. 1-2.4  are  implemented 
instead. 

For  the  following  simulation  results,  the  domain  size  of  the  double-periodic  computa¬ 
tion  box  is  Stt  X  Stt,  and  the  numerical  resolution  is  512^.  The  small-scale  forcing  range 
is  fixed  at  wavenumbers  5  <  <  15.  At  the  beginning  of  each  simulation,  an  initially 

circular  interface  of  radius  l,57r  is  placed  at  the  center  of  a  two-dimensional  turbulent 
flow,  and  the  volume  average  of  the  concentration  is  (C)  =  0.41  >  0.  The  energy  spec¬ 
trum  of  the  turbulent  flow  is  the  inverse  cascade  with  a  slope  of  —5/3  as  shown  in  figure  1. 
Throughout  the  simulations  the  energy  spectrum  is  little  affected  by  the  surface  tension 
force  from  the  interface. 

A  numerical  challenge  in  turbulent  simulations  of  NS-CH  system  is  that  the  diffusion 
coefficient  has  to  be  small  to  avoid  phase  homogenization.  If  the  diffusion  coefficient  is 
too  large,  or  if  the  surface  tension  is  too  small,  drops  disappear  as  the  order  parameter 
C  homogenizes  and  settles  to  the  phase  that  is  closest  to  the  mean  value.  Thus,  for 
a  given  turbulent  strength  and  numerical  resolution,  we  optimize  the  number  of  drops 
by  minimizing  the  diffusion  with  enough  surface  tension  force  so  we  can  collect  drops  of 
various  sizes.  We  integrate  the  turbulent  flow  over  a  long  duration  so  the  number  of  drops 
fluctuates  many  times  around  the  mean  value.  The  area  distributions  collected  from  three 
simulations  with  resolution  512^,  after  rescaled  with  respect  to  the  average  drop  area,  are 
shown  in  figure  2(a).  The  three  rescaled  area  distributions  collapse  reasonably  well  in  the 


242 


Young  et  at. 


Figure  2.  Size  distribution  for  simulations  of  turbulent  NS-CH  flows.  Panel  (a):  EHamonds  axe 
for  a  =  2,  ;9  =  200  and  M  =  lO”®.  Crosses  are  for  a  =  2,  =  200  and  M  =  5  x  10  .  Asterisks 

are  for  a  =  3,  =  300  and  M  =  10"®.  The  numerical  resolution  is  512  and  u  —  0.1  for  all  three 

simulations,  and  the  curve  is  ~  exp -5/5*.  Panel  (b):  Diamonds  are  for  a  =  2,  ^  -  200  a,nd 
M  =  2  X  10"^  Asterisks  are  for  a  =  1.5,  =  150  and  M  =  2  x  10'^  The  numerical  resolution 

is  1024^  and  z/  =  0.1  for  all  both  cases,  and  the  curve  is  exp -5/5*. 


range  0.3  <  5/5*  <  20,  despite  the  poor  statistics  at  both  ends  of  the  distribution.  The 
diffusion  coefficients  (see  caption  in  figure  2)  that  we  used  in  the  numerical  simulations 
are  close  to  the  minimum  for  this  numerical  resolution  (512^).  1024^  grid  points  are  used 
for  two  simulations  as  we  decrease  the  mobility  to  A4  =  2  x  10  and  similar  scaling  in 
the  distributions  is  also  found  as  shown  in  figure  2(b).  Despite  the  limited  reliable  range 
in  both  figure  2,  the  general  trend  suggests  that  similar  scaling  may  also  exist  in  the 
tubulent  mixing  case. 


3.  Phase-field  modeling  with  zero  mobility  M  =  0 

In  reality  the  mobility  M  for  multiphase  flow  can  be  very  small,  and  the  equation 
for  the  phase  field  concentration  C  reduces  to  the  advection  transport  equation.  This 
distinguished  limit  corresponds  to  the  non-diffusive,  immiscible  two-fluid  flow,  where  the 
interfacial  thickness  is  ideally  zero  and  thus  requires  special  numerical  treatment  in  the 
simulations. 

In  the  case  of  zero  diffusivity,  we  use  the  phase-field  modeling  as  a  means  to  reconstruct 
the  interface  knowing  its  location.  We  use  particle  level  set  method  to  evolve  the  interface 
between  the  two  phases.  In  the  level  set  framework,  the  zero  of  the  scalar  level  set  function 
(f>  implies  the  location  of  the  interface.  To  retain  the  structure  of  the  interface,  we  assume 
that  the  Cahn-Hilliard  potential  -0  governs  the  interfacial  energetics,  and  reconstruct  the 
interface  for  a  given  interfacial  thickness  e(=  ^  §2).  In  §3.1  we  formulate  this 

system  in  terms  of  level  set  representation  of  the  interface  with  phase-field  modeling  for 
interfacial  structure  with  zero  molecular  mobility.  In  §3.2  we  briefly  discuss  the  numerics 
and  some  validation  is  given  in  §3.3.  We  then  present  results  from  direct  numerical 
simulations  of  multiphase  mixing  in  two-dimensional  turbulence  in  §3.4. 

3.1.  Formulation 

Basically  the  equations  are  exactly  the  same  as  those  in  §2  except  the  Cahn-Hilliard 
equation  is  now  reduced  to  an  advection  equation  for  C: 
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^  +  (u-V)<7  =  0.  (3.1) 

In  the  case  of  vanishing  molecular  mobility  across  the  interface,  the  advection  transport 
equation  3.1  for  concentration  C7  is  a  numerical  challenge,  and  more  complication  arises 
in  the  evaluation  of  the  surface  tension  force.  Our  remedy  is  that,  despite  the  non¬ 
diffusiveness  of  the  phase  field,  we  assume  that  the  interfacial  thickness  is  finite  based  on 
the  free  energy  'tp.  Naturally,  if  we  adopt  the  Cahn-Hilliard  surface  free  energy  for  V’l  we 
expect  the  concentration  C  to  behave  as  C  ^  tanh(>/57^|r  —  ro|),  where  |r  rol  is  the 
distance  between  the  point  r  and  the  interface  (located  at  ro).  A  great  advantage  of  this 
approach  is  that  the  surface  tension  force  can  be  calculated  directly  from  the  phase-field 
modeling  as  a  continuum  force  -CVV^,  which  peaks  at  the  interface. 

Thus  instead  of  solving  equation  3.1  over  the  whole  computation  domain  for  C,  we 
solve  the  same  equation  for  a  level  set  function  (f)  only  at  the  interface  (where  (^  =  0),  and 
re-initialize  the  level  set  function  </>  to  a  signed  distance  function  away  from  (j)  =  0.  We 
replace  equation  3.1  with  the  level  set  equation  valid  only  at  the  fluid  interface  (/>  =  0: 

dt<t>  +  n-V4>  =  0l^^.  (3.2) 

Away  from  (j)  =  0,  inside  a  band  of  width  ~  6dx  around  0  =  0,  we  re-initialize  <j)  to  & 
signed  distance  function.  To  achieve  this  we  have  to  re-initialize  the  level  set  function  at 
each  time  step  by  solving  the  following  equation  to  a  stationary  state 

dr(l>  +  spn(<?!»o)(| V^l  -  1)  =  0, 
where  sgn{(j>o)  is  the  sign  of  ^(x,t  =  to)  defined  as 

"  V<Ag  +  |V(^o|W’ 

for  a  given  grid  spacing  dx.  The  normal  vector  and  the  mean  curvature  can  be  calculated 
in  terms  of  the  level  set  function  </>:  n  =  V(j>/\V4>\  and  /c  =  V  •  n.  The  concentration 
phase-field  C  is  then  reconstructed  from  the  level  set  function  ($,  as  previously  defined, 
is  the  interfacial  thickness): 

C  =  tanh(^)  if  |4!>|  <  a^,  (3.5) 

if  H>a?, 

where  a  is  a  constant  in  the  range  2  <  a  <  5  so  that  the  concentration  C  transitions 
smoothly  from  |(7|  <  1  to  [Cl  =  1  at  the  edge  of  the  band  around  the  interface.  Prom 
our  fully-resolved  simulations  of  drop  dynamics  presented  here,  we  conclude  that  the 
volume  integral  of  C  remains  constant  at  all  time  provided  that  the  level  set  is  accurately 
capturing  the  interface. 

Numerically  there  are  various  ways  to  calculate  the  surface  tension  force  from  the  level 
set  function.  Physically  the  surface  tension  force  leads  to  a  pressure  jump  across  the 
interface.  In  our  one-fluid  formulation  the  surface  tension  is  formulated  as  a  body  force 
(=  —  in  the  phase  field  modeling).  Ideally,  in  the  limit  of  zero  interfacial  thick¬ 
ness,  the  surface  tension  force  is  non-zero  only  at  the  interface:  =  (a/cn  -f  ds(Ts)S{<j))^ 

where  dgcr  is  the  Marangoni  force,  with  s  the  arclength  and  s  the  unit  vectors  along  the 


(3.3) 

(3.4) 
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tangential  direction.  On  a  discrete  numerical  grid,  however,  the  surface  tension  force 
has  to  be  smoothed  over  several  grid  spacings  to  avoid  un-controUable  numerical  oscil¬ 
lation.  The  usual  cosine-delta  function  used  to  calculate  on  a  uniform  grid  (Sussman 
et  al  1994)  leads  to  artificial  broadening  of  the  interface,  which  in  turn  leads  to  large 
unphysical  parasitic  currents  around  the  numerically  smoothed  interface.  In  our  phase 
field  modeling,  we  assume  an  interfacial  structure  based  on  the  the  Cahn-Hilliard  surface 
free  energy.  A  continuum  surface  tension  force  is  then  derived  based  on  the  surface  free 
energy.  As  shown  in  (Jacqmin  1999),  this  continuum  surface  tension  force  gives  very  small 
parasitic  currents  compared  with  that  from  the  cosine-delta  construction  of  the  interface. 
Recently  a  numerical  scheme  has  been  developed  to  minimize  the  parasitic  currents  (En¬ 
right  et  al  2002).  In  our  approach,  the  parasitic  currents  are  small  but  not  as  minimized 
as  in  Enright  et  al  (2002).  The  turbulent  flow  in  our  resolved  simulations  of  drop  dy¬ 
namics  is  much  larger  than  the  parasitic  currents,  and  thus  we  expect  the  constraint  in 
Enright  et  al  (2002)  to  have  little  effects  on  the  dynamics  and  drop  area  distributions 
presented  in  §3.4.  The  formulation  we  proposed  for  reconstructing  the  interface  from  the 
phase-field  modeling  through  level  set  function  (equations  3. 2-3. 5)  is  somehow  similar 
to  the  splitting  of  particle  advection  from  particle  diffusion  in  the  random  walk  particle 
method  (Ghoniem  &:  Sherman  1985).  In  random  walk  particle  methods,  particles  can  be 
first  transported  by  the  velocity  field  at  their  positions,  and  then  perform  random  walks 
to  account  for  diffusion.  Such  a  numerical  scheme  is  commonly  used  in  particle  tracking 
when  the  particle  diffusion  is  very  small.  Similarly  in  our  formulation  we  first  evolve 
the  interface  by  solving  the  advection  equation  only  near  the  interface  using  the  hybrid 
particle  level  set  method.  Once  the  location  of  the  interface  is  advanced  and  the  level  set 
is  re-initialized  as  a  signed  distance  function,  we  construct  the  phase-field  C  based  on 
the  steady  state  solution  to  equation  2.1  without  advecting  flow, 

c(<^  -  1)  -  =  0.  (3.6) 

Assuming  that  the  interfacial  structure  is  only  a  function  of  the  signed  distance  to  the 
interface,  we  then  express  C  in  terms  of  the  level  set  function  (j)  in  equation  3.5. 

In  summary,  the  system  of  iso-density,  iso- viscosity  fluid  with  an  interface  separating 
the  two  phases  is  described  by  equations  2.2,  2.3,  and  3.2  with  the  surface  tension  force 
— CV^,  where  is  the  Cahn-Hilliard  free  energy  and  the  concentration  C  is  calculated 
from  equation  3.5. 


3.2,  Numerics 

The  level  set  equation  (3.2)  is  solved  using  the  hybrid  particle  level  set  method  (Enright 
et  al  2002).  We  use  WENO  5th  order  scheme  to  calculate  the  flux  in  equation  3.2, 
and  the  TVD-3rd  order  RK  scheme  to  advance  the  level  set  in  time.  Following  Enright 
et  al  (2002),  Lagrangian  particles  are  added  inside  a  narrow  band  (Fp)  around  the 
interface  and  are  transported  using  the  same  RK  3rd  order  scheme.  Before  and  after 
re-initialization  (equation  3.3),  particle  correction  (for  detail  see  Enright  et  al  (2002))  is 
conducted  to  ensure  that  the  zero  level  is  not  shifted  numerically.  This  hybrid  level  set 
method  is  at  most  volume-conserving  as  long  as  particle  density  along  the  zero  level  is 
sufficient.  In  all  our  simulations,  we  use  at  least  4?  particles  for  each  cell  within  the  (Fp) 
band.  Re-seeding  of  particles  is  conducted  if  the  average  particle  density  is  found  to  be 
below  75%  of  the  initial  particle  density.  We  re-initialize  the  level  set  within  a  second 
band  (Fr)  enclosing  the  particle  band  (Fp).  We  refer  readers  to  Enright  et  al  (2002) 
for  detail  of  the  algorithm.  Standard  tests  have  been  performed  (Young  et  al  2002)  and 
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results  are  identical  to  those  in  the  original  paper  (Enright  et  al  2002).  To  couple  the 
level  set  equation(s)  to  the  fluid  solver,  we  advance  both  the  level  set  ^  and  the  fluid 
velocity  u  using  the  3-rd  order  explicit  scheme.  The  diffusion  part  in  the  momentum 
equation  is  incorporated  as  integrating  factors  in  spectral  space.  The  surface  tension 
force  is  calculated  from  the  interface  at  the  previous  time  step,  and  we  use  the  same 
velocity  fields  from  the  previous  time  step  to  advect  the  velocity,  interface,  and  particles. 

3.3.  Linear  capillary  waves 

To  demonstrate  that  the  surface  tension  force  is  properly  captured  in  the  phase-field  mod¬ 
eling,  we  compute  the  oscillatory  frequency  of  the  capillary  waves  for  a  two-dimensional 
drop.  The  initial  condition  for  (j)  is  the  signed  distance  function  perturbed  by  a  sinusoid 
with  a  small  amplitude  and  a  wavenumber  n 

=  0)  =  r  -  ro(H-  0.02sin(n^)),  (3.7) 

where  ro  is  the  drop  radius,  r  =  |x— xo|  is  the  distance  between  x  and  the  drop  center  Xo, 
and  0  =  taxi~^{{y-yo)/{x—xo)).  Analytically  (following  Rayleigh  (1892)),  the  oscillation 
frequency  of  capillary  waves  on  the  interface  separating  fluids  of  the  same  density  and 
zero  viscosity  (1/Re  =  0)  can  be  expressed  in  terms  of  surface  tension  coefficient  cr,  drop 
radius  ro,  and  wavenumber  n  of  the  perturbation 


We  obtain  the  linear  solutions  from  simulating  the  full  system  (described  in  section  3.1) 
with  small  non-linearity:  starting  from  the  initial  condition  u  =  0  and  (j>  given  in  equation 
3.7,  the  non-linearity  remains  small  at  all  time  because  the  small  disturbance  is  damped 
by  viscosity.  In  all  our  simulations  in  this  section,  the  viscosity  i/  is  fixed  at  i/  =  0.1,  and 
the  perturbation  amplitude  decays  exponentially  at  rate  A  with  a  capillary  oscillation 
of  frequency  u.  We  compute  the  capillary  frequency  co  numerically  by  extracting  the 
oscillation  from  the  decaying  amplitude. 

We  first  calibrate  the  relationship  between  a  and  (a,  /3).  Prom  §2  the  surface  tension 
<7  is  proportional  to  With  the  ratio  l3/a  fixed  (the  interface  thickness  is  thus  fixed 
at  ~  8  grid  spacings),  we  expect  the  surface  tension  a  to  be  linearly  proportional  to 
a  (or  */3).  Table  3.3  shows  the  computed  oscillation  frequency  from  simulations  and  the 
corresponding  surface  tension  coefficient  a  from  equation  3.8.  We  find  that  the  surface 
tension  a  (computed  from  lo  in  our  case  via  equation  3.8)  indeed  varies  linearly  with 
v^. 

For  1  <  n  <  6  we  compute  the  oscillation  frequency  u  from  the  simulations  with 
a  =  0.9817  and  (5  =  89.1875  {a  =  94.32dro  from  table  3.3).  As  shown  in  figure  3,  excellent 
agreement  is  found  between  the  computed  and  anal3rtical  values  of  a;  for  all  1  <  n  <  6.  In 
addition  we  also  remark  that  the  parasitic  currents  are  as  small  as  10“®  with  a  numerical 
resolution  128^  in  a  square  box  of  size  27r  x  27r. 

3.4.  Drop  dynamics  in  two-dimensional  turbulence 

Drop  dynamics  and  the  drop  break-up  in  simple  flow  configurations  has  been  extensively 
investigated  both  numerically  (ZalesM  et  al  1995;  Cristini  et  al  1998;  Tauber  et  al  2002) 
and  experimentally  (Muzzio  et  al  19916).  Results  from  experiments  (Muzzio  et  al  19916) 
and  modeling  (Berthier  et  al  2001)  on  passive  chaotic  mixing  of  immiscible  fluids  show 
that  the  statistics  of  drop  size  collapse  due  to  the  self-similar  breakup  and  coalescence 


246  Young  et  al. 


Figure  3.  Capillary  oscillation  frequency  cj  as  a  function  of  n.  Symbols  are  simulation  data, 
and  line  is  from  analytical  result  for  cr  =  94.32<to  and  ro  =  tt. 


Table  1 .  Parameters  a  and  P  used  in  the  linear  simulations,  and  the  capillary  frequency  u  com¬ 
puted  from  the  time- varying  perturbation  amplitude,  n  =  2,  =  0.1,  and  numerical  resolution 

is  1282. 

a  P  a;  (7/(70 


Case  1  0.98  89.18  3.02  94.32 
Case  2  1.96  178.37  4.24  188.64 
Cases  2.94  267.56  5.22  282.96 
Case  4  3.92  356.75  6.04  377.28 


processes.  However,  there  are  only  a  few  recent  direct  numerical  simulations  on  drop 
dynamics  in  turbulent  flows  (Tryggvason  et  al.  2001).  Due  to  the  difficulty  in  tracking  the 
interface  accurately  while  conserving  fluid  mass,  it  is  a  great  numerical  task  to  capture  the 
statistics  of  drop  size  distribution  after  a  series  of  breakups  and  coalescence  in  numerical 
simulations. 

Due  to  numerical  diffusion,  it  is  in  general  a  great  numerical  challenge  to  conserve 
total  volume  for  each  fluid  using  level  set  methods.  The  hybrid  particle  level  set  method 
conserves  volume  almost  perfectly  in  standard  tests  (Enright  et  al  2002),  and  is  the  only 
level  set  method  that  can  both  track  the  interface  accurately  and  minimize  the  mass 
loss  in  a  controllable  fashion.  The  particle  level  set  method,  in  combination  with  the 
phase  field  modeling  of  the  surface  tension  force,  is  a  good  tool  for  tracking  interface 
accurately  with  minimum  mass  loss.  Provided  that  enough  Lagrangian  particles  are  used 
in  tracking  the  interface,  the  mass  loss  can  be  reduced  to  a  tolerable  level.  Thus  we  are 
able  to  accurately  evolve  the  dynamics  of  drops  in  a  turbulent  flow,  and  our  main  goal  is 
to  examine  the  statistics  collected  from  DNS  dataset.  In  our  simulations,  less  than  1%  of 
maximum  volume  loss  is  found  for  all  cases  presented  here.  For  the  following  simulation 
results,  the  combination  of  a  and  p  is  chosen  so  that  the  interface  thickness  is  fixed 
Mx  at  least).  The  double-periodic  computation  domain  is  of  size  Stt  x  Stt,  and  the 
numerical  resolution  is  512^. 
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t=0.6  t=1.9  t=13.1 


Figure  4.  Drop  deformation  and  break-up  in  two-dimensional  turbulence,  a  =  2.95, 
13  =  118.92,  =  0.2  and  A  =  0.1.  (a)  t  =  0.6  (b)  t  =  1.9  and  (c)  t  =  13.1. 


We  fixed  the  range  of  small-scale  forcing  at  wavenumbers  5  <  k/ko  <15,  and  the 
large  scale  friction  F/  =  -O.lu.  At  the  beginning  of  each  simulation,  an  initially  circular 
interface  of  radius  tt  is  placed  at  the  center  of  a  two-dimensional  turbulent  flow.  The 
energy  spectrum  of  the  turbulent  flow  is  the  inverse  cascade  with  a  slope  of  —5/3  as 
shown  in  figure  1.  Throughout  the  simulations  the  energy  spectrum  is  little  affected  by 
the  surface  tension  force  from  the  interface.  The  well-known  effect  of  bubbles/drops  on 
the  turbulent  energy  spectra  (Mazzitelli  et  al  2003)  is  also  absent  here  because  there  is 
no  buoyancy /density  contrast  in  our  simulations. 

In  figure  4  we  demonstrate  how  the  initial  drop  gets  deformed,  stretched,  and  finally 
breaks  up  into  smaller  drops:  In  figure  4(a)  (t  =  0.6)  the  interface  is  highly  distorted,  and 
in  figure  4(b)  {t  =  1.9)  several  break-ups  lead  to  smaller  children  drops.  At  late  times 
(i  >  10)  the  drops  are  small  and  the  surface  tension  force  is  sufficient  to  overcome  the 
stretching  to  prevent  further  break-ups,  and  a  statistical  equilibrium  is  reached  as  shown 
in  figure  4(c)  (t  =  13.1),  where  there  are  a  lot  of  small  drops  of  irregular  shapes  and 
various  sizes. 

We  can  easily  calculate  the  total  length  of  the  interface  from  the  level  set  as 


where 


Length{(/»  =  0}  =  /*  \V H {(t){x))\dxdy 

Jn 

=  f  S{<j>{x))\V(l)\dxdy, 
Jq 


H{<^)  =  2 


\  6  1  ,  .ttS. 

1  +  “  +  “  sin(-^) 

TT  TT  e 


(3.9) 


(3.10) 

(3.11) 


with  c  =  3  ~  Adx  as  in  Sussman  et  al.  (1994).  Panel  (a)  in  figure  5  shows  the  evolution 
of  the  arclength  (scaled  to  the  initial  length),  and  panel  (b)  is  the  time-history  of  kinetic 
energy.  We  find  that  the  early  growth  in  the  length  is  accompanied  by  a  similar  growth  of 
the  total  number  of  drops  as  several  break-up  processes  have  occurred  during  (0  <  t  <  3). 
After  t  ~  10  (about  2.5  eddy  turnover  times)  the  amplification  in  length  saturates  and 
fiuctuates  throughout  the  simulations.  We  integrate  to  at  least  15  eddy  turnover  times 
to  attain  statistically  equilibrium  states.  The  inter  facial  thickness  is  fixed  at  ~  ^.Adx  for 
all  three  curves  in  figures  5.  With  the  same  small  scale  random  forcing  F,  large  scale 
dissipation  F^  and  viscous  dissipation  v  =  0.2,  the  only  difference  between  the  three 
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Time 


Figure  5.  (a)  Evolution  of  total  arclength  scaled  to  the  initial  value,  (b)  Corresponding 

evolution  of  number  of  drops. 


Table  2.  Averaged  number  of  drops  and  arclengths  for  the  three  simulations. 


a  P  (7/(70  L/Lo  N 

Casel  1.47  59.45  9.35  7.51  79.98 

Case  2  2.94  119.91  18.71  5.50  39.69 

Case  3  5.89  239.83  37.42  3.66  15.18 


simulations  is  the  surface  tension  coefficient:  <7  =  9.36(Jo,  cr  =  18.71<to,  and  a  =  37.43o'o 
for  curves  1,2,  and  3,  respectively.  (As  defined  earlier  cq  is  the  surface  tension  coefficient 
when  \/^  =  1.)  The  balance  between  stabilizing  surface  tension  force  and  stirring 
turbulent  flow  results  in  a  critical  length  scale  (Lacasta  et  al  1995) 


.2 

~  Ti’ 


(3.12) 


where  u  is  the  turbulence  characteristic  velocity.  Since  the  total  area  (volume)  of  each 
fluid  phase  has  to  conserve  in  two  (three) -dimensions,  we  can  estimate  the  dependence  of 
average  number  of  drops  (AT)  on  the  surface  tension.  For  a  given  characteristic  turbulence 
velocity,  in  two-dimensions, 

total  area  of  fluid  phase  1  =  constant  — >  Af  ~  cr  (3.13) 


Similarly  in  three-dimensions, 

total  volume  of  fluid  phase  1  =  constant  — ^  AT  ~  cr  (3.14) 

From  equations  3.13  and  3.14,  the  total  circumference  (area  or  arclength  in  two  and  three- 
dimensions,  respectively)  is  inversely  proportional  to  the  square  root  of  surface  tension: 
NXc  in  two-dimensions  and  NX^  in  three-dimensions  both  lead  to  1/y^.  These  scaling 
results  in  two-dimensions  are  consistent  with  the  time-averaged  values  of  our  simulation 
data  in  figures  5.  In  table  3.4  we  list  the  time-averaged  N  and  total  arclength  for  all 
three  simulations. 

In  the  statistically  equilibrium  state  the  number  of  drops  fluctuates  around  the  mean 
value,  we  collect  enough  statistics  for  the  drop  area  distribution  by  integrating  over  a 
long  period  of  time.  Following  Berthier  et  al.  (2001)  and  Muzzio  et  al.  (19916),  we  rescale 
the  drop  area  distribution  by  the  mean  area  (calculate  by  taking  moments  of  the  area 
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Figure  6.  Size  distribution  for  the  three  cases.  Diamonds  are  for  case  1,  asterisks  are  for  case  2 
and  crosses  are  for  case  3.  Open  circles  are  for  a  different  forcing  function  but  same  parameters 
as  in  case  1.  The  dashed  line  is  ~  exp  —{S/S*)  . 

distribution  functions  as  in  Muzzio  et  al  (19916)).  Since  the  effective  diffusion  coefficient 
is  assumed  to  be  zero  in  our  turbulence  simulations,  we  cannot  calculate  the  mean  area 
based  on  the  scaling  of  the  characteristic  domain  size  L*  and  D*  as  in  Berthier  et  al 
(2001).  The  rescaled  area  distributions  collapse  as  shown  in  figure  6.  One  additional 
simulation  data  set  (open  circles)  with  a  different  interfacial  thickness  and  turbulent 
random  forcing  is  added  in  figure  6.  For  this  additional  simulation,  the  surface  tension 
a  =  18.71(70  and  the  interfacial  thi<±ness  ^  =  5.0dx  and  the  turbulent  random  forcing  is 
at  wavenumbers  5  <  k/ko  <  7.5,  narrower  than  the  other  three  simulations.  However,  it 
seems  that  the  collapse  works  reasonably  well  regardless  of  the  differences  between  the 
simulations. 


4.  Conclusion 

We  have  extended  the  phase-field  modeling  to  the  non-diffusive  case.  Surface  free 
energy  from  the  phase-field  modeling  is  used  to  calculate  the  surface  tension  force  based 
on  the  reconstructed  interface  using  the  level  set  function.  Numerically  the  non-diffusive, 
infinitely  sharp  interface  has  to  be  smoothed  over  a  few  grid  points.  Some  interfacial 
structure  is  always  assumed  in  the  numerics,  and  the  resultant  surface  tension  force 
inherits  the  modeled  structures.  One  popular  way  to  reconstruct  interface  in  level  set 
method  is  the  cosine-delta  function.  However,  no  physical  meaning  can  be  related  to 
such  a  construction,  and  as  a  result,  the  parasitic  currents  are  undesirably  large.  We 
replace  the  cosine-delta  function  with  the  smooth  interfacial  structure  from  the  stationary 
solution  in  phase-field  modeling,  and  we  calculate  the  surface  tension  force  from  the 
corresponding  surface  free  energy.  The  only  assumption  we  make  in  this  approach  is 
that  the  reconstructed  interface  is  a  function  of  the  signed  distance  to  the  interface.  We 
assume  that  “some”  molecular  dynamics  acts  on  such  a  fast  time  scale  that  the  interfacial 
thickness  remains  the  same,  even  when  the  flow  is  vigorously  acting  on  and  around 
the  interface.  The  collapse  of  drop  area  distribution  in  our  two-dimensional  turbulence 
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simulation  confirms  our  conjecture  that  the  self-similar  drop  area  distribution  exists  for 
more  general  velocity  fields. 

The  particle  level  set  method,  combined  with  phase-field  modeling,  has  great  promise 
for  large  scale,  three-dimensional  numerical  simulations  of  multiphase  flow.  One  of  our 
future  goals  is  to  generalize  our  simulations  of  two-dimensional  drop  dynamics  to  three 
dimensions.  We  also  plan  to  include  density  and  viscosity  contrast  for  multi-fluid  using 
the  phase-field  modeling.  Finally,  we  are  also  investigating  how  the  phase-field  modeling 
can  be  applied  in  simulating  micro-fluidic  multiphase  flows  carried  out  in  experiments 
(Truesdell  et  al.  2003). 
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The  effect  of  the  density  ratio  on  the  nonlinear 
dynamics  of  the  unstable  fluid  interface 

By  S.I.  Abarzhi 


1.  Motivation  and  objectives 

When  a  light  fluid  accelerates  a  heavy  fluid,  the  misalignment  of  the  pressure  and 
density  gradients  gives  rise  to  the  instability  of  the  interface,  and  produces  eventually 
the  turbulent  mixing  of  the  fluids  (Rayleigh  1892;  Davies  &  Taylor  1950;  Richtmyer  1960; 
Meshkov  1969).  This  phenomenon  is  called  the  Rayleigh-Taylor  instability  (RTI)  if  the 
acceleration  is  sustained,  and  the  Richtmyer-Meshkov  instability  (RMI)  if  the  acceleration 
is  driven  by  a  shock  or  if  it  is  impulsive.  The  RT/RM  turbulent  mixing  is  of  extreme 
importance  in  astrophysics,  inertial  confinement  fusion,  and  many  other  applications 
(Sharp  1984).  To  obtain  a  reliable  description  of  the  mixing  process,  the  evolution  of  a 
large-scale  coherent  structure,  the  dynamics  of  small-scale  structures,  and  the  cascades 
of  energy  should  be  understood. 

The  large-scale  coherent  structure  is  an  array  of  bubbles  and  spikes  periodic  in  the  plane 
normal  to  the  direction  of  gravity  or  the  initial  shock  (Rayleigh  1892;  Davies  &  Taylor 
1950;  Meshkov  1969;  Schneider  et  al.  1998).  It  appears  in  the  nonlinear  regime  of  RTI  and 
RMI  and  has  a  spatial  period  determined  by  the  mode  of  fastest  growth  (Chandrasekhar 
1961).  The  light  (heavy)  fluid  penetrates  the  heavy  (light)  fluid  in  bubbles  (spikes).  The 
density  ratio  is  a  determining  factor  of  the  instability  dynamics  (Sharp  1984;  Schneider 
et  al  1998).  Singular  aspects  of  the  interface  evolution  (such  as  the  generation  of  vorticity 
and  secondary  instabilities,  resulting  in  the  direct  and  inverse  cascades  of  energy,  a  finite 
contrast  of  the  fluid  densities  and  the  non-linearity  of  the  dynamics)  cause  theoretical 
difficulties  and  preclude  elementary  methods  of  solution  (Dalziel  et  al  1999;  He  et  al 
1999;  Gardner  et  al  1988;  Jacobs  &  Sheeley  1996;  Kucherenko  et  al  2000;  Holmes  et  al 
1999;  Volkov  et  al  2001). 

For  fluids  with  highly  contrasting  densities  (fluid- vacuum),  the  effect  of  singularities 
on  the  interplay  of  harmonics  and  on  the  nonlinear  motion  in  RTI/RMI  has  been  studied 
intensively  over  the  decades  (Layzer  1955;  Garabedian  1957;  Tanveer  1993).  A  new  ap¬ 
proach  based  on  group  theory  has  been  developed  recently  by  Abarzhi  (1998,  2002).  The 
asymptotic  theories  of  Layzer  (1955);  Garabedian  (1957);  Abarzhi  (1998,  2002)  agreed 
with  experiments  and  simulations.  For  fluids  with  a  finite  density  contrast,  the  influ¬ 
ence  of  singularities  on  the  cascades  of  energy  and  the  large-scale  coherent  dynamics 
in  RTI/RMI  has  yet  to  be  elucidated  (Baker  et  al  1982;  Moore  1979;  Hou  et  al  1997; 
Cowley  et  al  1999;  Matsuoka  et  al  2003).  The  empiric  models  proposed  by  Sharp  (1984) 
and  Oron  et  al  (2001)  could  not  explain  observations  completely  and  were  a  subject 
for  controversy.  These  models  disregarded  the  conservation  of  mass  and  introduced  ad¬ 
justable  parameters  to  balance  drag,  buoyancy,  and  inertia  in  the  flow,  (Dimonte  2000). 
In  a  recent  attempt  of  Goncharov  (2002)  to  reproduce  the  results  of  the  drag  model 
of  Oron  et  al  (2001)  in  a  single-mode  approximation,  a  complete  set  of  the  boundary 
conditions  were  not  satisfied  (see  below),  and  the  conservation  laws  were  thus  violated. 

Here  we  report  multiple  harmonic  theoretical  solutions  for  a  complete  system  of  conser- 
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vation  laws,  which  describe  the  large-scale  coherent  dynamics  in  RTI  and  RMI  for  fluids 
with  a  finite  density  ratio  in  the  general  three-dimensional  case.  The  analysis  yields  new 
properties  of  the  bubble  front  d3mamics.  In  either  RTI  or  RMI,  the  obtained  dependen¬ 
cies  of  the  bubble  velocity  and  curvature  on  the  density  ratio  differ  qualitatively  and 
quantitatively  from  those  suggested  by  the  models  of  Sharp  (1984),  Oron  et  al  (2001), 
and  Goncharov  (2002).  We  show  explicitly  that  these  models  violate  the  conservation 
laws.  For  the  first  time,  our  theory  reveals  an  important  qualitative  distinction  between 
the  dynamics  of  the  RT  and  RM  bubbles.  Asymptotically,  the  RT  bubble  is  curved,  and 
its  curvature  has  a  strong  dependence  on  the  density  ratio,  while  the  RM  bubble  flattens 
independently  of  the  density  ratio.  The  velocity  of  the  RT  bubble  depends  has  a  power- 
law  dependence  on  the  bubble  curvature  with  exponent  3/2  and  a  universal  coefficient 
independent  of  the  density  ratio,  while  the  RM  bubble  decelerates.  The  bubble  curvature 
and  velocity  depend  mutually  on  one  another,  as  do  the  differences  between  the  RM  and 
RT  cases  for  these  quantities.  Our  theory  explains  existing  data,  formulates  the  univer¬ 
sal  properties  of  the  RT  and  RM  nonlinear  dynamics,  and  identifies  sensitive  diagnostic 
parameter  for  future  observations. 

2.  Governing  equations 

Let  t  be  time,  (x^y^z)  be  the  Cartesian  coordinates,  and  9{xjy^z,t)  be  the  scalar 
function  with  ^  =  0  at  the  fluid  interface.  Locally,  0  =  z*(x,y,t)  -  js;  where  z*{x,y,t) 
is  the  position  of  the  fluid  interface.  The  fluid  density  and  velocity  have  the  form  p  = 
PhH{-0)  +  piH{9),  and  v  =  VhH{-9)-\-viH{9),  where  H  is  the  Heaviside  step-function, 
and  ph^i)  and  Vh(i)  are  the  density  and  velocity  of  the  heavy  (light)  fluid  located  in  the 
region  ^  <  0  (0  >  0).  For  incompressible  fluids,  V  •  v  =  0,  and  the  values  of  are 
independent  of  the  coordinates  and  time.  The  equation  of  continuity  is  reduced  then  to 

{0  +  Vh-'^&)ph\g^o^  (^  +  ^i  •'^^)«le=0  (2.1) 

where  the  dot  indicates  a  partial  time-derivative.  If  there  is  no  mass  flux  across  the 
moving  interface,  the  normal  component  of  velocity  is  continuous  at  the  interface  and 

«^-V0|,.o  =  «'-V^L=o  =  -4=o-  (2;2) 

With  neglected  terms  for  viscous  stress  and  surface  tension,  the  momentum  equation 
is  transformed  into  the  conditions 


ph  {vh.  +  {Vh  ■  V)wh  +g)  +  '^Ph  |fi<0  =  0 ,  (2.3) 

Pi  {vi  +  {vi  ■  V)vi  +  g)  +  Vpi  =  0,  (2.4) 

Ph-Pi\g^o  =  0,  (2.5) 

where  Ph(i)  is  the  pressure  of  the  heavy  (light)  fluid,  and  g  is  the  gravity  directed  from 
the  heavy  fluid  to  the  light  fluid  with  \g\  =  g.  There  are  mass  sources  in  the  flow,  and 
the  boundary  conditions  at  the  inflnity  close  the  set  of  the  governing  equations 

«'‘L-oc=«'L+oc  =  0-  (2.6) 


The  spatial  period,  the  time-scale,  and  the  symmetry  of  the  motion  in  (2. 1-2.6)  are 
determined  from  the  initial  conditions.  We  choose  the  spatial  period  A  in  a  vicinity  of 
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the  wavelength  of  the  mode  of  fastest  growth,  A  ~  A^ax,  where  A^^ax  is  set  by  surface 
tension  and  viscosity  (Chandrasekhar  1961).  For  RTI,  the  time-scale  is  trt  ^  a/A/A^, 
where  A  =  {ph  —  pi)/iph  +  Pi)  is  Atwood  number  with  0  <  A  <  1.  For  RMI, 
g  =  0  and  trm  X/vq,  where  vq  is  the  initial  velocity  value.  Based  on  the  experimental 
observations,  we  separate  scales  and  divide  the  fluid  interface  into  active  and  passive 
regions,  similarly  to  Aref  Tryggvason  (1989),  In  the  active  regions  (scales  <  A)  the 
vorticity  is  intensive,  while  the  passive  regions  (scales  ~  A)  are  simply  advected.  In  order 
to  be  stable  under  modulations  with  scales  >  A,  the  large-scale  coherent  motion  must 
be  invariant  under  one  of  symmorphic  groups  with  inversion  in  the  plane  (Abarzhi  1998, 
2002). 

To  describe  the  dynamics  of  the  nonlinear  bubble,  we  reduce  (2. 1-2.6)  to  a  local  dy¬ 
namical  system.  All  calculations  are  performed  in  the  frame  of  reference  moving  with 
velocity  in  the  2;-direction,  where  v(t)  is  the  velocity  at  the  bubble  tip  in  the  laboratory 
frame  of  references.  For  the  large-scale  coherent  motion,  ^^se 

of  a  3D  flow  with  hexagonal  symmetry 


oo  3 

{t){z  -f  (exp{-mkz)/3mk)  y^cos(mfcir))  -|-  cross  terms  +  /h(^),  (2.7) 

m=l  i=l 

c»  3 

^1=  ^rn{t){-z{exp{-mkz)/3mk)  ^cos(mfcir))  -f  cross  terms  +  (2.8) 

m=l  i==l 

where  ki  are  the  vectors  of  the  reciprocal  lattice,  r  =  (x,i/),  and  fh(i)  are  time- 
dependent  functions.  For  a:  «  0  and  y  ^  0  the  interface  can  be  expanded  as  a  power 
series,  z*  =  Y1n=i  CN{t){x^^ +  cross  terms,  where  Ci(^)  is  the  principal  curvature 
at  the  bubble  tip,  and  Ci(0  ^ 

Substituting  these  expressions  in  (2.1-2. 6),  taking  the  first  integral  of  (2.5),  and  re¬ 
expanding  (2. 1-2.6)  X,  j/  0,  we  derive  a  dynamical  system  of  ordinary  differential  equa¬ 
tions  for  the  variables  8tnd  the  moments  Mn{t)  =  ^m(^)(^’^)”'+cross  terms 

and  Mn{t)  =  X}m=i  ^m{t){km)^-\-CTOss  terms,  where  n  is  an  integer.  The  moments  are 
correlations  functions  by  their  physical  meaning.  For  iV  =  1,  the  conditions  in  (2. 2-2.6) 
take  respectively  the  form 


<1  =  2CiMi  -h  M2/4  =  2CiMi  -  M2/4,  (2.9) 

(Mi/4  +  CiMo  -  M!/8  -  Cig)ph  =  (i^i/4  -  Cl  A  -  Mf/8  -  Ci9)pi,  (2.10) 
Moit)  =  -Mo{t)  =  -vit)  ■  (2.11) 

The  local  dynamical  system  (2.11)  describes  the  d3mamics  of  the  bubble  in  a  vicinity 
of  its  tip  as  long  as  the  spatial  period  A  of  the  coherent  structure  is  invariable.  The 
presentation  in  terms  of  moments  Mn  and  Mn  allows  one  to  perform  a  multiple  harmonic 
analysis  and  find  the  regular  asymptotic  solutions  with  a  desired  accuracy. 


3.  Regular  asymptotic  solutions 

Retaining  only  the  first  order  amplitudes  in  the  expressions  for  the  moments,  we  derive 
a  nonlinear  solution  of  the  Layzer-type,  which  conserves  mass,  momentum,  and  has  no 
mass  sources.  In  RTI,  for  t/rRT  >  1  the  curvature  and  velocity  of  the  Layzer-type 


254 


S.L  Abarzhi 


bubble  axe  =  Cl  =  -Ak/S,  and  v  =  vl^rt  =  y/AgJk,  in  agreement  with  the  empiric 
approach  of  Sharp  (1984).  In  RMI,  for  t/r  >  1,  the  curvature  and  velocity  are  Ci  = 
=  -Afc/8,  and  v  =  vl,rm  =  (2  -  A^)IAkt.  These  single-mode  solutions  however 
do  not  satisfy  (2.2)  and  (2.9)  and  permits  mass  flux  across  the  interface.  To  avoid  this 
difiiculty  Goncharov  (2002)  has  violated  the  boundary  conditions  in  (2.6)  and  (2.11),  and 
introduced  an  artificial  time-dependent  mass  flux  of  the  light  fluid  in  the  flow.  For  the 
solutions  of  Goncharov  (2002),  Ci  =  Cd  =  and  v  =  vd,rt  =  V^Agf  (1  +  Ajk  in 

RTI,  and  =  Cz)  =  -fc/8,  and  v  =  vd,rm  =  2/(1  +  a)kt  in  RMI,  in  agreement  with 
drag  model  of  Oron  et  al  (2001).  We  conclude  that  Layzer-type  approach  (either  in  our 
version  or  in  the  models  Oron  et  al  (2001)  and  Goncharov  (2002))  does  not  satisfy  the 
complete  set  of  the  conservation  laws,  and  the  single-mode  solutions  are  not  therefore 
physical.  The  reason  for  this  difficulty  lies  in  a  non-local  character  of  the  non-linearity 
in  (2.1-2.6)  and  (2.9-2.11). 

To  find  regular  asymptotic  solutions,  describing  the  nonlinear  evolution  of  the  bubble 
front  in  RTI  or  RMI,  one  should  account  for  non-local  properties  of  the  flow  that  has 
singularities  (Abarzhi  et  al  2003).  The  singularities  determine  the  interplay  of  harmonics 
in  the  global  flow  as  well  as  in  the  local  dynamics  system.  They  transfer  the  fluid  energy  to 
smaller  and  larger  scales  and  generate  higher  order  harmonics.  If  the  energy  transports 
are  not  extensive,  so  the  symmetry  and  the  spatial  period  of  the  coherent  structure 
do  not  change,  the  singularities  affect  the  shape  and  velocity  of  the  regular  bubble. 
Assuming  the  bubble  shape,  parameterized  by  the  principal  curvature (s)  at  its  tip,  is 
free,  we  find  a  continuous  family  of  regular  asymptotic  solutions  for  the  local  system. 
The  family  involves  all  solutions  allows  by  the  symmetry  of  the  global  flow.  For  the 
regular  asymptotic  solutions  the  interplay  of  harmonics  is  well  captured.  We  perform  a 
stability  analysis  and  choose  the  fastest  stable  solution  in  the  family  as  being  physically 
significant.  The  reader  is  referred  to  Abarzhi  et  al.  (2003)  for  more  details. 

For  the  Rayleigh-Taylor  instability,  the  bubble  velocity  is  the  function  on  the  bubble 
curvature  and  density  ratio,  v  =  v{y/g/k,  A,  (Ci/k)).  In  the  interval  Ccr  <  C  ^  0?  f^he 
Fourier  amplitudes  and  decay  exponentially  with  increase  in  their  m,  the  lowest- 
order  amplitudes  are  dominant,  and  higher  order  corrections  for  family  solutions  are 
small.  For  (  ^  Ccr  the  convergence  is  broken,  where  Ccr  ^  -k/6  for  A  ^  1  and  ^cr  «  0 
for  A  «  0.  For  fluids  with  highly  contrasting  densities,  A  ~  1,  the  magnitudes  of  the 
Fourier  amplitudes  of  the  light  fluids  are  much  larger  that  those  of  the  heavy  fluid,  so 
l^ml  ~  l^*m+i|‘  For  fluids  with  similar  densities,  A  ~  0,  this  difference  is  insignificant, 
and  l^ml  |im|- 

The  fastest  solution  in  the  family  has  the  curvature  and  velocity 

Cl  =  Ca.rt,  v  =  va,rt  (3.1) 

Explicit  analytical  expressions  for  Ca^rt  and  va,rt  are  cumbersome  and  not  presented 
here.  Remarkably,  the  bubble  velocity  and  the  curvature  obey  a  universal  dependence 

va,rt  =  (3.2) 

In  the  limiting  case  of  fluids  with  highly  contrasting  densities,  A  «  1,  the  solution  (3.1) 
takes  the  form 

C>i,flr«-(^/8)(l-(l->l)/8),  VA,Rr^^/^{l-3{l-A)/16).  (3.3) 

In  the  other  limiting  case,  A  «  0,  it  can  be  expanded  as 
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Ca,rt  ~  va  ^RT  «  {3/2)^^'^y/Ag/3k,  (3.4) 

Stability  analysis  shows  that  solutions  with  ^  Ccr  C  unstable,  while 

solutions  with  C  Ca,rt  sue  stable.  Therefore,  the  physically  significant  solution  in  the 
RT  family  is  the  solution  (3.1). 

For  the  Richtmyer-Meshkov  instability,  the  multiple  harmonic  regular  asymptotic  so¬ 
lutions  in  (2.9-2.11)  with  Mn  ~  1/t,  Mn  ~  1/t  and  v  ^  1/t,  and  time-independent  Cjv 
are  found  in  a  similar  way.  The  RM  and  RT  families  have  a  number  of  common  prop¬ 
erties  such  as  the  dominance  of  the  lowest  order  amplitudes,  convergence,  and  critical 
solutions.  However  the  asymptotic  dynamics  of  the  bubble  front  in  RMI  appears  quite 
different  from  that  in  RTI.  In  the  RM  family,  the  fastest  solution  corresponds  to  a  bubble 
with  a  flattened  shape: 


Cl  =  Ca.rm,  =  0  V  =  va,rm  =  ^/Akt  (3.5) 

Higher  order  corrections  for  the  solution  (3.5)  are  reasonably  small.  The  stability  anal¬ 
ysis  shows  that  solutions  with  a  finite  curvature  C  ~  1/-^  unstable,  while  flattened 
bubbles  with  C  =  Ca,rm  stre  stable.  Therefore,  the  physically  significant  solution  in  the 
RM  family  is  the  solution  (3.5). 

The  foregoing  analysis  can  be  applied  for  3D  flows  with  other  symmetries.  In  either 
RTI  or  RMI,  the  nonlinear  dynamics  of  3D  highly  symmetric  flows  (Abarzhi  1998,  2002)) 
coincide  except  for  the  difference  in  the  normalization  factor  k.  A  nearly  isotropic  shape 
of  the  bubble  is  the  reason  of  this  universality.  The  3D  and  2D  results  are  similar  quali¬ 
tatively.  In  main  order,  in  RTI  va,rt,3d/va,rt,2D  and  Ca,rt,zd/Ca,rt,2D  3/4, 
while  in  RMI  va,rm,3d/'^a,rm,2D  ~  2  and  Ca,rm,3d/Ca,rm,2D  ^  1?  similarly  to  Abarzhi 
(1998)  and  Abarzhi  (2002)  for  A  =  l.  For  3D  low-symmetric  flows,  the  asymptotic  analy¬ 
sis  shows  a  tendency  of  3D  bubbles  to  conserve  isotropy  in  the  plane,  and  a  discontinuity 
of  the  3D-2D  dimensional  crossover. 


4.  Discussion 

Based  on  the  foregoing  results,  we  expect  the  following  dynamics  of  the  bubble  front 
in  the  Rayleigh-Taylor  and  Richtmyer-Meshkov  instabilities  for  fluids  with  finite  density 
differences  in  the  case  of  a  small  initial  perturbation.  In  RTI,  the  bubble  curvature  Ci 
and  velocity  v  grow  as  ~  exp{t/TRT)  in  the  linear  regime,  t/rRT  <  1,  and  reach  finite 
values  Cl  ^  Ca,rt  and  v  ^  v a, rt  asymptotically  for  t/rnr  1.  The  parameters  Ca,rt 
and  va,rt  depend  strongly  on  the  Atwood  number.  However,  the  value  Va,rt K\,rt  ^ 
parameter  universal  for  all  A.  This  universality  suggests  that  the  bubble  front  evolution 
in  RTI  is  quite  complicated  and  cannot  be  approximated  by  the  motion  of  a  spherical 
bubble,  in  contrast  to  suggestions  of  the  drag  models  of  Oron  et  al.  (2001)  and  Goncharov 
(2002).  For  A  <  1  the  bubbles  are  slower  and  less  curved  compared  to  the  case  of  A  =  1; 
for  A  w  0  the  bubbles  flatten  and  their  velocity  approaches  zero. 

In  RMI,  the  bubble  curvature  and  velocity  change  as  Ci  ~  ~ht/rRM  and  v{t)  —  vq 
—VotfrRM  in  the  linear  regime,  tfrRM  <  1;  for  t  ~  trm  the  curvature  Ci  reaches  an 
extreme  value,  dependent  on  the  initial  conditions;  as  tfrRM  ^  1  the  bubble  flattens. 
Cl  Ca,rm  and  decelerates  v  ~  va,rm-  For  A  <  1  the  bubbles  move  faster  than  those 
for  A  =  1,  and  for  A  <  1  the  bubbles  axe  flat.  The  flattening  of  the  bubble  front  is  a 
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Atwood  number,  A 


Figure  1 .  Dependence  of  the  bubble  curvature  on  the  Atwood  number  A  for  3D  highly  sym¬ 
metric  flows  in  the  Rayleigh-Taylor  and  Richtmyer-Meshkov  instabilities;  k  is  the  wavevector, 
Cl  ==  ““Afc/8  is  the  Layzer-type  solution,  Cd  =  -fc/8  is  given  by  the  drag  models,  Ca,rt  and 
Ca.hm  are  given  by  the  non-local  multiple  harmonic  solutions  in  RTI  and  RMI  respectively. 


distinct  feature  of  RMI  universal  for  all  A.  It  follows  from  the  fact  that  RM  bubbles 
decelerate.  The  equation  (3.5)  suggests  that  for  for  fluids  with  very  similar  densities, 
A  0,  the  bubble  velocity  has  a  much  faster  time-dependence,  as  with  —1  <  a  <  0, 
in  a  qualitative  agreement  with  experiments  of  Jacobs  &  Sheeley  (1996). 

Figures  1,  2  and  3  compare  our  multiple  harmonic  non-local  solutions  with  the  models 
of  Oron  et  al.  (2001)  and  Goncharov  (2002),  and  with  the  Layzer-type  solution,  which 
agrees  with  Sharp  (1984).  For  0  <  A  <  1  the  asymptotic  dynamics  is  different  in  RTI 
and  RMI:  the  bubble  velocity  reaches  a  constant  value  in  RTI  and  decreases  with  time 
in  RMI.  Therefore  the  distribution  of  pressure  around  the  bubble  is  distinct  in  RTI  and 
RMI.  This  should  lead  to  a  different  shape  for  the  bubble  front.  Our  theory  adequately 
describes  the  fact  that  in  RTI  the  curvature  Ca,rt  bas  a  strong  dependence  on  the  Atwood 
number,  while  in  RMI  Ca,rm  —  0  for  all  A,  Figure  1.  The  models  of  Sharp  (1984),  Oron 
et  al  (2001),  and  Goncharov  (2002)  do  not  predict  any  difference  between  the  shape  of 
the  RT  and  RM  bubbles.  In  RTI,  for  A  =  1  the  values  of  Ca,rt  —  Cl  =  Cd-  However, 
for  finite  A  the  difference  among  the  values  Ca,rT’>  Cl  and  Cd  is  significant,  Fig.  1;  in 
the  limit  A  0,  Ca,rt/Cd  0,  while  Ca,Rt/Cl  oo.  We  emphasize  that  for  A  =  0 
the  RT  instability  does  not  develop  and  the  bubble  curvature  should  remain  zero  for  all 
t,  in  agreement  with  (3.4).  In  RMI,  the  bubble  in  (3.5)  flattens  asymptotically  for  all  A, 
while  the  models  of  Oron  et  al  (2001)  and  Goncharov  (2002)  suggest  an  A-independent 
finite  value  of  the  bubble  curvature  Cd  ==  Fig.  1. 

We  conclude  that  in  either  RTI  or  RMI  the  bubble  curvature  is  sensitive  diagnostic 
parameter,  which  tracks  the  conservation  of  mass  in  the  flow.  The  value  A|Ci|  defines 
how  flat  or  narrow  the  bubble  is  for  a  given  lengths  scale  A.  This  dimensionless  shape 
parameter  is  related  to  the  bubble  velocity  and  determines  the  flow  drag.  The  value  of 
the  drag  force  is  still  a  subject  for  controversy  in  the  chaotic  RTI  and  RMI  (Dimonte 
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Figure  2.  Dependence  of  bubble  velocity  v  on  the  Atwood  number  A  for  3D  highly  symmetric 
flows  in  the  Rayleigh-Taylor  instability;  k  is  the  wavevector  and  g  is  gravity,  vl,rt  =  y/Ag/k 

is  the  Layzer-type  solution,  vd,rt  =  y^2A^/(l  +  A)k  is  given  by  the  drag  models,  and  va,rt 
is  given  by  the  RT  multiple  harmonic  non-local  solution. 


2000).  Our  theory  resolves  this  issue  for  highly  nonlinear  Rayleigh-Taylor  and  Richtmyer- 
Meshkov  instabilities.  The  foregoing  analysis  suggests  that  the  empiric  models  of  Sharp 
(1984),  Oron  et  al  (2001)  and  Goncharov  (2002)  may  not  be  applicable  in  RTI  and  RMI. 

Our  results  are  in  good  agreement  with  available  data  (Kucherenko  et  al.  2000;  He 
et  al.  1999;  Gardner  et  al.  1988;  Jacobs  &:  Sheeley  1996;  Holmes  et  al  1995;  Schneider 
et  al  1998;  Holmes  et  al  1999;  Dimonte  2000;  Volkov  et  al  2001).  However,  in  most  of 
existing  experiments,  the  measurement  of  the  bubble  curvature  requires  an  improvement 
of  diagnostics  of  the  interface  dynamics.  The  major  issues  to  check  by  future  observations 
are  the  following:  Does  the  curvature  of  the  RT  bubble  have  a  strong  dependence  on  the 
Atwood  number  or  reach  an  A-independent  value?  Does  the  curvature  of  the  RM  bubble 
vanish  asymptotically  or  approach  a  finite  value? 

For  the  bubble  velocity,  in  the  case  of  A  ~  1  the  experiments  and  simulations  have 
been  in  a  reasonable  agreement  with  the  dependencies  vl,rt  and  vd,rt  in  and 
with  the  dependence  vd,rm  in  RMI.  On  the  other  hand,  as  evinced  in  the  foregoing, 
the  single-mode  solutions  vi^rt  and  vo,rt  as  well  as  vl^rm  and  vd^rj^  violate  the 
conservation  laws.  This  apparent  paradox  is  easily  explained.  Figure  2  shows  that  in  RTI 
for  finite  A  and  for  Ci  ^  l/-^j  bubble  velocity  is  relatively  insensitive  to  details  of  the 
interface  dynamics,  and  the  quantitative  distinction  among  the  values  of  Va.rt,  '^d,rt 
and  vl,rt  is  10  —  20%.  In  RMI,  the  velocities  vl^rm  and  vd,rm  diflFer  significantly  from 
Figure  3.  The  difference  is  however  hard  to  distinguish  in  experiments.  Since 
the  velocity  decays  as  1/t,  the  bubble  displacement,  ~  C\og{t/rRM)/k.^  is  comparable 
with  an  experimental  error,  and  the  coefficient  C  is  in  this  dependence  is  impossible  to 
evaluate.  In  contrast,  the  bubble  curvature  is  a  reliable  diagnostic  parameter  as  discussed 
in  the  foregoing. 

Our  theory  describes  the  principal  influence  of  the  density  ratio  on  the  large-scale 
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Figure  3.  Dependence  of  the  bubble  velocity  v  on  the  Atwood  number  A  for  3D  highly 
symmetric  flows  in  the  Richtmyer-Meshkov  instability;  k  is  the  wavevector,  t  is  time, 
VL,RM  =  (2  -  A^)/Akt  is  the  Layzer-type  solution,  vd,rm  =  2/(1  +  A)kt  is  given  by  the 
drag  models,  va,rm  =  3/A/ct  is  given  by  the  RM  multiple  harmonic  non-local  solution. 


nonlinear  dynamics  of  the  RT  and  RM  bubbles.  The  analysis  is  based  on  the  assumptions 
that  the  flow  dynamics  is  governed  by  a  dominant  mode,  the  transfers  of  energy  to  smaller 
or  larger  scales  are  not  extensive,  and  the  vorticity  does  not  change  the  time-dependence 
of  the  large-scale  coherent  motion.  If  these  conditions  are  broken  (for  example,  for  fluids 
with  similar  densities,  A  w  0),  the  potential  approximation  may  not  give  a  correct  time- 
dependence  for  the  as5rmptotic  bubble  motion.  We  address  these  issues  in  the  future. 


5.  Conclusion 

We  have  found  a  multiple  harmonic  solution  for  a  complete  system  of  conservation  laws 
describing  the  large-scale  coherent  d3mamics  in  RTI/RMI  in  general  three-dimensional 
case.  The  theory  yields  new  dependencies  of  the  bubble  curvature  and  velocity  on  the 
density  ratio,  formulates  the  universal  properties  of  the  nonlinear  dynamics  in  RTI  and 
RMI,  reveals  an  important  difference  between  the  dynamics  of  RT  and  RM  bubbles,  and 
shows  the  significance  of  mass  conservation  for  the  buoyancy-drag  balance. 
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Quadrature  moments  method  for  the  simulation 
of  turbulent  reactive  flows 

By  Venkatramanan  Raman,  Heinz  Pitsch  and  Rodney  O.  Fox  f 


1.  Motivation  and  Objectives 

In  recent  years,  computational  fluid  mechanics  has  become  one  of  the  primary  tools  for 
design  and  optimization  of  chemical  reactors.  With  stringent  environmental  constraints, 
close  control  of  product  selectivity  and  an  estimate  of  by-products  are  essential  in  suc¬ 
cessfully  operating  chemical  plants.  The  fast  throughput  and  enhanced  mixing  conditions 
offered  by  turbulent  flows  are  increasingly  exploited  in  chemical  reactors.  Viable  simula¬ 
tion  methods  for  such  flows  should  be  able  to  model  the  complex  interaction  of  reaction 
and  turbulent  flow.  All  known  reaction  models  used  in  these  simulations  follow  a  segre¬ 
gated  approach  where  different  techniques  are  used  to  solve  the  momentum  and  scalar 
transport  equations.  It  is  assumed  that  reaction  affects  fluid  flow  only  through  the  change 
in  density.  Usually  a  variable  density  flow  solver  is  utilized  that  accepts  the  density  field 
from  the  scalar  handler  to  correct  the  flow  field.  The  scalar  transport  scheme  uses  the  flow 
properties  to  evaluate  the  local  density  and  this  iterative  procedure  is  used  to  advance 
the  solution  in  time.  The  Eulerian  solution  technique  that  is  commonly  used  in  solving 
scalar  transport  equations  inherently  does  not  contain  information  about  sub-grid  level 
processes.  The  adverse  effect  of  neglecting  sub-grid  scalar  fluctuations  in  cases  where 
the  scalar  evolves  through  non-linear  rate  expressions  is  well  known.  In  combustion  pro¬ 
cesses  which  are  characterized  by  fast  chemistry,  use  of  flamelet  model  (Pitsch  k.  Steiner 
2000)  or  conditional  moment  closure  (CMC)  (Bilger  1993)  based  on  a  conserved  scalar 
is  known  to  be  quite  accurate  in  making  qualitative  as  well  as  quantitative  predictions. 
Such  a  method  obviates  the  need  for  solving  multiple  scalar  transport  equations  and 
is  not  restricted  by  the  time-scale  of  individual  reactions  in  the  chemistry  mechanism. 
The  flamelet  model,  like  all  other  reaction  models,  requires  the  specification  of  a  scalar 
dissipation  rate  and  assumes  the  shape  of  the  PDF  at  the  sub-grid  level.  The  first-order 
CMC  method  models  the  conditional  mean  of  the  reacting  scalars  as  a  function  of  mix¬ 
ture  fraction  and  local  flow  conditions.  But  the  model  ignores  any  fluctuations  about  the 
conditional  mean  and  may  not  be  viable  in  slow  chemistry  regimes.  Both  the  CMC  and 
flamelet  model  assume  that  all  the  reactive  scalars  can  be  parameterized  by  a  single  con¬ 
served  scalar.  On  the  other  end  of  the  spectrum,  the  transported-PDF  scheme  computes 
the  sub-grid  scalar-PDF  in  terms  of  a  set  of  delta-functions.  This  method  can  be  used 
in  tandem  with  a  flow  solver  like  those  based  on  the  Reynolds- Averaged  Navier  Stokes 
(RANS)  equation  or  Large-Eddy  Simulation  (LES)  scheme  to  model  reaction  (Muradoglu 
et  al  1999;  Haworth  k  El  Tahry  1991).  Such  a  formulation  computes  the  profiles  of  all 
the  species  involved  in  the  flow  and  leads  to  a  closed  form  for  the  reaction  source  term. 
However,  a  mixing  model  is  needed  to  describe  the  sub-grid  mixing  process  and  has  been 
the  focus  of  study  in  PDF  methods  (Subramaniam  k  Pope  1999;  Valino  1995;  Tsai  k  Fox 
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1998).  The  fact  that  no  convincing  mixing  model  exists  is  one  of  the  important  drawbacks 
of  the  method. 

The  transported-PDF  still  is  an  attractive  scheme  in  that  the  reaction  source  term 
appears  closed.  The  inhomogeneous  transport  equation  for  the  sub-grid  PDF  is  multi¬ 
dimensional  and  cannot  be  solved  using  Eulerian  grid  techniques.  Particle  based  Monte- 
Carlo  schemes  used  with  realistic  chemistry  show  good  agreement  with  experimental 
results  (Xu  &  Pope  2000;  Masri  &  Pope  1990;  Roekaerts  1991;  Raman  et  al  2003a). 
However,  the  handling  of  a  large  number  of  Lagrangian  particles  along  with  detailed 
chemistry  can  be  computationally  expensive.  When  using  LES  as  the  flow  solver,  such 
schemes  can  be  outright  intractable  in  practical  flow  configurations.  In  this  work,  an 
equivalent  Eulerian  version  of  the  transported-PDF  method  is  formulated  for  LES  of 
reactive  flows. 


2.  Filtered  Quadrature  Scheme  for  Variable  Density  Flows 

For  use  in  LES  of  reactive  flows,  a  filtered  density  function  (FDF)  is  defined  (Gao 
k  O’Brien  1993)  that  prescribes  the  sub-filter  joint  composition  density  function  of  the 
scalars. 

/+00 

p{x',  t)5[V'  -  <^(x',  t)]G(x'  -  x)dx',  (2.1) 

-OO 

where  Fl  is  the  mass  density  function.  This  definition  implies  that  in  variable  density 
flows,  the  FDF  is  the  mass  weighted  and  spatially  filtered  fine-grain  density  (Jaberi  et  al 
1999). 
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where  p  is  the  filtered  density.  Using  the  scalar  transport  equation,  the  FDF  is  shown  to 
evolve  in  multi-dimensional  space  as: 
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where  Ui  is  the  Favre  filtered  velocity  component,  ip  is  the  composition  array  and  (p 
is  the  Favre  filtered  mean  composition  array.  The  molecular  and  turbulent  diffusivi- 
ties  are  denoted  by  7  and  7*  respectively.  The  mixing  frequency  is  modeled  as  Q,rn  = 
Cq  (7  -h  7t)  /  {{p)i  Aq),  where  Aq  is  the  filter  width.  This  high-  dimensional  equation 
is  traditionally  solved  using  Monte-Carlo  schemes  (Colucci  et  al  1998;  Raman  et  al 
2003b).  As  mentioned  before,  the  particle  based  Monte-Carlo  schemes  are  computation¬ 
ally  expensive  for  large  grids  and  hence  become  intractable  even  for  simple  chemistry. 
The  Direct  Quadrature  Method  of  Moments  (DQMOM)  (Marchisio  k  Fox  2003;  Wang 
k  Fox  2003)  is  introduced  here  in  the  context  of  LES  to  provide  an  alternate  tractable 
scheme. 

Figure  1  shows  the  fine-grained  PDF  composed  of  a  set  of  delta-functions  approximat¬ 
ing  an  arbitrary  shaped  PDF  at  a  given  point  in  the  fiow.  Any  particle  based  solution 
to  the  FDF  equation  will  yield  such  an  approximation.  The  FDF  plot  can  be  considered 
as  a  plot  of  normalized  weights  of  particles  in  the  computational  cell.  The  accuracy  of 
the  approximation  depends,  among  other  factors,  on  the  number  of  approximating  delta 
functions.  The  Na  delta-functions  are  characterized  by  their  positions  (</>ai)  and  their 
heights  (iWai)-  The  FDF  is  considered  solved  if  for  a  given  number  of  delta  functions,  the 


P(^) 


Figure  1 .  Approximation  of  a  PDF  using  a  finite  number  of  delta  functions.  (Left) 
Transported  PDF  method  and  (Right)  DQMOM  method. 


values  of  (pod  and  w^i  are  known.  The  DQMOM  model  formulates  transport  equations 
for  these  quantities  based  on  pre-determined  number  of  so-called  environments,  where 
each  environment  corresponds  to  a  single  delta-peak.  The  source  terms  involved  in  these 
equations  ensure  that  the  DQMOM  equations  match  the  moment  equations  of  the  scalar. 


In  the  multi-environment  DQMOM  model,  the  PDF  is  assumed  to  be  of  the  form: 


N 

Fl  =p'Y^WiS{-il}  - .  (2.4) 

i=:l 

The  individual  transport  equations  for  the  weights  and  locations  of  the  delta-functions 
can  be  derived  by  substituting  Eq.  2.4  into  Eq.  2.3  (Fox  2003).  For  a  single  scalar  case, 
this  leads  to 
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where  Gi  =  Wi(j)^  and  i^('^;  x,  t)  contains  the  mixing  and  reaction  terms.  indicates  the 
m-th  derivative  of  the  delta  function.  The  properties  of  6  function  are  used  in  rewriting 
the  derivatives  in  terms  of  the  filtered  quantities  (Pope  2000). 
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and 

3  3 

Following  Fox  (2003),  Eq.  2.5  can  be  rewritten  in  terms  of  the  transport  equations  for 
Wi  and  Gi,  using  ai  and  hi  to  denote  the  respective  equations. 

^  [(5  -<;/))  +  j  ^ 

2=1  ^  i=l 

N 

-  ^  mci  +  Rii’;  x,  t),  (2.8) 


where  =  (F  +  rf)(V<^j)^.  In  deriving  these  equations,  the  only  assumption  made  so 
far  is  that  the  shape  of  the  PDF  is  approximated  by  a  finite-set  of  delta  functions.  For 
a  N'-environment  model,  2 AT  source  terms  need  to  be  specified.  It  should  be  noted  that 
if  the  number  of  scalars  is  more  than  one,  several  cross  moments  can  also  be  specified. 
For  details  on  the  feasibility  and  choice  of  moments  refer  to  Fox  (2003)  and  Marchisio 
&  Fox  (2003).  Here,  only  the  pure  moments,  namely  the  mean  and  variance  of  a  scalar 
are  used  in  fixing  the  source  terms.  Multiplying  Eq.  2.8  by  and  integrating  over  the 
composition  space  yields: 

(1  -  m)  +  m  ^  ^ 

i=l  i=l 
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=  —  ^WiCi  +  Pirn.  (2.9) 
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Similarly  the  reaction  and  mixing  terms  can  be  integrated  to  yield: 


/+00 

-oo 

/  +  00  Q 

{ [fim  (^  -  ^&)  +  sw]  U}  di> 

=  -m  I  [Hm  (^  -  V-)  +  5(^)1  ^  (V-  -  ^  I  di, 


(2.10) 


Using  Eqs  2.9  and  2.10  we  can  obtain  the  source  terms  and  hi  by  solving  a  set  of  non¬ 
linear  algberaic  equations.  In  this  work,  N  is  set  to  two  for  all  simulations.  To  further 
simplify  the  equations,  we  can  arbitrarily  set  Oi  to  zero  (Fox  2003).  We  then  use  m  =  1, 2 
to  obtain  the  other  source  terms.  Using  the  above  moment  equations,  the  non-linear 
system  for  hi  reduces  to: 
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Prom  the  above  set  of  equations,  the  source  terms  are  determined  to  be: 

ai  =  as  -  0,  (2.12) 

1  2 

6i  =  +  Qm  {wiG2  -  W2G,)  +  w.SiM,  (2.13) 

4>i  -  d>2  i^i 

and 

_i  2 

h2  =  ^  +  W2S{(I>2).  (2.14) 

^1  "  r2  i=i 

As  discussed  earlier,  the  number  of  environments  can  be  considered  to  be  equivalent  to 
the  particle  number  density  used  in  a  Lagrangian  simulation.  This  implies  that  as  the 
number  of  environments  is  increased,  the  accuracy  of  the  scheme  should  increase  (Wang 
k  Fox  2003).  The  single  scalar  DQMOM  can  be  extended  to  a  multi- variate  case  using 
similar  derivation  technique  (Fox  2003).  In  determining  the  source  terms,  one  of  the 
important  criteria  is  that  the  pre-multiplier  of  the  h  vector  in  Eq.  2.11  is  invertible.  It 
should  also  be  noted  that  ai  need  not  be  set  to  zero  and  can  be  determined  through  a 
set  of  extended  non-linear  equations  (Marchisio  k  Fox  2003). 


3.  Numerics 

The  numerical  implementation  for  reactive  flow  simulations  consists  of  two  parts  - 
the  flow  solver  and  the  scalar  handler.  Here,  we  use  a  LES  flow  solver  along  with  three 
different  implementations  of  the  scalar  transport  equation.  The  first  method  solves  for 
the  mean  mixture  fraction  and  reaction  progress  variable  along  with  the  variance  of 
the  mixture  fraction  using  Eulerian  transport  equations  for  these  quantities.  The  second 
method  uses  a  Lagrangian  Monte-Carlo  scheme  to  solve  the  FDF  of  the  mixture-fraction 
and  reaction  progress  variable.  The  third  implementation  uses  the  DQMOM  based  2- 
environment  model  to  obtain  the  first  and  second  moments  of  the  scalars.  In  all  these 
cases,  the  density  field  is  obtained  from  the  scalar  handler  and  fed  to  the  flow  solver  which 
corrects  the  flow  according  to  reaction.  To  first  establish  the  viability  of  the  DQMOM 
model,  we  only  consider  reactions  with  no  heat  release  in  constant  density  incompressible 
flows  and  thus  do  not  use  the  feedback  loop.  The  flow  solver  provides  the  one-way  transfer 
of  velocity  and  turbulence  fields  to  the  scalar  handler.  The  following  subsections  briefly 
explain  the  numerical  implementations  of  each  of  the  components. 

3.1.  LES  solver 

The  second  order  LES  scheme  uses  an  energy  conserving  formulation  for  the  momentum 
equations  (Pierce  2001).  The  eddy  viscosity  and  diffusivity  are  computed  using  dynamic 
Smagorinsky  model  (Moin  et  al  1991).  The  LES  scheme  also  solves  for  the  scalar  trans¬ 
port  equation  using  a  semi-implicit  scheme.  In  the  current  work,  scalar  equations  are 
solved  for  the  mixture  fraction  Z  and  the  reaction  progress  variable  Y.  The  numerical 
implementation  uses  an  upwind  based  QUICK  scheme  that  is  designed  to  reduce  numer¬ 
ical  oscillations  but  also  leads  to  some  amount  of  numerical  dissipation. 

For  the  sake  of  comparison,  the  mixture  fraction  variance  transport  equation  is  also 
simulated  using  production  and  dissipation  terms  consistent  with  the  FDF  formulation. 
Since  sub-grid  variance  is  a  very  small  quantity  in  LES  simulations,  numerical  dissipation 
can  further  increase  the  errors  in  the  computation.  To  overcome  this  problem,  a  Z  — 
system  is  solved  rather  than  the  variance  transport  equation.  The  scalar  equations  are 
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obtained  by  integrating  the  FDF  equation  over  mixture  fraction  space  after  multiplying 
by  Z  and 

^  +  Vpuz  =  v(r  +  rT)v^  (3.1) 

Ot 

:^^  +  v^u^  =  v(r  +  rr)vl2-o„(:p-zz),  (3.2) 

with  Clm  defined  as  before  providing  the  time  scale  for  scalar  dissipation.  This  formulation 
ensures  that  in  the  limit  of  zero  dissipation,  the  sub-grid  variance  is  identical  to  the 
analytical  solution: 

:^-:^-z  =  z(i-:^.  (3.3) 

The  inlet  and  boundary  conditions  for  Z^  are  identical  to  the  filtered  mixture  frac¬ 
tion  equation.  This  ensures  that  the  sub-grid  variance  is  zero  at  both  the  inlet  and  any 
boundaries  in  the  domain.  The  chemical  source  term  for  the  progress- variable  equation 
is  modeled  based  on  the  filtered  means  of  the  scalars  and  neglecting  any  sub-grid  fluc¬ 
tuations.  This  “laminar”  assumption  leads  to  the  following  transport  equation  for  the 
reactive  scalar: 

^  +  VpUF  =  V  (r  +  Tt)  VF  +  pS(Y) .  (3.4) 

The  LES  solution  of  the  mixture  fraction  mean  and  variance  equation  provides  an  inde¬ 
pendent  way  of  checking  the  transported  PDF  and  DQMOM  methods. 

3.2.  Transported  PDF  solver 

In  the  Lagrangian  implementation,  the  FDF  transport  equation  is  solved  using  an  en¬ 
semble  of  notional  particles.  The  hybrid  composition-PDF  scheme  used  here  uses  the 
flow  fields  from  the  LES  solver  (that  was  described  in  the  previous  section)  to  evolve 
stochastic  particles  that  are  evenly  distributed  in  the  entire  computational  domain.  The 
evolution  equations  for  the  particles  are  obtained  from  Eq.  2.3  by  using  techniques  sim¬ 
ilar  to  the  RANS  based  hybrid  method  (Pope  1985;  Colucci  et  a/.  1998).  The  SDE’s  are 
solved  for  a  system  of  particles  which  represents  the  FDF  in  composition  space.  The 
particles  move  in  physical  space  according  to: 

dx*  =  (u  +  i  v(r  +  r,))  dt  +  (3.5) 

where  x*  is  the  instantaneous  position  of  the  particle  and  dW  represents  the  Wiener 
diffusion  term.  The  motion  in  composition  space  is  due  to  mixing  and  reaction. 

=  [Dm  (0  -  <t>*)  H-  S(0)]  dt,  (3.6) 

where  (p*  is  the  notional  particle  composition.  Here  the  composition  vector  </>  =  [Z,  F] 
evolves  using  reaction  source  terms  5(0)  =  [0, 5(Z,  F)].  The  use  of  the  lEM  model  with 
the  appropriate  dissipation  rate  ensures  that  the  variance  dissipation  is  consistent  with 
the  LES  solver.  Since  typical  LES  simulation  use  millions  of  computational  cells,  even  a 
particle  number  density  of  10-20  particles  per  cell  will  be  computationally  expensive.  To 
ensure  tractability,  several  novel  computational  algorithms  are  implemented.  A  pointer- 
based  storage  structure  is  used  for  handling  the  particles.  Conventional  algorithms  use 
sorting  procedures  to  keep  the  particles  in  order  but  are  not  feasible  for  such  large 
numbers.  Here  an  integer  numbering  procedure  is  used  that  uses  pointer  based  linking  of 
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particles  to  cells.  Cells  store  only  the  index  of  the  particles  in  their  domain.  Ownership 
of  particles  is  transferred  to  the  destination  cell  when  particles  move  across  faces.  Such 
integer  operations  are  inexpensive,  even  though  they  tend  to  loose  some  efficiency  with 
iterations  as  the  particles  occupy  discontinuous  locations  in  memory.  Particle  motion  is 
handled  using  an  element-to-element  tracking  procedure  (Subramaniam  &  Haworth  2000; 
Raman  et  al.  2003a).  This  algorithm  splits  the  motion  into  a  sequence  of  sub-steps  that 
move  individual  particles  from  face-to-face  with  intermediate  re-interpolation  of  particle 
velocity.  Reflective  boundaries  can  then  be  handled  directly.  In  all  the  simulations  carried 
out  here,  a  nominal  number  density  of  30  particles  per  cell  is  used.  Particle  splitting  and 
merging  is  utilized  to  minimize  the  fluctuations  in  the  number  density.  The  details  of  the 
implementation  and  some  preliminary  results  can  be  found  in  Raman  et  al  (20036). 

3.3.  DQMOM  implementation 

The  two-environment  version  of  the  model  solves  for  the  scalars  wi  {w2 
^12)  ^21  j  ^22-  The  working  set  of  equations  can  be  written  as 

^  =  V  (r  +  Ft)  Vwi. 

at 

^2i  +  v?uG„i  =  V(r  +  rT)VG„i  +  S„i.  (3.8) 

at 

It  can  be  seen  that  the  evolution  equation  for  the  environment  (Eq.  3.7)  is  identical 
to  the  mixture-fraction  equation  with  no  source  term.  The  weighted  scalar  equations 
(Eq.  3.8)  contain  source  terms  that  can  be  decomposed  into  mixing,  reaction  and  correc¬ 
tion  components.  These  terms  can  be  specified  by  first  determining  the  location  of  the 
delta-functions  in  composition  space  in  a  given  computational  cell. 

(3.9) 

The  mixing  source  term  takes  the  form: 

.  (3.10) 

The  correction  term  is  obtained  using  the  location  of  the  delta  peaks  as 

E(rr  +  n  (V^„,)^  (3.11) 

^al  ”  ^oc2  i^i 

The  reaction  source  term  is  computed  based  on  the  composition  vector  in  each  envi¬ 
ronment  as 

=  5a  (^i)  •  (3-12) 

The  source  term  for  the  scalar  equation  Gai  is  then  given  by 

=  (3.13) 

where  the  reaction  source  term  is  multiplied  by  the  weight  in  order  to  be  consistent  with 
the  formulation. 

The  main  implementation  issue  comes  for  the  correction  term.  The  correction  term, 
5^1,  compensates  for  the  excess  moment  source  term  arising  from  the  finite-peak  repre¬ 
sentation  of  the  PDF.  As  seen  above,  this  source  term  involves  the  inverse  of  the  separa¬ 
tion  distance  of  the  delta-peaks  composition  space.  In  regions  of  near-complete  mixing, 
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Figure  2.  Instantaneous  mixture  fraction  (left)  and  progress  variable  (right)  contours 
simulated  using  the  PDF  scheme. 


this  term  will  approach  zero  leading  to  very  large  correction  terms.  Several  alternatives 
have  been  suggested  (Wang  k.  Fox  2003)  but  in  this  work,  an  ad-hoc  limit  is  used  such 
that  for  all  points  where  the  difference  <j>oti—  4>a2  is  less  than  €,  this  term  is  set  to  e.  Such 
an  implementation  using  e  =  10“"^  was  found  to  be  stable  for  all  the  cases  studied. 

Another  important  aspect  to  note  is  that  the  scalar  solver  does  not  maintain  the 
bounds  on  the  scalars.  This  might  lead  to  peak  locations  outside  the  accessible  range  for 
the  scalars.  It  was  found  that  any  attempt  to  limit  these  values  led  to  a  sharp  decrease  in 
the  estimate  of  the  variance.  To  counter  this  problem,  for  all  grid  cells  that  contain  peaks 
outside  the  natural  limits,  the  source  terms  were  set  to  zero.  The  presence  of  reaction 
source  terms  with  stiff  kinetics  was  found  to  adversely  affect  this  occurrence.  Smaller 
time-steps  that  are  determined  based  on  reaction-time  scale  were  found  to  alleviate  this 
problem. 


4.  Simulations 

The  shear  flow  geometry  of  Mungal  k  Dimotakis  (1984)  is  used  to  test  the  new  scheme. 
The  configuration  consists  of  a  planar  shear  layer  formed  by  two  streams  entering  at 
8.8  m/s  and  22  m/s  velocity.  Though  the  experiment  involves  a  low  heat-release  fast 
chemistry,  in  this  work  we  have  not  implemented  this  mechanism.  Since  the  purpose  is  to 
compare  different  reaction  models,  a  simple  first  order  mechanism  of  the  type  A-\-B  P 
is  used  for  modeling  reaction.  The  rate  expression  is  simplified  using  a  mixture  fraction- 
progress  variable  approach.  Three  different  rate  expressions  that  commonly  occur  in 
reacting  flows  are  tested.  The  transported  PDF  scheme  is  also  simulated  for  the  same 
flow  conditions  and  the  results  are  compared  with  the  DQMOM  and  LES  simulations. 
A  256  X  128  grid  spanning  SOD  in  the  axial  direction  and  40D  in  the  cross-stream 
direction  is  used.  Here  D  is  set  such  that  the  observation  point  in  the  experiment  is 
around  50D.  The  inlet  velocity  profiles  are  assumed  to  be  laminar  with  flat  profiles.  A 
development  region  corresponding  to  lOD  extends  into  the  domain  where  the  two  streams 
are  separated  by  a  splitter  plate. 
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In  all  the  simulations,  the  rate  expression  for  the  progress  variable  is  of  the  form 


(4.1) 


The  rate  constant  K  is  varied  to  study  the  effect  of  non-linearity  on  DQMOM  predic¬ 
tions.  In  the  first  case,  the  rate  constant  is  set  to  a  value  of  =  2.  Figure  2  shows 
the  instantaneous  mixture  fraction  and  progress  variable  contours  near  the  center  of  the 
domain.  It  shows  the  vortex  like  structure  common  to  shear  flows  and  the  presence  of 
highly  mixed  reactants  at  the  center  of  such  vortices.  The  peak  in  source  term  and  mean 
progress  variable  are  observed  near  the  centerline.  The  vortices  were  found  to  stretch 
to  a  maximum  of  lOD  in  the  cross-stream  direction.  It  was  found  that  the  DQMOM 
model  exhibits  similar  high  reaction-rate  zones.  However,  the  LES  simulations  show  a 
thick  reaction  zone  with  maximum  allowable  reaction  rate  at  each  location.  In  order  to 
compare  the  steady-state  trends,  mean  and  variance  of  all  scalars  were  time-averaged 
for  at  least  one  flow  through  time.  Figure  3  shows  the  cross-stream  profiles  of  the  mix¬ 
ture  fraction  and  sub-grid  variance  computed  from  all  three  schemes.  Theoretically,  the 
sub-grid  variance  obtained  from  all  these  methods  should  be  identical.  However,  the  dif¬ 
ferences  in  the  implementation  cause  some  discrepancy.  Nevertheless,  the  time-averaged 
filtered  mixture  fraction  and  sub-grid  variance  predicted  by  all  the  schemes  are  in  good 
agreement,  thereby  validating  both  the  DQMOM  and  transported-PDF  implementation. 


The  time-averaged  mean  and  sub-grid  variance  of  the  reaction  progress-variable  ob¬ 
tained  from  the  different  schemes  show  some  interesting  features  (Fig.  4).  The  sub-grid 
variance  is  non-zero  only  for  the  DQMOM  and  transported-PDF  schemes  and  is  set  to 
zero  for  the  LES  scheme.  In  this  context  the  LES  solver  can  be  considered  as  a  one- 
environment  model  with  complete  sub-filter  mixing.  If  the  transported-PDF  scheme  is 
considered  as  a  multi-environment  DQMOM  model,  the  particle  scheme  with  a  nominal 
number  density  of  N  represents  an  N-environment  decomposition  of  the  FDF.  The  cross 
stream  profiles  of  the  mean  show  that  the  DQMOM  method  provides  a  vast  improvement 
over  the  one-environment  solution.  The  mean  profile  shows  that  in  spite  of  the  simple 
rate  expression,  second  moment  terms  cannot  be  neglected.  The  differences  between  the 
LES  and  DQMOM  models  are  highest  in  the  initial  section  where  the  effect  of  unmixed 
reactants  will  be  very  important.  Since  the  inflow  is  laminar,  the  mixing  layer  itself  does 
not  become  turbulent  until  about  X  =  7.5.  However,  the  LES  solver  predicts  very  high 
reaction  rates  in  even  these  laminar  regions  where  low  mixing  should  essentially  keep 
the  reaction  rates  to  a  very  low  value.  This  “early-ignition”  is  observed  in  the  proflles  at 
X  =  20  where  the  mean  value  predicted  by  the  LES  solver  is  atleast  50%  higher  than 
that  predicted  by  the  DQMOM  model.  Surprisingly,  the  sub-grid  variance  profile  from 
the  DQMOM  scheme  also  shows  very  good  agreement  with  the  PDF  scheme.  This  essen¬ 
tially  implies  that  the  third  and  higher  moments  of  the  reactive  scalar  can  be  neglected 
for  this  chemistry  scheme. 

In  the  next  case,  a  more  complex  rate  expression  is  implemented.  Reaction  rates  ap¬ 
pearing  in  combustion  have  a  strong  dependence  on  temperature.  Most  source  terms 
have  an  exponential  dependence  on  local  temperature.  To  simulate  such  a  condition,  the 
reaction  rate  constant  was  set  to 

where  6  denotes  the  degree  of  dependence  on  temperature.  For  practical  combustion 


Figure  3.  Comparison  of  time-averaged  mean  and  variance  of  mixture  fraction  using  a 
constant  at  different  axial  locations.  ( - )  DQMOM,  ( - )  LES  and  ( - )  PDF. 


applications,  b  is  usually  set  to  values  between  5  and  6.  However,  such  high  values  lead 
to  extinction  for  the  present  flow  configuration.  Instead,  a  lower  value  of  1  is  chosen  so 
that  the  reaction  zone  can  be  anchored  near  the  splitter  plate.  This  implies  a  weaker 
dependence  on  temperature  but  nevertheless  makes  the  rate  expression  non-linear.  Fig.  5 
shows  the  cross-stream  profiles  of  reaction  progress  variable.  Here  again,  it  can  be  seen 
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Figure  4.  Comparison  of  time-averaged  (left)  mean  and  (right)  variance  of  reaction  progress 
variable  using  a  constant  rate  constant  at  (top)  X==20,  (middle)  X=30  and  (bottom)  X=50. 
( - )  DQMOM,  ( - )  LES  and  ( - )  PDF. 

that  the  DQMOM  predictions  of  both  the  mean  and  the  variance  of  the  reactive  scalar 
are  in  good  agreement  with  the  transported-PDF  results.  The  LES  predictions  show  fast 
rates  consistent  with  the  laminar  assumption.  It  should  be  noted  that  depending  on  the 
reaction  rates,  the  complete  mixing  assumption  can  also  lead  to  quenching. 
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The  third  and  final  case  uses  a  polynomial  rate  function  which  is  common  to  chemical 
engineering  assumptions.  Reduced  chemical  mechanisms  like  the  chloromethane  reactions 
(West  et  al  1999)  may  even  involve  non-integer  moments  of  the  scalar  variable.  Here, 
the  rate  is  defined  as 


ry 


=  1000 


0.0001  + 
1.0 +  y 


(4.3) 


This  expression  ensures  that  the  reaction  proceeds  without  the  need  for  an  ignition  source. 
The  predicted  mean  and  variance  (Fig.  6)  indicate  good  agreement  with  the  transported- 
PDF  scheme.  This  clearly  shows  that  the  DQMOM  model  with  just  two  environments 
is  able  to  drastically  improve  the  single-environment  predictions  obtained  from  the  LES 
solver. 

In  terms  of  computational  requirements,  the  particle  based  transported-PDF  solver 
was  nearly  5  times  slower  than  the  DQMOM  scheme  even  for  such  simple  geometries. 
For  complex  configurations,  the  memory  requirements  of  a  large  ensemble  of  particles 
can  further  slow  down  the  simulation.  However,  the  DQMOM  scheme  it  not  without 
limitations.  In  particular,  the  time-scale  limitations  of  a  stiff-chemistry  source  term  can 
reduce  the  time-step  used  in  the  DQMOM  model  while  the  robust  chemistry  solvers 
(e.g  IS  AT  (Pope  1997))  can  increase  the  computational  speed  of  the  transported-PDF 
model.  In  addition,  detailed  chemistry  mechanisms  will  require  a  large  number  of  scalar 
transport  equations  and  may  eventually  diminish  the  advantages  over  the  particle  scheme. 
In  spite  of  these  observations,  present  study  shows  that  the  DQMOM  scheme  is  a  viable 
altrernative  to  the  Monte-Carlo  based  transported-PDF  model  and  needs  to  be  further 


explored  for  multi-species  systems. 


5.  Conclusions  and  Future  Work 

A  sub-filter  model  for  reactive  flows,  namely  the  DQMOM  model,  was  formulated  for 
LES  using  the  filtered  mass  density  function.  Transport  equations  required  to  determine 
the  location  and  size  of  the  delta-peaks  were  then  formulated  for  a  2-peak  decomposition 
of  the  FDF.  The  DQMOM  scheme  was  implemented  in  an  existing  structured-grid  LES 
solver.  Simulations  of  scalar  shear  layer  using  an  experimental  configuration  showed  that 
the  first  and  second  moments  of  both  reactive  and  inert  scalars  are  in  good  agreement 
with  a  conventional  Lagrangian  scheme  that  evolves  the  same  FDF.  Comparisons  with 
LES  simulations  performed  using  laminar  chemistry  assumption  for  the  reactive  scalar 
show  that  the  new  method  provides  vast  improvements  at  minimal  computational  cost. 

Currently,  the  DQMOM  model  is  being  implemented  for  use  with  the  progress  vari¬ 
able/mixture  fraction  model  of  Pierce  (2001).  Comparisons  with  experimental  results  and 
LES  simulations  using  a  single-environment  for  the  progress- variable  are  planned.  Future 
studies  will  aim  at  understanding  the  effect  of  increase  in  environments  on  predictions. 
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A  self-contained  mapping  closure  approximation 

for  scalar  mixing 

By  Guo- Wei  He  f  AND  Zi-Fan  Zhang  :j: 


1.  Objective  and  motivation 

Scalar  turbulence  exhibits  interplays  of  coherent  structures  and  random  fluctuations 
over  a  broad  range  of  spatial  and  temporal  scales.  This  feature  necessitates  a  probabilistic 
description  of  the  scalar  dynamics,  which  can  be  achieved  comprehensively  by  using  prob¬ 
ability  density  functions  (PDFs).  Therefore,  the  challenge  is  to  obtain  the  scalar  PDFs 
(Lundgren  1967;  Dopazo  1979).  Generally,  the  evolution  of  a  scalar  is  governed  by  three 
dynamical  processes:  advection,  diffusion  and  reaction.  In  a  PDF  approach  (Pope  1985), 
the  advection  and  reaction  can  be  treated  exactly  but  the  effect  of  molecular  diffusion 
has  to  be  modeled.  It  has  been  shown  (Pope  1985)  that  the  effect  of  molecular  diffusion 
can  be  expressed  as  conditional  dissipation  rates  or  conditional  diffusions.  The  currently 
used  models  for  the  conditional  dissipation  rates  and  conditional  diffusions  (Pope  1991) 
have  resisted  deduction  from  the  fundamental  equations  and  are  unable  to  yield  satisfac¬ 
tory  results  for  the  basic  test  cases  of  decaying  scalars  in  isotropic  turbulence,  although 
they  have  achieved  some  success  in  a  variety  of  individual  cases.  The  recently  developed 
mapping  closure  approach  (Pope  1991;  Chen,  Chen  Sz  Kraichnan  1989;  Kraichnan  1990; 
Klimenko  &  Pope  2003)  provides  a  deductive  method  for  conditional  dissipation  rates 
and  conditional  diffusions,  and  the  models  obtained  can  successfully  describe  the  shape 
relaxation  of  the  scalar  PDF  from  an  initial  double  delta  distribution  to  a  Gaussian  one. 
However,  the  mapping  closure  approach  is  not  able  to  provide  the  rate  at  which  the  scalar 
evolves.  The  evolution  rate  has  to  be  modeled.  Therefore,  the  mapping  closure  approach 
is  not  closed.  In  this  Letter,  we  will  address  this  problem. 

The  evolution  rate  of  scalar  is  a  key  quantity  in  modeling  turbulent  mixing  for  both 
conserve  and  reactive  scalars  (Cha  k  Trouillet  2003).  It  specifies  the  characteristic  time 
scale  of  scalar  evolution.  It  has  been  shown  that  the  decay  rate  of  scalar  depends  on  the 
relative  length  scale  ratio  of  the  initial  scalar  and  velocity  fields  (War haft  &  Lumley  1978; 
Sreenivasan,  Tavoularis,  Henry  &;  Corrsin  1980;  Durbin  1982;  Eswaran  k  Pope  1988; 
Mell,  Kosaly  &  Riley  1991),  and  recently,  the  asymptotic  decay  of  scalar  turbulence 
has  been  extensively  studied  (Eyink  &;  Xin  2000;  Chaves,  Eyink,  Frisch  &:  Vergassola 
2001;  Chertkov  &  Lebedev  2003).  Nearly  all  existing  models  for  scalar  mixing,  ranging 
from  the  simple  (conditional)  moment  approaches  to  the  full  PDF  approaches,  require 
information  on  the  time  scales.  These  models  are  mainly  based  on  the  assumption  of 
a  direct  proportionality  between  the  scalar  time  scales  and  the  turbulence  time  scales 
(Fox  1995).  Moreover,  they  exclude  the  effects  of  chemical  reaction  on  the  time  scales 
of  scalar  evolution.  The  mapping  closure  approach  of  time-dependent  reference  fields 
(Girimaji  1992)  can  provide  the  time  scale  externally,  which  highlights  an  attack  line  to 
this  problem. 

t  Permanent  address:  LNM,  Institute  of  Mechanics,  Chinese  Academy  of  Sciences,  Beijing, 
100080,  China;  Email:  hgw@lnm.imech.ac.cn 
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We  develop  here  a  mapping  closure  approximation  (MCA)  approach  for  the  time  scale 
of  scalar  evolution.  The  MCA  approach  is  based  on  multi-point  joint  PDFs.  In  the  map¬ 
ping  closure  approach  (Pope  1991;  Chen,  Chen  &  Kraichnan  1989),  an  unknown  random 
field  is  mapped  from  a  known  random  Gaussian  field  so  that  the  evolution  of  the  un¬ 
known  random  field  can  be  described  by  the  mapping  function.  The  mapping  function 
is  obtained  from  the  transport  equation  for  the  unknown  random  field  and  the  Gaussian 
closure.  Since  the  mapping  function  is  constructed  at  the  level  of  one-point  PDFs,  it  is 
not  able  to  provide  the  information  on  two-point  statistics,  such  as  the  time  scales  (He, 
Rubinstein  &  Wang  2002).  In  the  MCA  approach,  the  mapping  functions  are  constructed 
at  the  levels  of  multi-point  joint  PDFs.  The  mapping  function  based  on  the  two-point 
joint  PDFs  could  provide  the  correct  information  on  time  scales. 


2.  Main  results 

We  consider  the  simple  case  of  a  reactive  scalar  advected  by  a  stochastic  velocity  field: 

^  +  u.v^  =  rvV  +  Q(^).  (2-1) 

where  the  velocity  field  u  obeys  V  •  u  =  0  and  is  independent  of  the  scalar  field.  With¬ 
out  the  loss  of  generality,  it  may  be  prescribed  as  a  known  homogeneous  and  isotropic 
Gaussian  field.  P  is  a  molecular  diffusivity,  Q{(p)  mimics  a  one-species  chemical  reaction. 

In  the  MCA  approach,  the  scalar  field  is  mapped  from  a  known  random  field  by  a 
mapping  function 


^(x,t)=X(^(x,t),t).  (2.2) 

Here,  the  known  random  field  ^(x,  t)  is  taken  as  a  Gaussian  reference  field.  Its  one-point 
and  two-point  joint  PDFs  are  defined  by 


exp 


where 
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.  (2.4) 

(2.5) 


{(92(x,t)) 

Here  r  is  the  magnitude  of  separation  vector  r.  The  mapping  function  is  required  to  rep¬ 
resent  the  one-point  and  two-point  joint  PDFs  of  the  scalar  via  the  following  equations 


dX{ri,t) 


dr] 


h  (^1 ,  ^2 ,  ^,  ^)  =  P2  (^1 ,  772 , 7',  t) 
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(2.7) 
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In  the  classic  mapping  closure  approach  (Pope  1991;  Chen,  Chen  &  Kraichnan  1989), 
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the  mapping  function  X  is  only  required  to  represent  the  one-point  PDF  of  the  scalar  ip 
via  equation  (2.6).  Differentiating  equation  (2.6)  with  respect  to  t  yields 


dt  dll)  f  ^  dt 


=  0. 


(2.8) 


Meanwhile,  the  transport  equation  for  the  one-point  PDF,  /i(^,t),  can  be  derived  by 
the  test  function  method  (Gotoh  h  Kraichnan  1993;  Kimura  k  Kraichnan  1993)  as 


Thus,  comparing  the  two  equations  (2.8)  and  (2.9)  with  the  substitution  of  (2.2),  we 
obtain  the  exact  result 


^  =  r<vVl^  =  m<)>  +  Q(^)-  (2-10) 

The  conditional  moment  in  (2.10)  can  be  evaluated  from  the  mapping  function  (2.2)  and 
the  Gaussianity  (2.3)  and  (2.4)  of  the  reference  field  9  (Panchev  1971) 


T{VWip^X[7),t))^~Cp'\i),t)V 


d^X  ^ 

[  drj"^  ^  J  ’ 


(2.11) 


where  the  prime  denotes  the  derivative  with  respect  to  separation  r.  As  a  result,  the 
transport  equation  for  the  mapping  function  (2.2)  becomes 


d^x  dx 

~-rj - 


(2.12) 


[  ^7/2  ■'  drj  J 

It  is  easily  shown  from  the  Gaussianity  (2.3)  and  (2.4)  that  ((V^)^)  =  — Cp"(0,t), 
where  C  =  2  for  a  two-dimensional  physical  space  and  (7  =  3  for  a  three-dimensional 
physical  space.  Equation  (2.12)  has  been  obtained  in  (Chen,  Chen  k  Kraichnan  1989), 
where  —Cp'{0^t)  is  represented  by  the  variance  {(V^)^).  However,  the  correlation  p{r^t) 
in  equation  (2.12)  still  remains  to  be  unknown  and  has  to  be  input  externally.  For  ex¬ 
ample,  it  is  set  using  the  results  from  direct  numerical  simulation  in  (Chen,  Chen  k 
Kraichnan  1989).  Therefore,  equation  (2.12)  is  unclosed. 

The  two-point  correlation  p{r,t)  cannot  be  obtained  from  the  one-point  PDF  ^1(77). 
Rather,  it  has  to  be  calculated  from  the  two-point  joint  PDF  92(7)1  ^'n2,r,t).  Hence,  we 
propose  to  invoke  the  two-point  joint  PDF  (2.4),  which  is  not  used  in  the  classic  mapping 
closure  approach.  By  differentiating  (2.7)  with  respect  to  t,  we  obtain 


df2  d  r  dXi 

dt  dil^i  _  ^  dt 

The  transport  equation  for  the  two-point  joint  PDF  /a  derived  from  the  test  function 
method  (Gotoh  k  Kraichnan  1993;  Kimura  k  Kraichnan  1993)  has  the  form 


d 


/2 


dX2 


dxl)2  L  dt  J 


/2  ^92 
92  dt 


(2.13) 


+  Vr  •  [f2{{^2  -  Ui)  I  'tpu1p2)]  = 

-^[/2(rvVi  +  (?(v’i)li«'i,V’2)]  -  ^[/2{rvV2  +  Q(¥’2)IV'i,^2)l.  (2.14) 
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Subtracting  (2.13)  from  (2.14)  leads  to 

£%  +  Vr  •  (/2((U2  -  UO  I  V-l,  V'2>]  =  -^[hHx]  +  ^1/2^2],  (2.15) 

where 

Hk  =  r{vVife  I  ^k)  -  r(vVfc  I  V-i,  V’2>.  (2.16) 

The  first  term  in  (2.16)  is  the  conditional  diffusion  on  a  single  given  scalar  and  is 
calculated  in  equation  (2.11).  The  second  term  is  the  conditional  diffusion  on  two  given 
scalars  at  two  different  locations  and,  again,  can  be  evaluated  using  the  mapping  function 
(2.2)  and  the  Gaussianity  (2.3)  and  (2.4)  of  the  reference  field  9  (Panchev  1971) 

{{'^^kf\'nu'n2)  +  (V^0*:|7?i,7;2) 

=  ^  {-^^^"(0.  t)  +  1  }  + 

- \7-T^  \ip"ir^i)  +  (»?'  -  Pir,t)vk)  +  Cp"{0,t){Vk  -  p{r,t)vi)h.l7) 

dr)k  1- p^{r,t)  r  J  J 

where  /  =  1  for  A;  =  2  and  /  =  2  for  A:  =  1,  Multiplying  (2.15)  by  and  and 
then  taking  the  mean  with  substitution  of  (2.2),  (2.4),  (2.7)  and  (2.17),  we  obtain  the 
transport  equation  for  /9(r,  t)  as  follows 


dp{r,t)  .  „  yr./dXidX2\ 

-^  +  V,.((ui-U2)M)(^-^^^  =2r. 

p»^r,  t)  +  ^  -  Cp{T,  t)p"{0,  t)  +  p'\r, 


dXi  dX2 
d7]i  dri2 


Equations  (2.12)  and  (2.18)  form  a  closed  system  for  the  mapping  function,  where 
equation  (2.12)  describes  the  evolution  of  the  shape  of  the  mapping  function  and  (2.18) 
specifies  the  rate  at  which  the  mapping  function  evolves.  In  equation  (2.18),  the  second 
term  on  the  left-hand  side  corresponds  to  advection,  the  first  three  terms  on  the  right- 
hand  side  correspond  to  diffusion  and  the  last  term  on  the  right-hand  side  corresponds  to 
the  effect  of  nonlinear  mapping.  The  last  term  vanishes  if  the  mapping  function  is  linear. 
We  note  that  p{r^  t)  is  the  correlation  function  of  the  reference  field  and  is  dependent  on 
the  mapping  function. 

The  realizability  condition  of  equation  (2.18)  is  \p{r^t)\  <  1.  For  the  pure  diffusion 
processes  with  the  initial  Gaussian  distributions  of  positive  correlations,  the  diffusion 
term  p* (r, t)  +  p  (r, f) /r  and  the  damping  term  —Cp” (0, t)p{r^ t)  decrease  the  amplitudes 
of  the  correlation  p{r,t),  so  that  the  solution  of  equation  (2.18)  is  realizable. 

The  mapping  equation  (2.12)  is  closed  using  the  two-point  joint  PDF  constraint  (2.7), 
from  which  the  correlation  equation  (2.18)  is  derived.  Another  possibility  for  the  clo¬ 
sure  is  to  use  the  constraint  of  the  joint  PDF  for  the  scalar  and  its  derivative  (Chen, 
Chen  Sz  Kraichnan  1989),  which  leads  to  an  unclosed  equation  for  p(0,t)  and  its  spatial 
derivatives.  It  points  to  another  direction  to  go  beyond  the  one-point  mapping  (2.2)  for 
different  purpose. 

The  performance  of  the  MCA  models  (2.12)  and  (2.18)  are  evaluated  against  direct  nu- 
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Figure  1.  Pure  diffusion  for  the  conserved  scalar  with  a  double-delta  initial  field.  The  left; 
variance  and  dissipation  vs  time.  Solid  lines  for  MCA  and  squares  for  DNS;  The  right:  probability 
density  function.  Solid,  dashed  and  dash-dotted  lines  for  MCA  at  time  0.05,0.15  and  0.5,  and 
circles,  squares  and  deltas  for  DNS  at  the  same  time,  respectively. 


merical  simulation.  The  scalar  equation  (2.1)  and  the  MCA  modeled  system  of  equations 
(2.12)  and  (2.18)  are  numerically  solved  in  a  cyclic  square  of  side  27r,  using  second- 
order  Adams-Bashforth  scheme  in  time  and  fourth-order  central  finite-difference  scheme 
in  space.  In  all  the  cases,  the  non-dimensional  molecular  diffusivity  T  =  0.01.  Boundary 
conditions  are  periodic  in  space,  except  that  the  ones  in  the  direction  of  the  reference  field 
are  obtained  by  extrapolation.  The  initial  fields  for  (2.1)  are  double-delta  distributions 
or  isotropic  Gaussian  distributions  with  their  energy  spectra  E^{k)  cc  Thus,  the 

initial  mapping  for  (2.12)  and  the  initial  correlation  for  (2.18)  can  be  calculated  from 
their  definitions. 

The  velocity  field  is  a  given  homogeneous  isotropic  Gaussian  process  with  spectrum  of 
the  form  E{k)  oc  .  We  will  here  present  the  results  for  the  rapidly  changed  velocity. 
That  is,  the  velocity  fields  are  set  to  change  at  each  time  step  (  Kimura  &  Kraichnan 
1993).  In  order  to  isolate  the  effects  of  the  MCA  models  on  diffusivity  and  reaction,  the 
advection  term  in  equation  (2.18)  are  calculated  directly  from  the  DNS  without  invoking 
any  models.  The  analytical  treatment  on  this  term  can  be  found  in  ( Kimura  Sc  Kraichnan 
1993). 

Figure  1  compares  the  evolutions  of  the  variance  (<^^(x,t))  and  the  PDF  /i(V',t)  ob¬ 
tained  by  DNS  of  equation  (2.1)  with  an  integration  of  the  MCA  models  (2.12)  and  (2.18) 
for  the  case  of  pure  diffusion:  u  =  0  and  Q  =  0.  The  initial  condition  is  set  as  a  double 
delta  distribution.  The  results  illustrate  that  the  MCA  models  represent  the  relaxation  of 
the  double  delta  PDF  to  the  Gaussian  PDF  not  only  in  its  shape  but  also  at  the  correct 
rate  of  evolutions. 

In  Fig.  2,  the  same  plots  are  made  for  the  diffusion-reaction  equation:  u  =  0  and 
Q((p)  =  —20ip\ip\j  with  the  initial  Gaussian  distribution.  The  MCA  models  are  also  in 
agreement  with  the  DNS  results.  It  shows  that  the  MCA  models  can  represent  the  effects 
of  both  diffusion  and  reactions. 

Further  comparisons  are  made  in  Fig.  3  for  the  advection-diffusion  equation  with  the 
same  initial  condition  as  used  in  Fig.  2,  where  the  Peclet  number  is  about  101.  Evidently 
the  MCA  models  are  in  good  agreement  with  the  decay  rate  of  the  scalar. 
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Figure  2.  Reaction-diffusion  for  the  initial  Gaussian  scalar.  The  left:  variance  and  dissipation 
vs  time.  Solid  lines  for  MCA  and  squares  for  DNS;  The  right:  probability  density  function.  Solid, 
dashed  and  dash-dotted  lines  for  MCA  at  time  0.0,0,05  and  0.2,  and  circles,  squares  and  deltas 
for  DNS  at  the  same  time,  respectively. 


Figure  3.  Advection-diffusion  for  the  initial  Gaussian  scalar.  The  left:  variance  and  dissipation 
vs  time.  Solid  lines  for  MCA  and  squares  for  DNS;  The  right:  probability  density  function.  Solid, 
dashed  and  dash-dotted  lines  for  MCA  at  time  0.0,0,05  and  0.3,  and  circles,  squares  and  deltas 
for  DNS  at  the  same  time,  respectively. 


In  this  Letter,  the  two-point  joint  PDF  is  represented  by  a  known  two-point  joint 
Gaussian  PDF  and  a  mapping  function.  The  correlation  of  the  joint  Gaussian  PDF  and 
the  mapping  function  evolve  under  their  dynamics.  Therefore,  the  representation  of  the 
two-point  joint  PDF  evolves  with  the  dynamics  of  equation  (2.1)  via  the  correlation 
and  mapping  function.  If  it  happens  that  p{r^t)  =  0,  equation  (2.7)  is  simplified  to 
/2(V^i,  V'2)  0  =  /i (V'l?  ^)/i('02j  0-  This  is  the  stochastic  ansatz  in  the  BBGKY  hierarchy  in 
statistical  mechanics  (Balescu  1975),  where  the  correlations  are  specified  a  priori  and  then 
fixed.  The  MCA  approach  does  not  invoke  this  kind  of  a  priori  assumption.  Moreover, 
a  general  7V-point  (A^  >  2)  joint  PDF  can  also  be  obtained  using  the  known  two-point 
joint  Gaussian  PDF  and  the  mapping  function  (2.2),  since  it  can  be  similarly  represented 
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by  the  mapping  function  (2.2)  and  the  AT-point  joint  Gaussian  PDF.  The  latter  is  fully 
determined  by  its  two-point  joint  PDF.  In  this  sense,  the  MCA  approach  is  self-contained. 


3.  Conclusion  and  future  work 

A  self-contained  MCA  approach  is  developed  for  modeling  scalar  mixing  in  a  stochas¬ 
tic  velocity  field.  It  differs  from  the  classic  mapping  closure  approach  in  that  the  MCA 
approach  makes  use  of  two-point  PDFs  to  represent  the  time-evolving  correlations  of  the 
reference  fields  and  thus  the  scalar  fields.  Unlike  usual  treatments  in  the  BBGKY  hierar¬ 
chy  (Balescu  1975),  where  the  representations  are  specified  a  priori,  the  representations  in 
the  MCA  approach  are  allowed  to  evolve  in  coordinate  with  the  dynamics  of  scalar  mixing. 
The  results  obtained  using  the  new  approach  are  in  good  agreement  with  the  DNS  results 
for  the  three  cases  of  pure  diffusion,  diffusion-reaction  and  advection-diffusion.  The  ap¬ 
proach  is  under  further  development  for  more  complex  situations  including  multi-scalar 
mixing  and  inhomogeneous  scalar  fields,  using  time-evolving  Gaussian  or  non-Gaussian 
reference  fields. 
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Stochastic  mixing  model  with  power  law  decay  of 

variance 

By  S.  Fedotov,  M.  Ihme  and  H.  Pitsch 


1.  Motivation  and  objectives 

The  mixing  of  a  conserved  scalar  c  =  c{t,x),  advected  by  a  turbulent  flow,  remains 
a  problem  of  both  fundamental  and  practical  interest.  One  of  the  basic  characteristics 
of  the  mixing  process  is  the  rate  at  which  the  scalar  variance  cr^(t)  =  ((c  —  decays 
with  time.  Here  //  is  the  mean  value,  and  the  angular  brackets  (  •  )  denote  an  averaging 
procedure.  One  of  the  simplest  and  widely  used  mixing  models  is  the  interaction  by 
exchange  with  the  mean  (lEM)  (Villermaux  &  Devillon  1972)  or  linear  mean  square 
estimate  model  (LMSE)  (Dopazo  &  O’Brien  1974,  Sabel’nikov  &:  Gorokhovski  2001).  In 
this  model,  the  scalar  relaxes  toward  its  mean  according  to  the  equation 


dc 

dt 


(1.1) 


In  the  coalescence- dispersion  model  (CD)  (Curl  1963),  mixing  of  two  particle  volumes 
is  described  by  (1)  a  coalescence  and  (2)  dispersion  process  during  one  time  step  At. 
After  that  time,  both  particles  have  the  same  scalar  value,  which  is  equal  to  the  mean 
of  the  two  values  before  the  mixing.  The  pdf  relaxes  to  a  bell-shaped  distribution  but 
deviates  from  the  Gaussian  shape  primarily  in  the  tails  of  the  distribution  (Peters  2000). 
Both  models  introduce  a  time  scale  r  which  is  commonly  approximated  by  a  turbulent 
time  scale.  Other  mixing  models  are  based  on  mapping  closure,  Fokker-Planck  model, 
euclidean  minimum  spanning  trees  (EMST),  or  Langevin  model.  Reviews  of  these  can 
be  found  in  Peters  (2000)  and  Pope  (2000). 

There  are  two  different  laws  governing  the  decay  rate  of  a  passive  scalar: 

(i)  the  exponential  law 

cr^(t)  oc  exp{“t/r}  (1.2) 

with  the  characteristic  time  r  and 
{ii)  the  power  law 

(1.3) 

without  any  characteristic  time  scale  (Lesieur  1997). 

Most  theoretical  models  introduce  a  characteristic  time  scale  and  assume  implicitly  or 
explicitly  the  exponential  decay  rate  (1.2)  which  is  only  appropriate  for  stationary  tur¬ 
bulence. 

The  main  purpose  of  this  paper  is  to  study  the  mixing  process  following  the  power  law 
(1.3)  that  is  typical  for  decaying  turbulence.  Experimental  results  show  that  the  decay  of 
the  variance  strongly  depends  on  the  initial  ratio  of  the  velocity  and  scalar  length-scales 
and  that  there  is  no  universal  decay  exponent  (Durbin  1982). 

It  is  well  known  that  the  decay  exponent  a  depends  on  the  low  wavenumber  part  of 
the  scalar  and  velocity  spectrum,  Ec{k,t)  and  E{kjt)  (Lesieur  1997).  One  can  expand 
both  spectra  into  a  Taylor  series:  Ec{k,t)  —  27rk^{Co  -}-  C2k'^  +  E{k^t)  = 
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27rfc2(5o  +  B2k‘^  +  0{k'^))  (Chasnov  1994).  For  high  Reynolds  and  Peclet  numbers,  the 
scalar  variance  can  be  considered  as  a  function  of  Co,  So  and  t  alone  and  dimensional 
arguments  lead  to 

alit)  oc  (1.4) 

with  a  =:  1.2.  For  Co,Bq  equal  to  zero,  the  scaling  argument  results  in  different  approx¬ 
imate  decay  laws  with  a  equals  to  6/7, 10/7  or  2  (Lesieur  1997). 

Here  we  present  a  simple  stochastic  mixing  model  based  on  the  law  of  large  numbers 
(LLN)  (Feller  1966).  The  reason  why  the  LLN  is  involved  in  our  formulation  of  the 
mixing  problem  is  that  the  random  conserved  scalar  c  =  c{t,x{t))  appears  to  behave 
as  a  sample  mean.  It  converges  to  the  mean  value  /i,  while  the  variance  a‘^{t)  decays 
approximately  as  Since  the  variance  of  the  scalar  decays  faster  than  a  sample  mean 
(typically  a  is  greater  than  unity),  we  will  introduce  some  non-linear  modifications  into 
the  corresponding  pdf-equation  (see  Eq.  (2.28)  below).  The  main  idea  is  to  develop  a 
robust  model  which  is  independent  from  restrictive  assumptions  about  the  shape  of  the 
pdf.  Here  we  exploit  the  similarity  of  the  behavior  of  a  scalar  c  to  that  of  the  sample 
mean 


where  Ci  >•••  j  Cn  is  a  sequence  of  mutually  independent  random  variables,  each  having  a 
mean  /u.  and  standard  deviation  a|.  The  LLN  tells  us  that  the  random  sum  Cn  tends  to 
the  mean  value  (x  with  probability  one,  while  the  variance  =  ((c^  —  m)^)  decays  as 
cr|/n.  Then,  any  arbitrary  initial  pdf  p(no,  c)  tends  to  a  (J- distribution  5{c—y)  as  n  oo. 

In  the  present  paper  the  discrete  increment  n  can  be  understood  as  the  time  variable  t. 
The  main  result  of  this  paper  is  the  derivation  of  the  time-discrete  non-linear  integral 
equation  for  the  pdf  of  c 


1  ^-1 


(t  +  l)(c  -  p)  -  A(1  +  £)[rj  -  p) 
\  -\-t  —  A(1  -f  s) 


d£  drj 


for  t  =  1,2,3,...  .  Here  i/>(f,£)  is  the  pdf  for  the  exchange  rate  and  A  is  the  mixing 
intensity  (see  below).  The  main  property  of  this  equation  is  that  it  describes  the  relaxation 
from  an  arbitrary  initial  distribution  to  a  ^-function 


p(t,  c) -4  5(c  —  p)  as  t  oo 


(1.7) 


and  the  decay  of  the  variance,  al{t)  =  {{c{t)  -  p)^),  is  of  the  form  t  The  case  a  =  1 
corresponds  to  the  law  of  large  numbers. 

The  remainder  of  this  paper  is  organized  as  follows.  In  Section  2  we  derive  the  integral 
equation  from  a  stochastic  difference  equation  describing  the  evolution  of  the  pdf  of  a 
passive  scalar  in  time.  The  stochastic  difference  equation  introduces  an  exchange  rate  7^ 
which  we  model  in  a  first  step  as  a  deterministic  function.  In  a  second  step,  we  generalize 
7n  as  a  stochastic  variable  taking  fluctuations  in  the  inhomogeneous  environment  into 
account.  In  Section  3  we  solve  the  non-linear  integral  equation  numerically  and  analyze 
the  influence  of  the  different  parameters  on  the  decay  rate.  The  paper  finishes  with  a 
conclusion. 
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Figure  1.  Mixing  problem  along  Lagrangian  path  way. 


2.  Mixing  model 


2.1.  Problem  statement 


The  evolution  of  a  passive  scalar  c  =  c(t,  x)  is  governed  by  the  stochastic  PDE 


^+v{t,x)Vc  =  DV\  (2.1) 

where  v(t,  x)  is  the  random  velocity  field  and  D  is  the  molecular  (or  thermal)  diffusivity. 
The  classical  problem  is  to  derive  a  closed  equation  for  the  Euler  one-point  probability 
density  function  (pdf)  p  =  p(c;t,aj)  =  {S{c  -  c{t^x))).  A  detailed  discussion  of  this, 
still  unsolved,  problem  can  be  found  in  Pope  (2000).  In  the  present  paper  we  consider 
the  mixing  problem  in  the  Lagrangian  framework  by  introducing  a  passive  scalar  c(t)  = 
c{t^x{t))  of  a  particle  volume  moving  with  the  velocity  v{t,x{t))  (see  Fig,  1). 


2.2.  Stochastic  difference  equation 

The  equation  for  the  scalar  c{t)  =  c{tjX{t))  of  the  particle  volume  moving  with  the 
random  velocity  v{tjX(i))  can  be  approximated  by  the  stochastic  equation 

|  =  -7(i)(c-c(t)),  (2.2) 

where  the  exchange  rate  'y{t)  and  the  ambient  concentration  c{t)  are  random  processes. 
For  the  constant  values  of  7  and  c,  we  obtain  the  lEM  model  (1.1)  with  the  exponential 
decay: 

=  (2.3) 

The  key  feature  of  the  present  model  is  that  c{t)  is  a  random  process  and  functional  of 
c(t)  itself.  The  crucial  assumption  that  relates  Eq.  (2.2)  to  the  law  of  large  numbers  is 
that  the  mean  value  {7(^))  behaves  as  for  large  t.  One  can  show  that  for  a  Gaussian 
scalar  field  c  —  c(t,aj),  the  mean  value  (7(t))  is  proportional  to  the  ratio  x/<^cj  where  x 
is  the  mean  scalar  dissipation  rate,  x  —  2D((Vc)^)  (Pope  2000).  It  follows  from 


di 


(2.4) 
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that  if  then  x  decays  as  and  therefore  {7(t))  oc  The  appearance 

of  the  power  law  decay  can  be  understood  if  we  assume  that  y  =  X{to  + 


dc 


A 

to  -{-t 


(c-c). 


(2.5) 


The  solution  to  this  simplified  equation  is 

c{t)  -c  / to_\  ^2.6) 

c(0)  —  c  \to  -{-t  J 

Since  our  aim  here  is  to  relate  the  mixing  problem  to  the  law  of  large  numbers,  it  is  more 
convenient  to  rewrite  Eq.  (2.2)  as  a  stochastic  difference  equation 

Cn+l-Cn  =  -yn{Cn-Cn+i),  0  <  Cn  <  1  ,  forn  =  1,  2,  3, .  .  .  (2.7) 


where  7^  and  Cn  are  assumed  to  be  sequences  of  mutually  independent  random  variables 
with  the  densities 


^(^,7)  =  <  'y}  ’ 

and  the  first  moments 

1  ^ 

(7n)  =  J  yu>{n,y)dy  = 

0 


(Sn)  = 


(2.8) 


(2.9) 


Here  the  mean  exchange  parameter  (7„)  has  been  chosen  in  such  a  way  that  it  is  equal 
to  A/2  at  time  n  =  1.  The  parameter  A  can  be  regarded  as  a  measure  of  the  mixing 
intensity.  Since  0  <  Cn  <  1,  7n  obeys  the  inequality  0  <  7n  <  1.  By  introducing  the 
deviations  from  the  mean  /i  for  the  concentration  of  the  particle  and  its  surrounding, 
respectively, 


Un=Cn-/U,  (2.10) 

Cn  =  -  //  (2.11) 


we  can  rewrite  Eq.  (2.7)  as 

Un+l  ='ltn  -7n(^in  -Cn+l)  ,  “M  <  <  1  “  M  ,  n  =  1,  2,  3,  .  .  .  ,  (2.12) 

where  is  a  sequence  of  zero  mean,  independent  random  variables  with  the  density 
(/)(n,  C)  and  -/n  <  ^  <  1  — 


2.3.  Law  of  large  numbers  and  forward  Kolmogorov  equation 

To  illustrate  the  connection  between  the  mixing  problem  and  the  law  of  large  numbers, 
consider  the  case  when  the  sequence  is  stationary,  that  is  ip{^)  is  independent  of  n, 
and  the  exchange  parameter  7^  is  a  deterministic  sequence  of  the  form 


7n  = 


1 

1  +  n 


(2.13) 


with  A  =  1.  If  we  assume  ui  =  Ci?  follows  from  Eq.  (2.12)  that  —  (Ci  +  C2)/2,U3  = 
(Cl  +  C2  +  Ca)/^  Therefore,  the  solution  of  the  equation  (2.12)  can  be  written 

as  a  sample  mean 


Un  — 


(2.14) 
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which  tends  to  the  mean  ^  as  n oo  while  the  variance  {uD  ocn~^. 

The  advantage  of  having  an  equation  (2.12)  is  that  we  can  easily  derive  an  equation 
for  the  probability  density  function 


p{n,  u)  =  <  w}  ,  n  =  1, 2, 3, . . . 


(2.15) 


It  follows  from  Eqs.  (2.12)  and  (2.13)  that  Un  is  a  discrete  Markov  processes  and  the  pdf 
for  this  process  satisfies  the  forward  Kolmogorov  equation  (Feller  1966) 


p(„  + 1.  I  p  , 


Here  we  used  the  inverse  equation 

Wn  =  [(1  +  n)Un+i  -  $„+i]  . 


n  =  1,2,3,....  (2.16) 


(2.17) 


The  main  properties  of  the  solution  of  the  Kolmogorov  equation  (2.16)  with  the  arbitrary 
initial  condition  p(l,ti)  are 

p{n^u)  — >  S(u)  as  n  ^  oo  (2.18) 


and 


l-AX 

I 


u^p{n,  tx)dw  — >  n 


-1 


as 


n  oo  . 


(2.19) 


The  asymptotic  behavior  of  p(n,  u)  for  large  n  is  quite  universal.  It  can  be  written  as 

p(n,ii)  oc  \/nexp{-n5(ii)}  for  n » 1  ,  (2.20) 

where  the  function  S{u)  depends  on  the  particular  choice  of  the  density  ip{^)  for  the 
random  sequence  One  can  show  that  S{u)  obeys  the  equation  (Knessl  et  al  1985) 

-  S  =  In  M  (^)  ,  M{x)  =  j  exp  {x  ip(0d^  .  (2.21) 

2.4.  General  case:  random  exchange  rate  and  non-linear  equation  for  the  pdf 

To  account  for  the  entire  spectrum  of  time  scales  we  now  assume  that  the  exchange 
parameter  jn  is  a  stochastic  variable.  It  is  convenient  to  write 

A 


(2.22) 


where  is  the  sequence  of  zero  mean,  independent  random  variables.  Since  0  <  7n  <  1, 
it  follows  from  Eq.  (2.22)  that 


The  decay  of  the  variance  of  the  exchange  rate,  can  be  determined  as 


(2.23) 


<^»  =  {(7n-(7n))")  = 


A^(4} 

(1  +  n)2  ■ 


(2.24) 
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When  both  £n  and  are  random  variables,  we  have  to  specify  the  joint  probability 
density  for  e  and  If  we  denote  it  by  then  the  forward  Kolmogorov  equation 

for  p(n,  u)  takes  the  form 


p(n  +  l.t.)  =  y  J  {^n,  j  ^in,e,0ded^  , 

^  (2.25) 

This  equation  follows  from  the  stochastic  difference  equation  for  the  Markov  jump  process 

A 


'^n+l  — 


1  +  n 


(1  +  e„)(ttn  -  ^n+l)  for 


(2.26) 


and  its  inverse  function 

(n  +  l)Un+l  -  A(1  +  ^)^n4-l  /o  07) 

^ 

Since  7„  is  determined  by  the  random  scalar  dissipation  rate,  it  is  natural  to  assume 
that  7n  and  are  independent.  Moreover,  the  density  for  must  be  related  to  p{n,u). 
The  simplest  choice  would  be  to  assume  p(n,^)  which  gives  =  p{n,^)ip{n,€) 

and  the  generalized  non-linear  integral  equation  for  p{n,  u)  can  be  written  as 


p{n+l,u)  =  y  j 


n  -h  1 


-1 


1  -f  n  —  A(1  -he) 


p(n, 


(n  +  l)u  -  A(1  +  e)^ 
1  -h  n  —  A(1  “h  e) 


p(n,  $)^(n,e)d£d$ 
(2.28) 


for  71  =  1, 2, 3, . . It  follows  from  Eq.  (2.24)  that  the  variance  of  the  exchange  rate  cr^(n) 
decays  as  n”^.  In  the  subsequent  sections  we  assume  for  simplicity  that  the  variance 
cTg  =  (e^)  is  constant. 

We  expect  that  the  variance  of  a  passive  scalar  cr^ (n)  =  {{cn  -  /i)^)  =  {u^)  behaves  as 
for  large  n.  Taking  the  analytical  solution  of  the  simplified  model  (2.5)  into  account, 
we  anticipate  a  strong  dependence  of  a  on  the  mixing  intensity  A. 


3.  Results 

The  integral  equation  (2.28)  describes  the  relaxation  of  an  arbitrary  initial  density 
distribution  of  a  conserved  scalar  c  to  a  (^-distribution  for  large  n.  Because  of  the  non¬ 
linearity  in  c  and  c,  the  equation  needs  to  be  solved  numerically  for  non-trivial  initial 
conditions. 

The  trivial  case  A  =  0  describes  the  motion  of  an  inert  particle  {e.g.  dye)  in  its  surround 
and  Eq.  (2.12)  has  the  simple  solution  Un  =  ui  for  all  n.  However,  if  A  is  close  to  its  upper 
limit,  the  Lagrangian  particle  volume  experiences  strong  interactions  with  its  surrounding 
and  intuitively,  it  can  be  expected  that  the  mixing  intensity  A  has  a  distinct  influence  on 
the  decay  of  (7^  (see  solution  (2.6)  to  simplified  equation). 

The  stochastic  variable  £  influences  the  exchange  rate  7^  and  the  effect  of  its  dis¬ 
tribution  on  the  decay  exponent  a  is  desirable  to  understand.  Formally,  we  can  ex¬ 
press  a  as  a  non-explicit  available  function  of  the  form  a  =  a(A, -^(n,  e))  where  A  = 
A(^u/4,Pe  or  Re).  In  the  subsequent  sections  the  behavior  of  Eq.  (2.28)  for  different 
parameters  and  initial  conditions  is  analyzed. 
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3.1.  Numerical  issues 

In  order  to  advance  the  density  p{n  +  1,14)  in  time,  Eq.  (2.28)  must  be  integrated  over 
the  and  e-space  which  results  in  the  overall- complexity  0(Nu  x  x  N^)  for  each 
time  step.  Here,  denotes  the  number  of  grid  points  in  the  ^-direction.  This  makes  the 
computation  rather  time-consuming.  However,  a  computer  code  can  be  easily  parallelized 
along  the  w-coordinate. 

The  initial  density  of  u  relaxes  to  a  (5-distribution  with  steep  gradients  around  w  =  0. 
An  adaptive  grid  using  the  equidistribution  principle  is  employed  in  u-  and  ^-space  in 
order  to  resolve  the  shape  of  the  pdf  properly.  In  the  equidistribution  principle  (Liseikin 
1999),  an  initially  given  number  of  grid  points  is  distributed  in  such  a  way  that  the 
condition  /J"*'*'*  w{u)du  =  {Nu  - 1)“^  w{u)du  is  satisfied.  The  weight  function  w{u) 
is  a  positive  function  measuring  the  variation  of  the  solution. 


3.2.  Parameters  and  initial  conditions 


Prom  experiments  and  DNS  studies  it  is  shown  that  the  density  distribution  of  a  passive 
scalar  can  be  reasonably  approximated  by  a  /^-distribution.  The  /3-distribution  has  non¬ 
zero  probabihty  in  the  interval  [uminj^^max]  and  has  the  form 


2\  r(u  6)  .  vX— a— 6 


('^max  Wmin)  ('^  ^min)  (“^^max  '^) 


r(a)r(6) 


*6-1 


(3.1) 


It  is  fully  described  by  two  parameters,  which  are  functions  of  (u)  and 


(u)  —  Umin 

^max  ~ 

^max  (^) 
“^^max  ~  '^min 


((w> -Umin)(Wmax  -  («))  / 

((^)  “  '*^inin)(^inax  “  {^))  , 

n  ^ 


(3.2) 

(3.3) 


The  ^^-distribution  adopts  a  wide  range  of  shapes:  for  the  maximum  variance  =  pL{l—pL) 
and  zero  mean  a  double  (5-distribution  at  limin  and  itmax  is  approached  and  for  small 
a  Gaussian  distribution  around  (u)  is  obtained.  Throughout  the  following  simulations, 
this  distribution  is  used  as  initial  condition  for  p(l,tt). 

In  order  to  solve  Eq.  (2.28)  we  have  to  provide  an  appropriate  density  distribution 
for  the  random  fluctuation  e.  The  time-dependent  distribution  of  e  is  certainly  problem- 
dependent  and  unknown  in  the  present  consideration.  Therefore  we  assume  for  simplicity 
that  e  has  a  statistically  stationary  distribution,  A  reasonable  choice  would  be  to  assume 
that  e  is  distributed  following  Eq.  (3.1).  A  particular  case  is  obtained  if  ^^(e)  has  a 
<5-distribution.  For  the  following  test  cases  we  use  both  distributions  as  prescribed  prob¬ 
abilities.  The  constant  parameters  for  all  simulations  of  Eq.  (2.28)  are  summarized  in 
Table  1. 


3.3.  Influence  of  initial  distribution  inp{l^u) 

In  the  first  numerical  experiment  the  dependence  of  the  decay  exponent  a  on  the  initial 
conditions  in  u  and  e  is  investigated.  Therefore,  prescribed  distributions  with  different 
initial  variance  for  cr2(l)  and  are  used  (see  Table  2  and  Fig.  2).  For  this  simulation 
A  is  chosen  to  be  unity  and  e  is  in  the  range  —1  <  e  <  {1  +  n)/X  —  1,  The  maximum 
possible  value  for  e  is  then  found  for  n  =  1. 

The  decay  rate  of  (T^  and  the  decay  exponent  a  are  evaluated  and  plotted  in  Fig.  3. 
In  the  left  column,  the  four  different  combinations  with  initial  variance  <7^(1)  =  0.20  are 
plotted,  the  middle  column  shows  the  decay  rate  for  the  cases  with  =  0.15.  In  the 
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Parameter 

Description 

Value 

nEnd 

number  of  time  steps 

100,000 

mean  value 

0.5 

JVu 

dimension  of  u 

101 

dimension  of  $ 

101 

JVs 

dimension  of  e 

101 

Table  1.  Fixed  parameters  used  for  the  numerical  simulation. 


Run 

p{l,u) 

(n 

II 

BBl 

P{0.20) 

/3(0.500) 

BB2 

/3(0.20) 

/9(0.250) 

BBS 

P(0.20) 

/0(O.125) 

BB4 

/3(0.15) 

/3(0.500) 

BB5 

/3(0,15) 

;9(0.250) 

BB6 

^9(0,15) 

;9(0.125) 

Run  p{l,u) 

II 

“oT 

BB7  9(0.05) 

9(0.500) 

BBS  9(0.05) 

9(0.250) 

BB9  9(0.05) 

9(0.125) 

BDl  9(0.20) 

Sie) 

BD2  9(0.15) 

5{e) 

BD3  9(0.05) 

5(e) 

Table  2.  Combinations  of  initial  distributions  used  for  the  parameter  study:  /3(crc)  " 
/0-distribution  with  prescribed  variance  (5(C)  -  Dirac  (5- function  for  C- 


Figure  2.  Initial  conditions  for  p{l,u)  and  ^  —  1-0. 


right  column,  the  evolution  of  p(n,  w)  is  shown  for  the  monomodal  initial  /^-distribution 
with  ==  0.05.  Prom  the  bottom  row  of  Fig.  3  it  can  be  seen  that  p{n,u)  experiences 
strong  dynamics  over  the  initial  interval,  say  for  n  <  10.  Over  this  interval  the  variance 
does  not  follow  the  power  law  decay.  Furthermore  it  can  be  deduced  that  the  stochastic 
perturbation  e  reduces  the  decay  rate  of  if  is  close  to  curves). 

The  influence  of  the  initial  distribution  of  £  on  the  evolution  of  p(n,  u)  and  consequently 
on  vanish  for  large  n.  This  is  most  pronounced  for  the  cases  BB7-BB9  and  BD3 
(right  column).  Here  the  decay  exponents  for  all  of  these  cases  collapse  to  a  single  curve, 
independent  of  'tpie). 


Dynl  [(5(/x  +  w)  +  (5(1  —  /z  —  w)]/2  <5(e) 

Dyn2  /3(0.15)  /3(0.50) 


Table  3.  Combinations  used  to  study  dynamic  behavior  of  p{n,  u)  for  A  =  0.75. 


Prom  this  simulation  it  can  be  concluded  that  the  initially  assumed  distribution  for  e 
has  only  marginal  influence  on  the  decay  exponent  a  for  large  n.  During  the  simulation 
the  value  for  a  never  reaches  a  steady  state.  The  final  convergence  rate  for  n  =  100, 000 
is  \da/dn\  <  1.0  x  10“®  so  that  a  is  in  the  range  1.50  <  a  <  1.65  for  all  test  cases  used 
in  the  present  section. 

3.4.  Dynamic  behavior  o/p(n,u) 

In  the  present  section  we  are  interested  in  the  influence  of  on  the  dynamics  of 
p{n,u).  The  transitional  behavior  of  (j^  can  be  retarded  if  the  mixing  intensity  A  is 
small.  This  effect  was  already  discussed  previously.  In  the  present  section  the  mixing 
intensity  A  =  0.75  is  used. 

In  order  to  obtain  insight  into  the  transitional  behavior  we  use  a  double  (5-distribution 
and  a  bimodal  /^-distribution  as  initial  condition  for  it,  p(l,it)  =  [(5(/i+u)-f(5(l— //— it)]/2 
and  p(l,it)  =  ^(0.15).  For  ^(e)  =  6{e)  a  simple  analytical  solution  to  Eq.  (2.28)  can  be 
found  for  the  first  time  step  n  =  1.  For  clarity  the  different  combinations  used  here  are 
summarized  in  Table  3.  At  n  =  1  the  initial  distribution  for  the  case  Dynl  splits  up  into 
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Dynl  Dyn2 


Figure  4.  Transitional  behavior  of  p{n,u)  for  different  initial  conditions  and  mixing  intensity. 


Run  A  p(l,w)  ^(e) 

[^min)  £max] 

LAI  1.50  /3(0.15)  13(0.20) 

[-1.1/3] 

LA2  1.00  /3(0.15)  ^(0.20) 

[-1.1] 

LAS  0.75  /3(0.15)  (9(0.20) 

[-1.5/3] 

LA4  0.50  /3(0.15)  0(0.20) 

[-1.3] 

LAS  0.25  ;3(0.15)  0(0.20) 

[-1,7] 

Table  4.  Combinations  used  to  study  the  influence  of  the  mixing  intensity  A  on  the  evolution 

of  the  variance. 


four  peaks  at  positions  u  =  A(^  —  7)/2  +  7  with  7  =  {— /i,  1  —  m}  and  ^  =  {—fi,  1  —  In 
the  succeeding  time  those  peaks  move  toward  the  center  u  =  0  whereas  the  tails  flatten. 

An  entirely  different  d3mamic  behavior  is  obtained  for  the  case  Dyn2.  The  initially 
smooth  density  function  p(l,u)  transits  rapidly  to  a  mono-modal  distribution  and  con¬ 
verges  to  the  (5-pdf.  With  the  results  of  this  and  the  previous  section  we  can  summarize 
that  the  prescribed  distribution  of  e  influences  the  transitional  dynamics  of  p{n,  u),  how¬ 
ever  its  effect  on  the  decay  exponent  a  for  large  n  is  insignificant. 

3.5.  Mixing  intensity  A 

From  experiments  and  DNS  studies  it  is  well-known  that  the  decay  rate  strongly  depends 
on  the  initial  ratio  of  the  velocity  and  scalar  length-scales,  iu  and  ic-  The  free  param¬ 
eter  A  is  introduced  in  the  exchange  rate  (2.22)  in  order  to  link  the  present  model  to 
physical  processes.  It  needs  to  be  emphasized  that  we  did  not  attempt  to  reproduce  any 
experimental  or  numerical  data,  amply  and  in  great  diversity  available  in  the  literature. 
Presently,  we  are  only  interested  in  understanding  the  general  behavior  of  Eq.  (2.28).  It 
was  concluded  previously  that  the  presumed  form  of  ^(s)  has  only  insignificant  influence 
on  the  decay  rate.  However,  the  d3mamic  behavior  of  p{n,  u)  in  the  transitional  range 
is  influenced  by  the  stochastic  variable  e.  In  anticipation  of  the  overall  weak  influence 
of  ij){£)  on  the  decay  exponent  we  chose  arbitrarily  ^(s)  =  /?(0.20)  whereas  V'(^)  has 
non-zero  probability  only  in  the  interval  -l<e:<2/A-l.  The  parameters  used  for  the 
five  different  test  cases  are  summarized  in  Table  4. 

Figure  5  shows  the  distinct  dependence  of  the  mixing  intensity  on  the  decay  of  (T^. 
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Experiments  on  turbulent  mixing  show  that  the  variance  decreases  faster  with  in¬ 
creasing  ratio  until  about  iul^c  ~  5.  For  ratios  greater  than  that  value  the  depen¬ 

dence  is  negligible.  This  tendency  can  be  resembled  by  changing  the  mixing  intensity  A. 
The  power  law  exponent  a  is  approximately  1.77  for  high  mixing  intensity  and  decreases 
to  about  0.62  for  A  =  0.25  which  corresponds  to  an  indolent  mixing  process.  Prom  the 
present  findings  it  is  difficult  to  specify  the  exact  functional  relation  between  A  and  initial 
conditions  used  in  experiments.  Therefore  we  express  the  mixing  intensity  formally  as 
A  =  Re  or  Pe). 


4.  Conclusion 

In  the  present  paper  we  presented  a  robust  mixing  model  based  on  the  law  of  large 
numbers.  The  exchange  rate  decays  as  and  links  the  mixing  model  to  the  law  of  large 
numbers.  By  adding  stochastic  fluctuations  to  the  exchange  rate,  we  extend  the  model 
to  the  general  case,  taking  the  fluctuations  of  the  surround  into  account. 

The  sensitivity  of  the  model  is  analyzed  for  different  initial  conditions  and  parameters. 
It  was  shown  that  the  initial  distribution  for  e  and  u  has  only  insignificant  influence  on 
the  decay  rate  of  the  variance.  This  is  to  be  expected  because  the  initial  distribution  of 
the  scalar  is  almost  never  measured  in  experiments,  assuming  implicitly  that  either  the 
scalar  is  distributed  initially  as  a  double  (5-function  or  generally  disregard  the  dependence 
of  the  decay  of  on  the  initial  density  distribution. 

It  was  shown  that  with  increasing  mixing  intensity  the  variance  of  the  passive  scalar 
decreases  faster.  The  connection  of  our  model  to  physical  mixing  processes  is  provided 
through  A,  which  can  account  for  initial  length-scale  dependences  and  other  physical 
effects. 
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Large-eddy  simulation  of  conductive  flows  at  low 
magnetic  Reynolds  number 

By  B.  Knaepen  and  P.  Moin 


1.  Introduction 

In  large-eddy  simulations  (LES),  only  the  large-scale  structures  of  the  flow  are  simu¬ 
lated  directly  while  the  small-scale  structures  are  taken  into  account  through  a  model, 
referred  to  as  the  subgrid-scale  (SGS)  model.  This  results  in  significant  reduction  in  com¬ 
putational  requirements.  The  trade-off  comes  in  the  extra  modelling  effort  that  has  to  be 
produced  in  order  to  adequately  take  into  account  the  discarded  small  scales  structures. 
In  the  computational  fluid  mechanics  community,  the  most  widely  used  SGS  model  is 
the  Smagorinsky  eddy  viscosity  model  (Smagorinsky  1963).  This  model  has  gained  an 
even  bigger  practical  interest  following  the  work  of  Germano  et  al  (1991)  in  which  the 
dynamic  procedure  was  introduced.  The  dynamic  procedure  enables  optimization  “on  the 
fly”  of  the  arbitrary  scaling  factor  that  is  inherently  present  in  the  original  Smagorinsky 
model  (more  details  below)  and  thus  allows  the  model  to  automatically  adapt  to  the  flow 
being  studied. 

In  this  paper  we  study  the  LES  method  with  dynamic  procedure  in  the  context  of 
conductive  flows  subject  to  an  applied  external  magnetic  field  at  low  magnetic  Reynolds 
number  Rm-  These  kind  of  flows  are  encountered  in  many  industrial  applications.  For 
example,  in  the  steel  industry,  applied  magnetic  fields  can  be  used  to  damp  turbulence  in 
the  casting  process.  In  nuclear  fusion  devices  (Tokamaks),  liquid-lithium  flows  are  used  as 
coolant  blankets  and  interact  with  the  surrounding  magnetic  field  that  drives  and  confines 
the  fusion  plasma.  Also,  in  experimental  facilities  investigating  the  dynamo  effect,  the 
flow  consists  of  liquid-sodium  for  which  the  Prandtl  number  and,  as  a  consequence,  the 
magnetic  Reynolds  number  is  low. 

Most  of  the  previous  works  considering  LES  in  the  case  of  MHD  flows  have  been 
directed  towards  flows  at  high  Rm,  where  the  full  non-linear  MHD  equations  have  to  be 
used,  or  towards  flows  in  the  absence  of  an  external  magnetic  field:  Yoshizawa  (1987); 
Zhou  &  Vahala  (1991);  Theobald  et  al  (1994);  AguUo  et  al  (2001);  Muller  Sz  Carati 
(2002).  To  our  knowledge,  the  only  attempt  to  study  MHD  turbulence  at  low  magnetic 
Reynolds  number  from  the  LES  point  of  view  is  due  to  Shimomura  (1991).  In  that 
work,  the  author  considers  the  case  of  magnetohydrodynamic  turbulent  channel  flow  and 
introduces  a  new  SGS  model  designed  to  incorporate  the  effects  of  the  applied  uniform 
magnetic  field.  However,  like  the  original  Smagorinsky  model,  the  model  of  Shimomura 
contains  constants  that  have  to  be  adjusted  and  are  thus  flow  dependent.  In  the  present 
paper,  we  show  that  it  is  possible  to  circumvent  this  problem  by  the  use  of  the  dynamic 
Smagorinsky  model. 

Our  attention  is  focused  here  on  the  case  of  homogeneous  (initially  isotropic)  de¬ 
caying  turbulence.  The  numerical  simulations  performed  mimic  the  thought  experiment 
described  in  Moffatt  (1967)  in  which  an  initially  homogeneous  isotropic  conductive  flow 
is  suddenly  subjected  to  an  applied  magnetic  field  and  freely  decays  without  any  forcing. 
Note  that  this  flow  was  first  studied  numerically  by  Schumann  (1976).  It  is  well  known 
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that  in  that  case,  extra  damping  of  turbulence  occurs  due  to  the  Joule  effect  and  that 
the  flow  tends  to  become  progressively  independent  of  the  coordinate  along  the  direction 
of  the  magnetic  field.  Our  comparison  of  filtered  direct  numerical  simulation  (DNS)  pre¬ 
dictions  and  LES  predictions  show  that  the  dynamic  Smagorinsky  model  enables  one  to 
capture  successfully  the  flow  with  LES,  and  that  it  automatically  incorporates  the  effect 
of  the  magnetic  field  on  the  turbulence. 

Our  paper  is  organized  as  follows.  In  the  next  section  we  summarize  the  LES  approach 
in  the  case  of  MHD  turbulence  at  low  Rm  and  recall  the  definition  of  the  dynamic 
Smagorinsky  model.  In  Sec.  3  we  describe  the  parameters  of  the  numerical  experiments 
performed  and  the  code  used.  Section  4  is  devoted  to  the  comparison  of  filtered  DNS 
results  and  LES  results.  Conclusions  are  presented  in  Sec,  5, 


2.  LES  at  low  magnetic  Reynolds  number 

For  homogeneous  flows,  the  magnetic  Reynolds  number  can  be  defined  through  the 
following  relation: 


(2.1) 


where  u  =  y/{uiUi)  /3  is  the  r.m.s.  of  the  fluctuating  velocity  Ui,  L  is  the  integral  length 
scale  of  the  flow  and  7)  is  the  magnetic  diffusivity.  Rm  represents  the  relative  importance 
of  the  non-linear  terms  and  the  diffusion  term  in  the  magnetic  induction  equation.  In  the 
limit  of  low  Rm,  the  MHD  equations  can  be  simplified  considerably  Roberts  (1967).  It  is 
indeed  possible  to  close  independently  the  momentum  equation  and  take  into  account  the 
effect  of  the  magnetic  field  through  an  extra  damping  term.  This  approximation  is  known 
as  the  quasi-static  (QS)  approximation  and  along  with  the  incompressibility  condition, 
diUi  —  0^  reads, 


dtUi  =  -di(p/p)  -  UjdjUi  - 


^dzdzUi-\-  uAui, 


(2.2) 


where  p  is  the  sum  of  the  kinematic  and  magnetic  pressures,  p  is  the  fluid  density,  u  the 
kinematic  viscosity,  is  the  applied  external  magnetic  field  and  A  “Ms  the  inverse 
of  the  Laplacian  operator.  Note  that  has  by  convention  been  aligned  with  the  z- 
direction  and  expressed  in  Alfven  units. 

LES  equations  are  obtained  by  filtering  (2.2),  The  filtered  velocity  Ui  is  defined  by. 


Ui(x)  =  j  G{x,y)ui{y)dy,  (2.3) 

where  G  is  a  smoothing  kernel  that  eliminates  the  small  scale  part  of  Ui  and  satisfies  the 
relation, 

jG{x,y)dy  =  l.  (2.4) 


In  terms  of  the  filtered  velocity,  Eq.  2.2  can  be  written  as, 

,2 


_  /^exty 

df^Ui  =  — p^  —  UjdjUi  —  A  djrd^Ui  -h  vAui 


V 


(2.5) 
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where, 

Tij  =  upuj  -  (2.6) 

is  the  subgrid-scale  stress  tensor.  In  order  to  close  (2.5),  Tij  has  to  be  expressed  only  in 
terms  of  the  filtered  velocity. 

Is  is  interesting  to  note  that  Tij  does  not  depend  explicitly  on  the  magnetic  field. 
Indeed,  the  magnetic  contribution,  being  a  linear  term  in  (2.2),  does  not  require  an 
explicit  SGS  counterpart  in  the  LES  equation.  In  the  case  of  non-conductive  flows,  the 
most  widely  used  model  for  Tij  is  the  Smagorinsky  model: 

Ty  = Sij  =  ^(diUj+djUi),  S=,j2SijSij,  (2.7) 


where  A  is  the  width  of  the  filter  G  and  Cs  is  the  Smagorinsky  constant.  However,  as 
was  observed  by  Shimonura  in  Shimomura  (1991),  model  (2.7)  with  Cg  optimized  for  a 
non-conductive  flow,  is  not  adequate  in  the  present  context.  This  is  easily  understood 
when  one  refers  to  the  fact  that  the  applied  external  magnetic  field  has  the  tendency 
to  suppress  non-linear  transfers  in  the  velocity  field.  Thus,  the  effect  of  the  SGS  stress 
tensor  needs  to  be  decreased  for  conductive  flows  when  the  external  magnetic  field  is 
switched  on.  This  should  result  in  a  lower  optimal  value  for  the  Smagorinsky  constant. 

Contrary  to  what  was  done  in  Shimomura  (1991),  we  will  not  explicitly  modify  the 
Smagorinsky  model  to  incorporate  the  effect  of  the  magnetic  field  but  rather  we  will 
make  use  of  the  d5mamic  procedure  (Germano  et  al  1991)  to  optimize  the  value  of  Cg. 

To  define  the  dynamic  procedure  one  introduces  a  second,  coarser  filter  called  the 
test-filter  which  we  denote  by  — .  Applying  this  filter  in  addition  to  (2.5)  yields. 


dtUi  —  ^i(p/ p)  UjdjU. 


(Bri 


•A  ^d.dzUi  -I-  1/Aui 


djTij  djLij, 


(2.8) 


where  Lij  =  u^j  —  uiuj  is  the  Leonard  tensor  which  does  not  require  any  modeling  since 
it  is  expressed  in  closed  form  using  the  filtered  velocity  Ui.  The  sum  Tij  +  Lij  represents 

the  SGS  stress  tensor  Tij  of  the  combined  ~  filter  and  we  have  the  well-known  Germano 
identity. 


tij  =  Tij -Tij.  (2.9) 

Assuming  that  Ui  and  Uj  are  self-similar,  a  suitable  model  for  Ty  should  be, 

Ty  = -2C’,S*|f  |fy,  fy  =  i(ajg^+5,gj),  f  =  (2.10) 

where  A  is  the  width  of  the  ~  filter.  When  one  models  Tij  and  Tij  using  (2.7)  and 
(2.10),  the  Germano  identity  will  undoubtedly  be  violated.  However,  the  constant  Cg 
can  be  chosen  in  such  a  way  as  to  minimize  the  difference  (in  the  least  square  sense) 
between  both  sides  of  (2.9).  Assuming  homogeneity  in  all  directions,  the  optimal  choice 
is  (Lilly  1992): 
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where  (•  •  • )  denotes  spatial  averaging.  Thus,  although  model  (2.7)  does  not  explicitly 
incorporate  the  magnetic  field,  the  dynamic  constant  should  adjust  to  an  appropriate 
value  if  the  scale-similarity  hypothesis  is  at  all  justified. 


3.  Numerical  experiments 

To  assess  the  dynamic  Smagorinsky  model  in  the  present  context,  we  have  built  a 
set  of  DNS  databases.  Since  we  restrict  our  attention  to  a  cubic  domain  with  periodic 
boundary  conditions,  a  spectral  (dealiased)  code  has  been  used. 

The  velocity  field  can  then  be  initialized  in  Fourier  space.  The  initial  mode  amplitudes 
are  computed  to  match  the  spectra  of  the  Comte-Bellot  &  Corrsin  (1971)  experiment  at 
stage  1  (see  Rogallo  (1981)  for  more  information  on  the  procedure).  Phases  are  initially 
random  and  the  flow  is  left  to  freely  decay  until  the  skewness  of  the  velocity  derivative 
reaches  a  quasi  constant  value  of  5  =  -0.4.  At  this  time  (hereafter  referred  to  as  to) 
the  flow  is  considered  “physical”  and  used  as  the  initial  condition  for  all  of  our  runs.  All 
the  DNS  simulations  are  done  in  a  (2ir)®  box  using  a  resolution  of  512®  Fourier  modes 
and  the  viscosity  is  set  to  =  0.006.  Other  relevant  quantities  measured  at  t  =  to 
summarized  here: 


i?e  =  —  =  380  (integral  Reynolds  number), 

=  84.1  (microscale  Reynolds  number), 

Zv? 

Teddy  = - =  0.238  (eddy  turnover  time). 

2  €. 


(3.1) 

(3.2) 

(3.3) 


Three  test  cases  have  been  considered.  The  first  one  corresponds  to  a  decaying  flow 
without  the  addition  of  any  applied  external  magnetic  field.  The  other  two  numerical 
experiments  are  distinguished  by  their  characteristic  interaction  numbers  at  to.  The  in¬ 
teraction  number  N  (also  known  as  the  Stuart  number)  is  defined  as  follows: 


N.isrlk  (3.4) 

7}  U 

N  measures  the  relative  strengths  of  the  magnetic  damping  term  and  the  non-linear  term 
in  (2.2).  Two  cases  are  examined  here,  N  =  1  and  N  =10. 

To  illustrate  the  effect  of  the  external  magnetic  field,  the  time  history  of  the  kinetic 
energy  density  E  =  -^  f  dy.^Ui{x)ui{x)  of  the  flow  for  the  three  cases  is  presented  in  Fig. 
1.  As  in  all  the  following  figures,  time  has  been  normalized  by  the  initial  eddy  turnover 
time  and  the  non-dimensional  time  is  denoted  by  t*. 


4.  LES  results 

In  order  to  assess  the  LES  method,  some  DNS  snapshots  of  the  flow  field  have  been 
truncated  from  the  512^  resolution  to  a  32^  resolution  (using  a  sharp  Fourier  cut-off). 
The  initial  condition  for  the  LES  runs  has  been  obtained  in  the  same  way  by  truncating 
the  DNS  field  at  t  =  to-  As  can  be  easily  seen  from  (2.11),  the  only  free  parameter  in  the 

subgrid-scale  model  is  the  ratio  A/ A.  As  is  standard  practice  in  LES  of  non-conductive 
flows,  the  value  of  2  is  adopted  here. 
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Figure  1.  Time  history  of  the  kinetic  energy  density  E.  The  solid  line  represents  the  flow 
decay  without  applied  magnetic  field,  the  dashed  curve  corresponds  to  the  case  iV  =  1  and  the 
dash-dot  curve  corresponds  to  the  case  N  =  10.  The  dotted  line  represents  the  time  to  at  which 
the  magnetic  field  is  switched  on. 


Figure  2.  Time  history  of  the  resolved  kinetic  energy  density:  LES  vs.  filtered  DNS.  The  solid 
lines  represent  the  predictions  of  the  LES.  The  diamonds  represent  the  filtered  kinetic  energy 
density  obtained  by  truncating  the  DNS  fields  to  a  32^  resolution.  The  dotted  lines  represent 
the  predictions  of  the  unresolved  DNS  (performed  on  the  32®  mesh)  without  any  subgrid-scale 
model. 


4.1.  Kinetic  Energy 

Figure  2  represents  the  time  evolution  of  the  resolved  kinetic  energy  density  Er  — 
^  f  dx^Ui{x)ui{x)  predicted  by  the  LES  and  compared  to  the  filtered  DNS.  On  each 
plot,  a  third  curve  representing  a  simulation  (referred  to  as  ‘unresolved  DNS’)  on  the 
32^  mesh  without  SGS  modeling  is  added  to  stress  the  action  of  the  subgrid-scale  model. 
The  case  =0  serves  as  a  benchmark  to  check  that  in  the  case  of  non-conduct ive 
flows,  our  LES  code  behaves  as  expected.  In  both  the  cases  iV  =  1  and  N  =  10,  the  LES 
performs  remarkably  well.  In  the  case  N  —  1  the  difference  between  LES  and  unresolved 
DNS  is  very  clear.  In  the  case  TV  =  10  and  for  this  diagnostic,  the  unresolved  DNS  does 
not  depart  significantly  from  the  filtered  DNS  and  LES. 

4.2.  Energy  spectra 

The  energy  spectrum  constitutes  a  finer  diagnostic  than  the  kinetic  energy  density  since 
it  retains  information  about  the  repartition  of  energy  among  the  different  scales  of  the 
flow.  Figures  3  and  4  contain  respectively  kinetic  energy  spectra  for  the  cases  N  —  1 
and  iV  =  10  at  several  instants  in  the  simulation.  Agreement  between  LES  and  DNS  is 
again  excellent.  The  unresolved  DNS  exhibits  the  usual  pile  up  of  energy  at  high  wave 
numbers  that  results  from  lack  of  resolution.  Thus,  although  in  terms  of  global  energy 
the  unresolved  DNS  does  perform  quite  well  in  the  A"  =  10  case,  the  spectral  properties 
of  the  flow  are  poorly  predicted  and  the  LES  does  a  much  better  job. 


E{k)  E(k) 
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IGURE  3.  Three-dimensional  kinetic  energy  spectra  for  the  case  AT  =  1.  The  solid  line  represents 
le  filtered  DNS,  the  dashed  line  represents  the  LES  and  the  dotted  line  corresponds  to  the 
nresolved  DNS.  The  times  at  which  the  spectra  are  calculated  are  indicated  in  the  plots. 


Figure  4.  Three-dimensional  kinetic  energy  spectra  for  the  case  JV  =  10.  The  solid  line  repre¬ 
sents  the  filtered  DNS,  the  dashed  line  represents  the  LES  and  the  dotted  line  corresponds  to 
the  unresolved  DNS.  The  times  at  which  the  spectra  are  calculated  are  indicated  in  the  plots. 


4.3.  Dissipation  rate  budget 

The  evolution  of  the  resolved  kinetic  energy  density  Er  is  governed  by, 

=  —y  j  dx(€iy  -h  +  Caps)  (4*1) 


where, 


=  2j/SijSij,  €b  =  ^  ^  ■^UiA'^^dzdzUu  c 

7} 


sgs  — 


(4.2) 


Prom  Fig.  2  it  is  clear  that  the  LES  predicts  the  total  dissipation  rate  very  well.  It  is 
however  instructive  to  know  how  the  different  contributions  (4.2)  are  reproduced  sepa¬ 
rately. 

In  Fig.  5  we  present  the  time  evolution  of  the  resolved  viscous  dissipation  rate  for  the 
LES,  the  filtered  DNS  and  the  unresolved  DNS.  The  figures  show  that  the  LES  reproduces 
this  diagnostic  very  well,  whereas  the  unresolved  DNS  systematically  overestimates  it. 
This  results  from  the  pile-up  of  energy  near  the  LES  cut-off  where  most  of  the  resolved 
viscous  dissipation  occurs. 

Figure  6  represents  the  time  evolution  of  the  resolved  magnetic  dissipation  e^.  Again 
the  LES  predictions  match  the  filtered  DNS  results  very  well.  The  differences  with  the 
unresolved  DNS  are  less  severe  than  for  the  viscous  dissipation.  This  is  to  be  expected 
since  the  magnetic  dissipation  occurs  at  every  scale  in  the  flow  and  its  overall  intensity 
is  thus  less  contaminated  by  the  pile-up  of  energy  occurring  near  the  LES  cut-off  for  the 
unresolved  DNS.  It  is  also  interesting  to  note  that  in  the  case  =  10,  the  magnetic 
dissipation  falls  very  rapidly  with  time  at  the  early  stages  of  the  decay.  This  happens 
because  in  that  case  the  flow  quickly  becomes  fairly  independent  of  the  ^-direction  which 
is  parallel  to  the  magnetic  field  (this  is  illustrated  further  in  Section  4.4). 

Finally,  in  Fig.  7  the  evolution  of  the  subgrid-scale  transfer  rate  e^gs  is  presented.  For 
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Figure  5.  Resolved  viscous  dissipation  rate  for  the  cases  iV  =  1  (left)  and  iV  =  10  (right). 
In  each  plot,  the  solid  line  represents  the  LES,  the  diamonds  represent  the  filtered  DNS  and  the 
dotted  line  represents  the  unresolved  DNS. 
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Figure  6.  Resolved  magnetic  dissipation  rate  sb  for  the  cases  N  =  1  (left)  and  iV  =  10  (right). 
In  each  plot,  the  solid  line  represents  the  LES,  the  diamonds  represent  the  filtered  DNS  and  the 
dotted  line  represents  the  unresolved  DNS. 


the  LES,  Eggs  is  obtained  by  substituting  the  dynamic  Smagorsinky  in  place  of  Tij  in 
(4.2).  DNS  results  are  obtained  by  computing  the  exact  —  UiUj  from  the  DNS 

data  fields.  Obviously,  no  (non-zero)  results  are  available  for  the  unresolved  DNS.  Prom 
the  plots  we  see  that  the  subgrid-scale  transfer  rate  is  initially  overestimated  in  the  LES. 
This  is  not  a  surprise  since  the  dynamic  procedure  usually  needs  a  Httle  time  to  settle. 
Soon  after  this  short  transient  time,  the  agreement  between  LES  and  DNS  predictions 
is  very  good. 


4.4.  Flow  structures 

It  is  well  known  that  the  extra  damping  term  present  in  the  quasi-static  approximation 
(2.2)  leads  to  a  progressive  suppression  of  spatial  variations  in  the  fiow  along  the  direction 
of  the  magnetic  field.  It  is  thus  important  to  assess  how  well  the  LES  is  able  to  reproduce 
this  feature.  To  that  end,  we  have  plotted  in  Figures  8  and  9  the  contours  of  the  kinetic 
energy  density  at  three  different  times  respectively  for  the  filtered  DNS  and  the  LES 
(only  the  case  AT  =  10  is  shown  because  the  effect  is  more  pronounced  for  strong  applied 
magnetic  fields).  Since  the  turbulence  is  decaying  with  time,  the  colormap  had  to  be 
rescaled  for  each  of  the  single  plots.  However,  the  same  colormap  for  the  filtered  DNS 
and  LES  has  been  used  in  the  plots  corresponding  to  the  same  times.  As  is  obvious  from 
the  plots,  the  LES  reproduces  the  filtered  DNS  structures  very  well.  The  unresolved  DNS 
also  captures  the  large-scales  structures  of  the  flow  (no  plots  shown)  but  due  to  the  pile 
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Figure  7.  Subgrid-scale  transfer  rate  Esgs  for  the  cases  N  =  1  (left)  and  iV  =  10  (right).  In  each 
plot,  the  solid  line  represents  results  obtained  from  the  LES  while  the  diamonds  are  obtained 
from  the  DNS  data. 


t*  -  0.285  t*  -  1.02  t*  =  2.68 

Figure  8.  Contours  of  the  kinetic  energy  obtained  from  the  filtered  DNS  {N  =  10  case).  The 
different  times  at  which  the  contours  are  calculated  are  indicated  under  the  plots  and  are  the 
same  ones  as  those  used  in  Fig.  9. 


Figure  9.  Contours  of  the  kinetic  energy  obtained  from  the  LES  {N  =  10  case).  The  different 
times  at  which  the  contours  are  calculated  are  indicated  under  the  plots  and  are  the  same  ones 
as  those  used  in  Fig.  8. 


up  of  energy  it  predicts  a  significant  amount  of  small  scales;  the  corresponding  contour 
plots  contain  some  excessive  ‘noise’  on  top  of  the  large-scales  structures. 


4.5.  Dynamic  Constant 

As  recalled  in  Section  2,  the  dynamic  procedure  is  designed  to  optimize  the  scaling 
constant  Cs  present  in  the  Smagorinsky  subgrid-scale  model.  We  also  mentioned  that 
when  an  external  magnetic  field  is  present,  the  value  of  Cg  should  decrease  since  non¬ 
linear  transfers  are  reduced  and  the  effect  of  the  subgrid-scale  model  should  be  damped 
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case  with  no  magnetic  field,  the  dashed  line  corresponds  to  the  case  =  1  and  the  case  JV  =  10 
is  represented  by  the  dotted  line. 


_ 2 

accordingly.  In  Fig.  10  the  evolution  of  is  plotted.  Prom  the  figure,  it  is  clear  that 
the  expected  behavior  is  observed.  As  the  interaction  number  is  increased,  the  dynamic 
procedure  automatically  adapts  the  value  of  the  Smagorinsky  constant  to  decrease  the 
effect  of  the  subgrid-scale  model. 


5.  Conclusions 

In  this  article  we  have  shown  that  the  dynamic  Smagorinsky  model  can  be  used  to 
perform  large-eddy  simulations  of  flows  subject  to  an  applied  external  magnetic  field  at 
low  magnetic  Reynolds  number,  Rm-  Although  this  subgrid-scale  model  was  not  designed 
for  this  application,  its  behavior  is  excellent  owing  to  its  adaptation  to  the  flow  and  the 
applied  magnetic  field  through  the  dynamic  procedure.  The  model  can  be  considered 
robust  since  it  works  equally  well  for  interaction  (or  Stuart)  numbers  ranging  from  AT  =  0 
(no  magnetic  field)  to  AT  =  10  (for  which  the  flow  becomes  nearly  two  dimensional).  In 
the  future,  the  same  model  will  be  tested  in  more  complex  geometries. 
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DNS  and  LES  of  a  shear-free  mixing  layer 

By  B.  Knaepen,  0.  Debliquy^  and  D.  Carati  f 


1.  Introduction 

The  sheax-free  mixing  layer  represents  one  of  the  simplest  inhomogeneous  flows.  It 
consists  of  two  ‘distinct’  homogeneous  regions  of  diflFerent  turbulent  kinetic  energy  in¬ 
teracting  through  a  layer  of  rapid  transition.  The  layer  is  said  to  be  shear-free  since  the 
two  homogeneous  regions  have  no  relative  velocity.  While  flows  encountered  in  nature 
or  industrial  applications  are  more  often  not  devoid  of  shear,  the  study  of  the  shear-free 
mixing  layer  is  nevertheless  useful  since  it  allows  the  mixing  properties  of  turbulence  to 
be  examined  in  a  simplified  environment.  Indeed,  turbulent  transport  properties  in  shear 
flows  are  more  difficult  to  track  since  they  can  be  overwhelmed  by  production  sources 
originating  from  gradients  in  the  mean  velocity. 

The  shear-free  mixing  layer  has  already  received  attention  in  the  past,  both  from  the 
experimental  and  the  numerical  point  of  view.  The  first  experimental  study  of  the  shear- 
free  mixing  layer  is  due  to  Glibert  (1980).  The  flow  was  obtained  by  forcing  a  stream 
through  a  grid  with  two  different  mesh  spacings.  The  two  sides  of  the  grid  have  however 
equal  solidity  resulting  in  an  outgoing  shear-free  flow.  In  this  first  experimental  study,  the 
author  mainly  concentrated  his  attention  on  the  downstream  evolution  of  the  spreading- 
rate  parameter,  which  is  a  measure  of  the  thickness  of  the  mixing-layer.  A  more  extensive 
experimental  study  was  later  performed  by  Veeravalli  &  War  haft  (1987,  1989).  Owing  to 
a  different  experimental  setup,  the  authors  achieved  a  higher  ratio  between  the  energies 
characterizing  the  two  sides  of  the  flow  and  this  resulted  in  the  observation  of  large-scale 
intermittency  in  the  flow.  The  Veeravalli  k  Warhaft  (1989)  data  will  be  used  here  as  the 
main  benchmark  for  the  present  study  since  it  contains  a  detailed  documentation  of  the 
flow  characteristics  we  will  be  examining.  Prom  the  numerical  point  of  view,  the  shear-free 
mixing  layer  was  studied  in  Briggs  et  al  (1996)  using  DNS.  In  that  article  the  authors 
also  used  the  data  of  Veeravalli  &  Warhaft  (1989)  as  the  point  of  comparison.  Their 
simulations  were  done  using  a  spectral  code  with  a  resolution  of  128^  Fourier  modes. 
The  microscale  Reynolds  numbers  reached  in  the  low-  and  high-energy  homogeneous 
regions  were,  respectively,  11  and  22.5,  which  are  roughly  half  of  the  values  reported 
in  the  Veeravalli  &  Warhaft  (1989)  experiment  (note  that  Briggs  et  al  (1996)  use  a 
different  definition  of  the  microscale  Reynolds  number  than  the  one  in  Veeravalli  k 
Warhaft  (1989)  and  here).  However,  when  properly  nondimensionalized,  they  were  able 
to  reproduce  satisfactorily  the  turbulence  statistics  of  the  flow. 

The  purpose  of  this  work  is  twofold.  First,  given  the  computational  resources  available 
today,  it  is  possible  to  reach,  using  DNS,  higher  Re3molds  numbers  than  in  Briggs  et  al 
(1996).  In  the  present  study,  the  microscale  Reynolds  numbers  reached  in  the  low-  and 
high-energy  homogeneous  regions  are,  respectively,  32  and  69.  The  results  reported  earlier 
can  thus  be  complemented  and  their  robustness  in  the  presence  of  increased  turbulence 
studied.  The  second  aim  of  this  work  is  to  perform  a  detailed  and  documented  LES  of 
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Figure  1.  Graphical  representation  of  the  shear-free  mixing  layer 


the  shear-free  mixing  layer.  In  that  respect,  the  creation  of  a  DNS  database  at  higher 
Reynolds  number  is  necessary  in  order  to  make  meaningful  LES  assessments.  Ftom  the 
point  of  view  of  LES,  the  shear-free  mixing-layer  is  interesting  since  it  allows  one  to 
test  how  traditional  LES  models  perform  in  the  presence  of  an  inhomogeneity  without 
having  to  deal  with  difficult  numerical  issues.  Indeed,  as  argued  in  Briggs  et  al  (1996), 
it  is  possible  to  use  a  spectral  code  to  study  the  shear-free  mixing  layer  and  one  can  thus 
focus  on  the  accuracy  of  the  modelling  while  avoiding  contamination  of  the  results  by 
commutation  errors  etc. 

This  paper  is  organized  as  follows.  First  we  detail  the  initialization  procedure  used  in 
the  simulation.  Since  the  flow  is  not  statistically  stationary,  this  initialization  procedure 
has  a  fairly  strong  influence  on  the  evolution.  Although  we  will  focus  here  on  the  shear- 
free  mixing  layer,  the  method  proposed  in  the  present  work  can  easily  be  used  for  other 
flows  with  one  inhomogeneous  direction.  The  next  section  of  the  article  is  devoted  to 
the  description  of  the  DNS.  All  the  relevant  parameters  are  listed  and  comparison  with 
the  Veeravalli  &  Warhaft  (1989)  experiment  is  performed.  The  section  on  the  LES  of  the 
shear- free  mixing  layer  follows.  A  detailed  comparison  between  the  filtered  DNS  data  and 
the  LES  predictions  is  presented.  It  is  shown  that  simple  eddy  viscosity  models  perform 
very  well  for  the  present  test  case,  most  probably  because  the  flow  seems  to  be  almost 
isotropic  in  the  small-scale  range  that  is  not  resolved  by  the  LES. 


2.  Initialization  of  the  flow 

Prom  the  numerical  point  of  view,  one  of  the  most  appealing  properties  of  the  shear- 
free  mixing  layer  is  the  possibility  of  simulating  this  flow  with  a  purely  spectral  three 
dimensional  code.  Indeed,  periodicity  can  be  enforced  by  considering  a  second  mixing- 
layer,  which  performs  the  ‘reverse’  transition  compared  to  the  first  one.  The  situation  is 
depicted  in  Fig.  1.  This  also  has  the  advantage  that  results  gathered  from  the  two  mixing 
layers  can  be  averaged  to  improve  the  statistics.  This  possibility  will  be  systematically 
exploited  in  the  presentation  of  numerical  results  in  the  following  sections. 

Given  a  3D  spectral  code,  the  non-trivial  part  of  the  simulation  is  then  to  build  a 
suitable  initial  condition  that  mimics  the  mixing  layer.  Indeed,  because  the  decaying 
mixing  layer  is  not  statistically  stationary,  it  is  not  acceptable  to  wait  until  the  initial 
condition  is  forgotten  by  the  flow  due  to  the  stochastic  nature  of  turbulence.  Indeed, 
the  simulation  will  remain  quite  strongly  influenced  by  the  initial  state  of  the  velocity 
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field.  To  proceed,  it  is  necessary  to  introduce  a  few  definitions  and  notations.  The  Fourier 
inodes  associated  with  the  velocity  field  Ui{x,y,z)  will  be  denoted  Ui{kx^  ky^kz)  and  are 
defined  by 

Ui{kx,ky,kz)  =  ^  (2.1) 

X 

Since  the  mixing  layer  is  homogeneous  in  two  directions  it  is  also  convenient  to  consider 
2D  Fourier  transforms.  Here  we  take  the  y  direction  as  the  inhomogeneous  direction  and 
define  the  2D  Fourier  modes  Ui{kx^y^  kz)  by 

Ui{f^x,y,kz)  =  (2.2) 

XX 

where  xj_  =  (x^z)  and  kj_  =  [k^^kz).  For  convenience,  we  will  also  adopt  the  following 
notations:  Ux  =  u,  Uy  =  v  and  Uz  ^  w.  When  the  flow  is  homogeneous  and  isotropic,  a 
common  way  to  initialize  the  modes  Ui{kx,  ky^kz)  is  to  fix  their  amplitudes  to  match  a 
given  energy  spectra  E{k)  and  assign  them  random  phases  in  such  a  way  that  continuity 
is  enforced  (Rogallo  1981).  One  then  has, 

{\ui{kx,ky^kz)^)  =  ^{k)^  with  E{k)  ~  27rk^A^{k)  (2.3) 

and  k"^  =  k^  +  ky-^k^.  For  the  case  at  hand,  we  can  adopt  a  similar  strategy  but  consider 
instead  the  2D  spectra  in  each  plane  perpendicular  to  the  direction  of  inhomogeneity. 
Indeed,  in  those  planes  the  flow  is  assumed  to  be  homogeneous  and  isotropic.  We  thus 
initialize  our  flow  by  imposing  the  following  constraints  on  the  2D  Fourier  modes  (the 
assignment  of  the  random  phases  and  the  treatment  of  continuity  will  be  described  be¬ 
low), 

<  \ui{kx,y,kz)\‘^  >=H^(A;x,y),  with  E{k±,y)  =  nkxB'^ik^.y)  (2.4) 

and  k\=^kl-\-  k^.  In  the  above  equation,  E{k±^y)  is  the  energy  spectra  of  velocity  field 
in  (x,  z)  plane.  The  arbitrary  part  remaining  is  the  choice  of  the  function  B‘^{k^^y),  For 
homogeneous  isotropic  flows,  it  is  trivial  to  relate  the  2D  amplitudes  to  the  3D  amplitudes 
(using  Parseval’s  theorem): 

B\kuv)  =  J  dkyA^ikl  +  kl).  (2.5) 

Note  that  as  expected,  B^(k±jy)  is  independent  of  y  for  homogeneous  flows.  In  the 
case  of  the  shear-free  mixing  layer  we  will  choose  an  amplitude  function  A{k)  for  each 
homogeneous  region  and  compute  the  corresponding  functions  B{k±,y)  using  (2.5).  If 
the  2D  amplitudes  functions  in  the  high  energy  and  low  energy  regions  are  respectively 
denoted  Bnikx^y)  and  Hl(/c_l,2/),  we  then  define  the  complete  2D  amplitudes  function 
for  the  shear-free  mixing  layer  as, 

EML{k±,y)  =  (1  -  f{y))BLikx,y)  +  f{y)BH(k±,y).  (2.6) 

The  function  f{y)  is  equal  to  0  in  the  low  energy  region  and  equal  to  1  in  the  high 
energy  region;  inside  the  mixing  layers  it  varies  smoothly  from  0  to  1.  The  complete 
initialization  procedure  is  as  follows.  First  we  initialize  our  3D  Fourier  modes  using  the 
procedure  of  Rogallo  (1981).  The  3D  energy  spectra  used  here  is  taken  from  the  high- 
energy  homogeneous  region  of  the  mixing  layer.  This  ensures  that  the  Fourier  modes 
Ui(kx,  ky^kz)  satisfy  the  continuity  equation.  The  3D  Fourier  modes  are  then  transformed 
to  Ui{kx^y^kz)  using  a  ID  Fourier  transform.  At  this  point  their  2D  amplitudes  are 
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measured  and  the  modes  are  rescaled  in  order  to  match  the  prescribed  2D  amplitudes 
given  by  (2.6): 

niikx^yt 

The  u[{kx,y,k:,)  are  then  transformed  back  into  3D  Fourier  modes,  u'^{kx,ky,kz).  By 
performing  the  transformation  (2.7),  one  of  course  destroys  the  continuity  property  of  the 
initial  field  and  it  has  to  be  recovered  by  projecting  the  u[{kx,  ky.k^)  onto  a  divergence- 
free  field: 

u'i{kx,  ky,  kz)  u"{kx,  ky,  k^)  =  ^(5ij  — fey,  fez)-  (2-8) 

This  in  turn  partly  undoes  the  prescription  of  the  2D  amplitudes.  Fortunately,  by  iter¬ 
ating  the  transformations  (2.7)  and  (2.8)  one  converges  to  a  velocity  field  that  has  2D 
amplitudes  arbitrarily  close  to  BML{^^.^y)  which  satisfies  continuity.  At  this  stage, 
the  flow  still  has  random  phases.  In  order  to  correct  this  problem,  we  have  time  evolved 
the  flow  until  the  global  skewness  of  the  velocity  derivatives  reached  a  converged  value. 
Between  each  time  step,  the  mixing  layer  was  rebuilt  using  (2.7)  and  (2.8)  in  order  to 
retain  the  desired  2D  amplitudes  profile.  After  that,  we  stopped  the  rebuilding  procedure 
and  let  the  flow  decay  freely. 


2/5  ^z) 


BML{kL,y) 

\ui{kx,y,kz)\^ 


3.  DNS  results 

3.1.  Parameters  of  the  simulation 

The  choice  of  parameters  for  the  DNS  was  mainly  guided  by  the  following  considerations. 
In  order  to  have  an  experimental  reference  to  compare  with,  the  parameters  of  the  DNS 
have  been  chosen  to  match  as  closely  as  possible  those  from  the  Veeravalli  k.  Warhaft 
(1989)  experiment  performed  using  the  3  :  1  perforated  plate.  Of  course,  since  numerical 
capabilities  are  not  unlimited,  some  compromises  had  to  be  made.  The  most  important 
restriction  in  the  present  study  is  the  ability  to  adequately  resolve  the  high-energy  region 
of  the  flow.  Given  this  constraint,  the  initial  3D  spectra  of  the  homogeneous  high-ener^ 
region  Enik)  was  chosen  to  match  the  spectra  measured  in  the  Comte-Bellot  k  Corrsin 
(1971)  experiment  at  stage  1.  This  experimental  spectra  was  fitted  with  the  following 
function. 


Enik)  = 


ak^ 


-bk^ 


(3.1) 


(fc4+g4)l+“ 

which  contains  several  parameters  a,  fc,  ot  and  0.  This  fairly  complicated  function  has 
been  chosen  because  it  allows  an  easy  fit  of  various  properties  of  the  energy  spectrum.  For 
instance,  the  parameters  b  and  can  be  used  for  characterizing  the  viscous  range  of  the 
spectrum.  The  parameters  g  and  a  determine  the  energy  peak  and  the  transition  between 
the  energy  containing  scales  and  the  viscous  range.  Finally,  a  determines  the  total  energy. 
The  function  (3.1)  does  not  allow  one  to  derive  analytical  expressions  for  the  total  energy 
and  the  total  dissipation  in  terms  of  the  parameters  a,  q,  b,  a  and  jS.  It  is  thus  not  possible 
to  express  these  parameters  in  terms  of  simple  global  experimental  data  and  we  have  not 
found  a  systematic  procedure  for  prescribing  them.  It  has  however  been  observed  that 
the  following  set  of  parameters,  a  =  10.6,  g  =  1.5,  =  0.02,  a  =  1.233,^  =  1.1,  allows  an 
almost  perfect  fit  to  the  Comte-Bellot  Sc  Corrsin  spectrum.  Of  course,  the  value  of  some 
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Figure  2.  3D  contour  plot  of  the  energy  density  for  the  initial  velocity  field.  The  labels  indicated 
on  the  figure  correspond  to  grid-points.  The  data  field  was  sampled  every  four  grid-points  in 
order  to  produce  the  graph. 

of  these  parameters  might  depend  on  the  units  chosen  to  perform  the  simulation.  This 
is  not  really  an  issue  since  the  time  scale  and  the  length  scale  can  be  seen  as  entirely 
defined  by  the  computational  domain  size  lx  =  27r,  /y  —  Air  =  27r  and  by  the  viscosity, 
chosen  here  to  have  the  numerical  value  of  0.006.  In  the  Veeravalli  Sz  Warhaft  (1989) 
experiment  the  ratio  of  energy  between  the  two  homogeneous  regions  is  6.27  while  the 
ratio  of  dissipation  is  7.28.  These  two  ratios  can  be  reproduced  well  by  choosing  the 
spectra  of  the  low  energy  homogeneous  region  to  be  of  the  same  form  as  (3.1)  but  with 
the  following  parameters:  a  =  2.74,  g  =  3.33,  h  =  0.027,  a  =  1.233,/?  =  1.1.  Furthermore, 
with  the  above  choices  of  parameters,  the  maxima  of  the  two  spectra  are  separated  by  a 
ratio  that  matches  the  inverse  ratio  of  the  initial  integral  length-scales  in  the  Veeravalli 
Sz  Warhaft  (1989)  experiment  between  the  low-  and  high-energy  regions.  Accordingly, 
the  differences  in  typical  sizes  of  the  large-scale  structures  on  both  sides  of  the  mixing 
layer  are  also  reproduced.  Prom  these  definitions  it  is  possible  to  compute  numerically 
the  two  functions  Bi{k±^y)  and  Bff(k±,y)  needed  in  (2.6)  using  (2.5).  The  initialization 
procedure  is  then  fully  defined  if  the  smoothing  function  f{y)  is  prescribed.  Here,  the 
following  choice  has  been  adopted: 

0  if  0  <  y  <  5/y/24, 

l/2(sin(127r(^~y^^)  +  1)  if  5/j,/24  <y<  7ly/24, 
f(y)  =  <  1  ”  if  7ij,/24  <y<  17i,,/24,  (3.2) 

l/2(sin(12?ri2ir^!^)  +  1)  if  17Zy/24  <y<  19Zj,/24, 

,0  if  19/j,/24  <y<ly. 

With  this  smoothing  function,  the  high-energy  region  and  the  combined  low-energy 
regions  have  the  same  length.  Both  are  five  times  larger  than  each  of  the  two  mixing 
layers.  As  an  illustration,  the  contour  plot  of  the  initial  energy  density  is  shown  in  Fig.  2. 
As  far  as  the  numerics  are  concerned,  our  DNS  was  performed  using  a  pseudo-spectral 
dealiased  code.  The  grid  resolution  adopted  consists  of  512  x  1024  x  512  points.  The 
higher  resolution  dimension  being  the  direction  of  inhomogeneity,  taken  here  to  be  y. 

3.2.  Kinetic  energy  diagnostics 

One  of  the  major  motivations  of  this  study  is  to  investigate  the  effect  of  inhomogeneities 
on  the  properties  of  the  turbulence.  Since  the  direction  of  inhomogeneity  is  along  y,  it 
is  convenient  to  present  statistics  obtained  by  averaging  over  the  x  and  2:  directions. 


Energy 


Figure  3.  (a)  Energy  and  (b)  Dissipation  rate  profiles  across  the  mixing  layer  calculated  from 
(3.3)  and  (3.4); - :  f*  =  0; . :  t*  =  0.56; - :  t*  =  1.51. 


For  instance,  the  kinetic  energy  and  dissipation  rate  profiles  are  calculated  from  the 
expressions: 


E{y)  -  2|ui(x)P  -  , 

x,z 

(3.3) 

e{y)  =  2  u  Sij{x)Sij{x) , 

(3.4) 

where  Sij  (x)  =  (diUj  -\-djUi)/2.  Here,  and  in  the  rest  of  this  paper,  the  overbar  •  •  •  denotes 
averaging  over  the  planes  perpendicular  to  the  direction  of  inhomogeneity.  Figures  3(a)  - 
3(b)  represent  the  profiles  of  the  kinetic  energy  and  the  dissipation  rate  at  three  different 
times  in  the  simulation.  Time  has  been  normalized  using  the  initial  eddy  turnover  time, 
t*  =  teo/ko  where  t  is  the  dimensional  time,  ko  is  the  initial  average  turbulent  kinetic 
energy  and  eo  is  the  initial  average  dissipation  rate.  The  Figs.  3  demonstrate  that  as 
the  decay  proceeds,  the  mixing-layer  widens  but  the  homogeneous  regions  remain  largely 
discernible.  Fig.  4(a)  shows  the  temporal  decay  of  the  average  energy  in  the  high-energy 
and  low-energy  homogeneous  regions.  Assuming  an  asymptotic  power-law  decay  E(t)  ~ 
a  decay  exponent  of  n  =  -1,3  is  found  in  the  high-energy  homogeneous  region  while 
in  the  low-energy  region  the  decay  exponent  is  n  =  —1.1  (the  global  energy  decay  has  a 
decay  exponent  of  n  =  — 1.3).  These  decay  rates  are  compatible  with  the  DNS  of  Briggs 
et  al  (1996)  for  which  a  k^  low  wave-vector  energy  spectrum  was  adopted  as  in  the 
present  simulation.  In  Fig.  4(b)  the  2D  spectra  defined  in  (2.4)  are  presented  to  confirm 
that  the  flow  is  sufficiently  resolved.  As  was  observed  in  Briggs  et  al  (1996),  the  energy 
of  the  high  wave-numbers  decays  faster  with  time  than  the  energy  of  the  low  wave- 
numbers.  It  is  noted  that  for  the  discretization  used  and  the  times  considered,  the  energy 
peaks  remain  at  a  constant  wave- vector  in  the  homogeneous  regions.  The  strong  influence 
from  the  homogeneous  layers  seems  to  induce  a  shift  of  this  energy  peak  in  the  mixing 
layer  towards  higher  wave— vectors,  though  this  effect  remains  moderate  for  the  times 
considered. 


3.3.  Intermittency 

The  skewness  and  kurtosis  of  a  velocity  component  Ui  are  respectively  defined  as. 


(3.5) 
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Figure  4.  (a)  Energy  decays  of  the  high  ( . )  and  low  ( - )  energy  homogeneous  regions; 

( - )  represents  the  global  energy  decay.  All  curves  have  been  normalized  using  their  initial 

value  of  ko.  (b)  2D  spectra  E{k±,y)  (defined  by  (2.4))  computed  inside  the  high  (H)  and  low 

(L)  homogeneous  regions  and  the  mixing-layer  (M)  for  three  different  times; - :  f*  =  0; 

. :  t*  =  0.56; - :  t*  =  1.51. 

For  homogeneous  isotropic  turbulence,  measures  of  these  quantities  show  that  they  are 
very  close  to  those  calculated  for  a  Gaussian  signal,  i.e.,  5  =  0  and  K  =  3. 

The  skewness  profile  of  v  is  shown  in  Fig.  5(a).  The  y  direction  has  been  normalized 
by  the  half- width  I1/2  of  the  mixing  layer  and  centered  around  the  inflection  point  of 
the  variance  of  v.  Other  skewness  and  kurtosis  diagnostics  are  normalized  in  a  similar 
fashion  (see  Veeravalli  &  Warhaft  (1989)  for  the  details  of  this  normalization  procedure). 
The  skewness  profile  of  v  exhibits  a  sharp  deviation  from  the  Gaussian  value  around  the 
location  of  the  mixing  layer.  As  described  in  Veeravalli  &  Warhaft  (1989),  this  behaviour 
is  attributed  to  the  intermittent  penetration  into  the  low-energy  region  of  structures 
originating  from  the  high-energy  region  (a  similar  penetration  of  structures  from  the 
low-energy  region  into  the  high-energy  region  is  certainly  also  happening  but  is  however 
a  lot  less  frequent).  Agreement  with  experimental  data  from  Veeravalli  &  Warhaft  (1989) 
is  very  good  both  in  terms  of  the  location  of  the  peak  and  its  amplitude.  For  symmetry 
reasons,  it  is  expected  that  the  skewness  of  u  and  w  should  remain  close  to  zero.  Up 
to  statistical  deviations,  this  is  confirmed  in  our  simulation  (although  not  illustrated  in 
this  paper).  Kurtosis  profiles  of  the  velocity  components  are  shown  in  Fig.  5(b,c,d)  and 
display  deviations  from  the  Gaussian  value  of  3  again  around  the  location  of  the  mixing 
layer.  In  the  Kurtosis  of  the  w,  we  observe  an  unexpectedly  high  peak  in  the  profile 
(compared  to  the  experimental  data).  At  this  point  we  attribute  this  issue  to  the  fact 
that  the  profile  was  computed  from  a  single  realization  of  the  flow  (although  averaging 
in  the  (x,  z)  planes  was  performed).  We  also  note,  however,  an  initial  small  peak  in  this 
Kurtosis  component  present  in  the  initial  condition  (in  contrast  to  the  Kurtosis  of  the 
other  two  velocity  components)  but  it  is  not  clear  whether  or  not  it  was  amplified  during 
the  evolution  of  the  flow  and  by  what  mechanism.  The  other  two  Kurtosis  profiles  agree 
very  well  with  the  experimental  data  again  both  in  terms  of  the  location  of  the  peaks 
and  their  amplitudes.  Both  the  numerical  simulation  and  the  experiments  indicate  that 
the  deviations  from  the  Gaussian  values  for  S  and  K  occur  on  the  low  energy  side  of  the 
inflection  points.  This  supports  the  idea  that  these  deviations  result  from  the  more  likely 
penetration  of  intermittent  structures  from  the  high-energy  region  into  the  low-energy 
region.  Finally,  it  must  be  stressed  that  the  initialization  procedure  presented  in  section 
2,  though  quite  sophisticated,  does  not  allow  imposition  of  the  initial  skewness  or  the 
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kurtosis  profiles  in  the  region  of  the  mixing  layer  (Gaussian  values  are  in  fact  observed 
everywhere  for  the  initial  profiles  as  shown  in  Fig.  5  except  for  a  small  deviation  for  Ku 
as  mentioned  above).  The  fact  that  the  DNS  later  reproduces  the  experimental  profiles 
observed  in  the  mixing  layer  indicate  that  the  transport  mechanisms  are  successfully 
resolved. 


4.  LES  of  the  shear-free  mixing-layer 

4.1.  Notations  and  conventions  -  LES  model 

Starting  from  the  Navier-Stokes  equations,  one  obtains  the  LES  equations  (4.1)  by  ap¬ 
plying  a  filter,  here  denoted  —  (since  our  code  is  spectral,  we  will  only  consider  spectral 
cut-offs  for  the  LES  filter): 

dtUi  +  dj{ujUi)  =  -dip  -f  -  djfij.  (4.1) 

The  unknown  subgrid-scale  stress  (SGS)  tensor  fij  =  UiUj  —  UiUj  needs  to  be  modelled 
in  terms  of  Ui  in  order  to  close  (4.1).  In  this  work,  we  will  use  for  nj  a  model  proposed 
in  Wong  &:  Lilly  (1994)  and  further  studied  in  Carati  et  al  (1995)  and  in  Dantinne  et  al 
(1998).  This  model,  which  can  be  considered  as  a  variant  of  the  dynamic  Smagorinski 
model  (Smagorinsky  1963;  Germano  et  al.  1991;  Lilly  1992;  Germano  1992),  has  been 
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shown  to  perform  very  well  in  the  context  of  homogeneous  isotropic  turbulence  and  its 
predictions  are  extremely  close  to  the  dynamic  Smagorinski  model.  The  advantage  of 
this  model  rests  upon  the  ease  with  which  its  dynamic  version  can  be  implemented.  The 
definition  of  the  model  is  the  following: 

=  (4.2) 


where  Sij  =  +  djUi)  is  the  resolved  strain  tensor  and  A  is  the  LES  filter  width. 

The  dimensional  parameter  C  is  evaluated  by  introducing  a  second  (coarser)  filter  -  •  • 
(the  test  filter)  and  using  the  d3mamic  procedure: 


C  = 


2(A4/3  _  A4/3) 


<  LjjSjj  !> 

<  SijSij  > 


(4,3) 


where  Lij  =  u^j-UiUj  is  the  Leonard  tensor  (note  that  we  have  systematically  used  the 
property  rr:  =  rr.  valid  for  spectral  cut-offs).  As  in  the  dynamic  Smagorinski  model,  the 
only  free  parameter  available  is  the  ratio  of  the  spectral  cut-offs:  A/A.  In  the  following 
discussion  this  ratio  will  be  assumed  to  be  equal  to  2.  For  homogeneous  isotropic  turbu¬ 
lence,  the  averages  (•  •  • }  in  (4.3)  are  obtained  by  averaging  over  the  whole  computational 
domain.  The  idea  is  of  course  that,  since  turbulence  is  homogeneous,  the  constant  C 
should  be  statistically  independent  of  the  position.  For  inhomogeneous  flows  in  one  di¬ 
rection,  like  the  shear-free  mixing  layer  or  the  channel  flow,  dependence  on  the  direction 
of  inhomogeneity  is  introduced  by  averaging  quantities  only  over  the  other  two  homoge¬ 
neous  directions.  This  is  justified  only  if  the  flow  is  not  too  inhomogeneous.  The  dynamic 
coefficient  C  then  depends  explicitly  on  the  inhomogeneous  direction:  C  =  C{y).  Our 
LES  condition  was  obtained  by  filtering  (with  a  sharp  spectral  cut-off)  the  initial  DNS 
field  down  to  32  X  64  x  32  modes.  Thus,  only  ^  of  the  gridpoints  are  retained  in  each 
direction  for  the  LES,  meaning  that  there  is  one  LES  grid  point  for  about  4  000  DNS 
grid  points.  The  box-size  is  unchanged  and  remains  27r  x  47r  x  27r,  In  our  study  we  have 
also  included  a  run  obtained  at  LES  resolution  but  with  no  subgrid-scale  stress  model  to 
emphasize  the  effect  of  the  model  in  the  LES  simulation.  For  comparison  we  have  filtered 
the  DNS  fields  stored  during  the  simulation  down  to  32  x  64  x  32  modes. 

4.2.  Comparison  of  the  filtered  DNS  and  the  LES 

Figure  6(a)  represents  the  temporal  evolution  of  the  normalized  global  kinetic  energy 
EfEo,  Prom  the  graph  it  is  clear  that  the  simulation  with  LES  model  does  a  very  good 
job  in  reproducing  this  diagnostic,  while  the  run  with  no  model  does  not.  Likewise,  Figs. 
6(b)  and  6(c)  show  that  the  2D  spectra  with  LES  modelling  are  in  good  agreement  with 
DNS  data.  2D  spectra  gathered  from  the  run  with  no  model  exhibit  a  strong  pile  up  of 
energy  in  the  high  wave-number  side  of  spectra,  indicating  that  the  flow  is  not  adequately 
resolved  in  that  case. 

To  further  illustrate  the  decay  of  the  kinetic  energy,  we  display  in  Fig.  7(a)  and  7(b) 
the  profiles  of  the  kinetic  energy  at  two  different  times.  This  is  of  course  a  more  sensitive 
diagnostic  since  it  retains  information  about  the  inhomogeneity  of  the  flow.  Both  figures 
again  reveal  a  good  agreement  between  the  DNS  and  LES  runs  and  a  poor  behaviour 
of  the  run  without  modelling.  Variance  profiles  of  u,  v  and  w  have  been  examined  (not 
shown)  and  again  the  LES  matches  the  DNS  very  nicely,  whereas  the  no  model  simulation 
performs  poorly.  For  our  assessment  of  LES  we  have  retained  the  same  intermittency 
diagnostics  described  earlier:  the  skewness  and  the  kurtosis  of  the  velocity  components. 


E/E, 
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Figure  6.  (a)  Evolution  with  time  of  the  normalized  global  kinetic  energy  E/Eo;  (b)  and  (c) 
2D  spectra  E(fcx,2/)  (defined  by  (2.4))  computed  inside  the  high  (H)  and  low  (L)  homogeneous 
regions  for  time  t*  =  1.51.  In  both  figures, - :  filtered  DNS; .  :  LES;  :  no  model. 


Figure  7.  Energy  profile  across  the  mixing-layer  calculated  from  (3.3)  at  times  (a)  t*  —  0.56, 
(b)  t*  =  1.51.  In  both  figures, - :  filtered  DNS; . :  LES; - :  no  model. 


A  sample  of  those  quantities  is  displayed  in  Fig.  8.  Once  again,  the  LES  run  produces 
results  which  compare  well  with  the  filtered  DNS  data.  Surprising  at  first,  the  run  without 
subgrid-scale  stress  model  also  performs  quite  well.  However,  since  the  intermittency  is 
attributed  to  large-scale  structures  penetrating  the  low  energy  region  from  the  high 
energy  region  this  is  to  be  expected.  Indeed,  looking  at  the  spectra  displayed  in  Fig.  6(c), 
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Figure  8.  (a)  Skewness  of  v\  (b)  Kurtosis  of  w;  (c)  Kurtosis  of  v\  (d)  Kurtosis  of  w.  All  curves 
computed  at  t*  =  1.51. - :  filtered  DNS; .  :  LES; - :  no  model. 


we  see  that  the  run  without  subgrid-scale  stress  model  is  not  ill-behaved  for  modes  at 
the  lowest  wave-numbers. 


5.  Conclusions 

This  study  of  the  shear-free  mixing  layer  reveals  that  DNS  is  capable  of  reproducing 
most  of  the  aspects  of  the  experimental  database  that  have  been  produced  by  Veeravalli 
&  War  haft  (1989).  Energy,  dissipation  rate  and  velocity  variance  profiles  are  accurately 
reproduced.  Also,  departure  from  Gaussianity  inside  the  mixing  layer  revealed  by  the 
measurement  of  the  skewness  and  the  kurtosis  of  the  velocity  field  are  also  in  excellent 
agreement  with  the  experimental  observation.  This  is  particularly  satisfactory  since  inside 
the  mixing  layer  the  initial  values  of  these  quantities  cannot  be  prescribed  by  the  initial¬ 
ization  procedure  and  are  entirely  produced  at  later  times  by  the  transfer  mechanisms 
simulated  by  the  DNS.  It  is  also  observed  that,  in  the  absence  of  shear,  no  significant 
anisotropy  is  observed  in  this  flow.  This  is  consistent  with  previous  numerical  results  and 
strongly  supports  the  use  of  eddy- viscosity  type  models  for  the  LES  of  such  flows.  As  a 
consequence,  it  is  not  surprising  that  comparisons  between  the  predictions  of  LES  using 
such  eddy- viscosity  models  and  DNS  show  very  good  agreement. 
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On  the  computation  of  space-time  correlations  by 
large-eddy  simulation 

By  Guo- Wei  Hef,  Meng  Wang  AND  Sanjiva  K.  Lele 


1.  Motivation  and  objectives 

Sound  radiated  by  turbulent  flow  is  dependent  on  the  space-time  characteristics  of 
the  flow  field.  According  to  Lighthill’s  theory  (Lighthill  1952;  Proudman  1952),  acoustic 
power  spectra  in  the  far-fields  are  determined  by  the  two-time,  two-point  Eulerian  velocity 
correlations.  This  has  significant  implications  to  the  use  of  large  eddy  simulation  (LES) 
for  aerodynamic  noise  prediction.  The  existing  subgrid  scale  (SGS)  models  are  mostly 
constructed  to  predict  spatial  statistics  such  as  energy  spectra  (Meneveau  Sz  Katz  2000) . 
However,  it  is  not  clear  whether  these  models  can  lead  to  accurate  space-time  correlations, 
or  frequency  contents  at  individual  wavenumbers.  The  latter  information  is  essential  to 
accurate  noise  predictions,  because  for  a  given  frequency,  only  the  spectral  element  of  the 
source  field  corresponding  to  the  acoustic  wavenumber  in  a  given  direction  can  radiate  in 
that  direction  (Crighton  1975).  This  represents  a  very  small  fraction  of  flow  energy,  and 
is  very  susceptible  to  numerical  and  modeling  errors.  Hence,  accurate  prediction  of  the 
space-time  correlation  is  a  new  requirement  imposed  on  SGS  modeling  by  aeroacoustic 
applications. 

For  brevity,  we  henceforth  refer  to  the  two-time,  two-point  correlation  of  the  velocity 
field  simply  as  time  correlation.  It  describes  the  space-time  statistics  of  turbulent  flows. 
The  time  correlation  can  be  equivalently  expressed  by  a  two-time  correlation  of  velocity 
Fourier  modes  in  spectral  space 


G{k,T)  =  (Ui{k,t)ui{-k,t  +  t)),  (1.1) 

or  its  normalized  form 


mi-  + 


(1.2) 


Previous  research  (He,  Rubinstein  &  Wang  2002)  compared  the  normalized  time  cor¬ 
relations  or  correlation  coefficients  in  forced  isotropic  turbulence  calculated  by  direct 
numerical  simulation  (DNS)  and  LES  using  a  standard  spectral  eddy  viscosity  model 
(Chollet  &  Lesieur  1981).  The  comparisons  show  that  the  LES  overpredicts  decorrela¬ 
tion  time  scales.  A  following-up  study  (He,  Wang  &  Lele  2002)  made  the  comparisons 
in  decaying  turbulence,  using  the  classic  Smagorinsky  model  (Smagorinsky  1963),  the 
dynamic  Smagorinsky  model  (Germano  et  al.  1991)  and  the  multiscale  LES  method 
(Hughes,  Mazzei  &  Oberai  2001).  The  overpredictions  axe  still  observed.  These  numer¬ 
ical  observations  motivated  the  present  analysis  to  investigate  the  overpredictions  and 
their  influence  on  sound  power  spectra.  The  analysis  will  be  carried  out  for  the  un- 
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normalized  time  correlations,  not  the  normalized  ones  as  before,  since  the  former  are  the 
ones  actually  used  in  the  computation  of  sound  power  spectra. 

The  analysis  starts  with  a  generalization  of  Kraichnan’s  sweeping  hypothesis  (Kraich- 
nan  1964)  from  stationary  turbulence  to  decaying  turbulence.  This  involves  replacing 
a  constant  convection  velocity  by  a  time-dependent  one  in  a  simple  kinematic  model. 
The  solution  of  the  kinematic  model  defines  a  time-dependent  sweeping  velocity.  Kraich¬ 
nan’s  sweeping  hypothesis  is  the  foundation  of  the  turbulence  theory  on  time  correlation. 
Kaneda  and  Gotoh  (1991)  and  Kaneda  (1993)  developed  the  Lagrangian  renormalization 
group  theory  and  the  Taylor  expansion  technique  for  time  correlations.  Rubinstein  and 
Zhou  (2000)  used  the  sweeping  hypothesis  to  formulate  the  scaling  law  of  sound  power 
spectra. 

The  present  analysis  on  time  correlations  will  shed  some  light  on  the  ability  of  LES 
to  predict  sound  power  spectra,  since  the  latter  can  be  analytically  expressed  as  an 
integration  of  time  correlations  using  the  quasi-normal  closure  assumption.  Previous 
evaluations  (e.  g.  Witkowska,  Juve  Sz  Brasseur  1997;  Seror  et  al.  2001)  are  made  directly 
on  acoustic  fields.  These  calculations  unavoidably  have  to  cope  with  the  numerical  errors 
caused  by  the  truncation  of  the  source  region  (Crighton  1993;  Wang,  Lele  Moin  1996). 
Instead,  we  will  discuss  the  influences  of  the  SGS  modeling  on  the  accuracy  of  sound 
prediction  through  an  analysis  of  time  correlations. 

In  this  paper,  we  consider  decaying  homogeneous  isotropic  turbulence.  Unlike  station¬ 
ary  turbulence,  the  time  correlations  in  decaying  turbulence  are  dependent  on  both  time 
separations  and  starting  time.  Therefore,  two  different  starting  time  will  be  chosen,  one 
at  the  energy  propagation  stage  and  another  at  the  final  decaying  stage. 


2.  Main  results 

2.1.  Numerical  results 

A  decaying  homogeneous  isotropic  turbulence  in  a  cubic  box  of  side  is  simulated 
by  DNS  with  grid  size  256^  and  LES  with  grid  size  64^.  A  standard  pseudo-spectral 
method  is  used,  in  which  spatial  differentiation  is  made  by  the  Fourier  spectral  method, 
time  advancement  is  made  by  a  second-order  Adams-Bashforth  method  with  the  same 
time  steps  for  both  DNS  and  LES,  and  molecular  viscous  effects  are  accounted  for  by 
an  exponential  integrating  factor.  All  nonlinear  terms  are  dealia.sed  with  the  two-thirds 
rule. 

The  following  SGS  models  are  used  in  the  LES: 

(1)  The  spectral  eddy  viscosity  model:  we  use  the  Chollet-Lesieur  standard  form  for 
the  spectral  eddy  viscosity  (Chollet  &:  Lesieur  1981),  where  the  cutoff  energy  is  evaluated 
from  the  LES. 

(2)  The  Smagorinsky  model  (Smagorinsky  1963):  the  Smagorinsky  constant  is  Cs  = 
0.22  and  the  filter  width  is  set  equal  to  the  inverse  of  the  largest  effective  wave  number 
kc  =  21. 

(3)  The  dynamic  Smagorinsky  model  (Germano  et  al.  1991):  the  Smagorinsky  coeffi¬ 
cients  are  determined  by  the  Germano  identity.  The  grid  filter  width  is  ^  and  the  test 
filter  width  is  taken  as  2fcj^. 

(4)  The  multi-scale  LES  method  (Hughes  et  al.  2001):  we  decompose  the  filtered  Navier- 
Stokes  equations  into  the  large  scale  equations  for  the  lower  one-half  Fourier  modes  and 
the  small  scale  equations  for  the  remaining  half  Fourier  modes.  The  dynamic  Smagorinsky 
model  is  only  applied  to  the  small  scale  equations. 
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sky  model; - multiscale  LES; .  Smagorinsky  model; - spectral  eddy  viscosity 

model. 

The  initial  condition  for  DNS  is  an  isotropic  Gaussian  field  with  energy  spectrum 

E{k,  0)  oc  (ik/fco)^  exp[-2(fc/fco)^],  (2.1) 

where  ko  =  4.68  is  the  wave  number  corresponding  to  the  peak  of  the  energy  spectrum. 
The  shape  of  the  energy  spectrum  excludes  the  effects  of  the  box  size.  The  initial  Reynolds 
number  based  on  Taylor’s  microscale  is  127.4.  The  initial  condition  for  LES  is  obtained 
by  filtering  the  initial  DNS  velocity  fields  with  filtering  wavenumber  kc  =  64/3  «  21. 
Therefore,  the  initial  LES  and  filtered  DNS  velocity  fields  are  exactly  the  same.  At  early 
stages,  the  LES  and  DNS  velocity  fields  are  highly  correlated  due  to  the  same  initial 
conditions.  Therefore,  the  time  correlations  of  the  LES  velocity  field  are  nearly  the  same 
as  those  of  the  DNS  field.  As  time  progresses,  the  LES  fields  become  decorrelated  from 
the  DNS  fields.  The  difference  in  time  correlations  between  the  LES  and  DNS  velocity 
fields  are  then  observed.  Therefore,  we  first  advanced  the  DNS  and  LES  velocities  in  time 
to  decorrelate  them  before  starting  to  calculate  the  time  correlations. 

The  energy  spectra  at  f  =  0.5  and  t  =  4.0  are  presented  in  Fig.  1.  Generally  speaking, 
the  LES  results  are  in  good  agreement  with  the  DNS  result  at  small  wavenumbers  but 
drop  faster  than  DNS  at  large  wavenumbers.  The  decay  of  the  total  resolved  energy  is 
presented  in  Fig.  2.  The  results  from  LES  with  all  SGS  models  follow  the  DNS  results 
with  some  deviations  throughout  the  entire  time  range.  They  exhibit  excessive  dissipation 
before  the  time  i  =  1.5  (the  energy  propagation  range)  and  insufficient  dissipations  after 
i  =  1.5  (the  final  decay  range).  Note  that  ^  =  0  does  not  correspond  to  the  start  time 
of  the  simulation.  Rather,  it  is  0.1  time  units  after  the  start,  and  hence  the  deviations 
among  DNS  and  LES  results  are  already  significant.  In  both  Figs.  1  and  2,  the  multiscale 
LES  results  are  the  best  of  all  models  and  the  classic  Smagorinsky  model  results  are  the 
worst.  The  dynamic  Smagorinsky  model  and  spectral  eddy  viscosity  model  yield  results 
in  the  middle  with  small  differences. 

Figure  3  plots  the  un-normalized  time  correlations  of  the  velocity  fields  from  the  DNS 
and  LES  for  wavenumbers  A:  =  5, 9, 13,  and  17,  spanning  a  range  of  scales  from  the  integral 
scale  to  the  lower  end  of  the  resolved  scale.  The  starting  time  is  t  =  0.5.  It  clearly 
shows  that  there  exist  discrepancies  between  the  LES  and  DNS  results,  and  that  the 
discrepancies  become  larger  with  increasing  wavenumbers.  Again,  the  classic  Smagorinsky 
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Figure  2.  Decay  of  total  resolved  energy. -  DNS; - dynamic  Smagorinsky  model, 

- multiscale  LES; .  Smagorinsky  model; - spectral  eddy  viscosity  model. 


Figure  3.  Time  correlation  C{k,T)  vs  time  lag  r  with  starting  time  t  =  0.5  for  (a)  fc  =  5 

(b)  k  =  9,  (c)  k  =  13,  (d)  k  -  17. -  DNS; - dynamic  Smagorinsky  model; - 

multiscale  LES; .  Smagorinsky  model; - spectral  eddy  viscosity  model. 
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Figure  4.  Time  correlation  C{k^r)  vs  time  lag  r  with  starting  time  t  —  1.5  for  (a)  fc  =  5, 

(b)  fc  =  9,  (c)  /c  =  13,  (d)  k  =  17. -  DNS; - dynamic  Smagorinsky  model; - 

multiscale  LES; .  Smagorinsky  model; - spectral  eddy  viscosity  model. 

model  results  are  the  least  accurate  of  all  models,  the  multiscale  LES  method  is  the  most 
accurate,  and  the  spectral  eddy  viscosity  model  and  the  dynamic  Smagorinsky  model  lie 
in  between,  the  latter  being  slightly  better  than  the  former. 

Figure  4  plots  the  same  time  correlations  as  in  Fig.  3  but  with  a  different  starting  time 
t  =  1.5.  The  discrepancies  observed  are  qualitatively  the  same  as  in  the  t  =  0.5  case, 
which  indicates  that  the  SGS  modeling  errors  equally  affect  the  time  correlations  in  the 
final  decay  range. 

In  summary,  it  is  observed  in  decaying  isotropic  turbulence  that  discrepancies  exist 
between  the  un-normalized  time  correlations  calculated  from  DNS  and  those  from  the 
LES.  These  discrepancies  will  be  analysed  in  the  next  section. 

2.2.  Analysis  of  the  numerical  results 

The  analysis  is  based  on  the  generalized  sweeping  hypothesis  for  decaying  turbulence. 
In  the  sweeping  hypothesis  for  stationary  isotropic  turbulence,  the  convection  velocity 
is  constant  (Kraichnan  1964).  However,  in  decaying  turbulence,  the  convection  velocity 
varies  with  time.  A  generalization  can  be  made  by  introducing  a  time-dependent  convec¬ 
tion  velocity,  which  evolves  slowly  relative  to  the  time  scales  of  velocity  fluctuations. 
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Consider  a  fluctuating  velocity  Fourier  mode  u(k,  t)  convected  by  a  bulk  velocity  v(t). 
We  assume  that  the  wavenumbers  k  of  the  fluctuating  velocity  are  sufiiciently  large.  The 
flow  scales  associated  with  these  wavenumbers  are  small,  over  which  the  convection  ve¬ 
locity  is  spatially  uniform  and  relatively  large  in  magnitudes.  In  this  case,  the  convection 
effect  is  dominant.  The  governing  equation  for  the  fluctuating  velocity  modes  is  therefore 

^HM+i[k.v(t)]u(k,t)  =  0,  (2.2) 

at 

which  yields 

u(k,(  +  T)  =  u(k,t)exp^-i^  k-v(s)dsj.  (2.3) 

Then,  the  time  correlation  can  be  expressed  by 


(u(k,t +  T)u(-k,t)) 

y  {v{s)v{s'))dsdsj.  (2.4) 

In  the  derivation  of  (2.4),  the  convection  velocity  v(t)  is  assumed  to  be  Gaussian  and 
independent  of  the  velocity  u(x,  t)  at  the  starting  time  t.  These  assumptions  can  be 
justified  by  the  near-Gaussianity  of  the  large-scale  velocity  and  its  initial  independence 
of  the  small-scale  velocity.  By  introducing  a  sweeping  velocity 

1  rt-^T 

V'^{t,T)  =  -T  /  {v{s')v{s"))ds'ds,  (2.5) 

'J'  Jt  Jt 

we  obtain  a  general  expression  of  time  correlation  similar  to  the  one  in  stationary  tur¬ 
bulence 


(u(k,t  +  T)u(-k,t))  =  (u(k,f)u(-k,t))exp  .  (2.6) 

The  calculation  of  the  sweeping  velocity  (2.5)  can  be  further  simplified  by  assuming 
the  following  form  of  the  bulk  velocity  correlation 

(v(s')v(s”))  =  {v^(s'))exp  (-A|s'  -  s"|)  ,  (2.7) 

where  A“^  is  a  correlation  time  scale.  Substituting  (2.7)  into  (2.5),  we  find 

r)  =  ^  (v^(s'))A"^  ^2  -  exp[-A(s'  -  t)]  -  exp[-A(t  -h  r  -  s  )]^  ds  .  (2.8) 

In  isotropic  turbulence,  the  bulk  velocity  is  determined  by  large  scale  motions.  Hence, 
its  decorrelation  time  scale  A“^  is  much  larger  than  those  of  velocity  fluctuation  modes 
considered  here.  Since  the  time  separation  r  of  interest  is  within  the  decorrelation  time 
scales  of  the  velocity  fluctuations,  we  have  At  <  1,  Using  Taylor  series  expansion  with 
respect  to  At  and  ignoring  the  second  and  higher  order  terms  in  (2.8),  we  obtain 

V^{t,T)  =  -  {v^{s)}ds. 

Jt 


(2.9) 
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Figure  5.  Normalized  time  correlation  vs  (a)  un-normalized  and  (b)  normalized  time 

lag  for  different  modes  computed  using  DNS.  -  fc  =  5; -  K  =  9; - k  —  13; 

.  fc  =  17;  □  A;  =  30;  A  fc  =  40;  V  fc  =  50;  >  A;  =  60;  <  fc  =  70;  o  /c  =  80. 


Note  that  the  bulk  velocity  is  associated  with  the  energy-containing  motions,  and  its 
variance  (v^(t))  is  the  total  energy  of  the  instantaneous  velocity  field.  Since  the  energy 
decay  is  relatively  small  over  the  decorrelation  time  scale,  the  sweeping  velocity  can  be 
easily  calculated  by  simple  approximations  V^{t,  r)  =  (v^(t+r))  or  V^(ty  r)  =  [{v^(t))  -h 
(v^(t  -1-  r))]/2.  The  former  is  used  in  the  following  discussions. 

Figure  5  plots  the  normalized  time  correlations  R{k,T)  from  DNS  for  wavenumbers 
k  =  5,9,13,17,30,40,50,60,70  and  80,  where  the  correlations  are  normalized  by  the 
instantaneous  energy  spectra.  The  time  separation  is  un-normalized  in  Fig.  5(a)  and 
normalized  by  the  scale-dependent  similarity  variable  Vk  in  Fig.  5(b).  The  latter  figure 
clearly  exhibits  that,  with  time  normalization,  ail  curves  for  different  modes  collapse. 
This  verifies  the  validity  of  the  generalized  sweeping  velocity  in  decaying  turbulence. 

Equation  (2.6)  indicates  that  the  normalized  time  correlations  are  solely  determined 
by  the  sweeping  velocities.  In  the  present  LES,  the  sweeping  velocities  are  smaller  than 
that  of  DNS  values  because  of  the  reduced  total  energy.  Therefore,  the  time  correlations 
in  LES  decay  more  slowly  than  the  ones  in  DNS.  That  is  to  say,  the  LES  overpredicts 
the  decorrelation  time  scales  compared  to  DNS.  Figure  6  plots  the  normalized  time 
correlations  from  the  DNS  and  LES  with  respect  to  the  un-normalized  time  for  the  modes 
A;  =  5,9,13,17.  It  confirms  that  the  time  correlations  from  LES  decay  more  slowly  than 
the  ones  from  DNS.  Again,  the  multiscale  LES  method  is  the  most  accurate  and  the 
classic  Smagorinsky  model  is  the  least  accurate  of  the  all  models  tested.  The  dynamic 
Smagorinsky  model  and  the  spectral  eddy  viscosity  model  are  in  the  middle. 

Equation  (2.6)  also  indicates  that  if  the  time  separation  is  normalized  by  V’A;,  the  un- 
normalized  time  correlations  are  solely  determined  by  the  instantaneous  energy  spectra. 
Figure  7  plots  the  un-normalized  correlations  vs  the  normalized  time  separation.  It  shows 
that  the  LES  underestimates  the  magnitudes  of  time  correlations  relative  to  the  DNS 
results.  The  underestimation  obviously  becomes  more  significant  as  the  wavenumber 
increases,  which  is  consistent  with  the  more  severe  drops  of  the  LES  energy  spectra  at 
high  wavenumbers.  Again,  the  relative  performance  of  the  SGS  models  in  terms  of  the 
magnitudes  of  time  correlations  is  the  same  as  before. 

In  conclusion,  the  discrepancies  between  the  time  correlations  computed  using  DNS 
and  LES  consist  of  two  parts:  the  decorrelation  time  scale  and  magnitude.  The  errors  in 
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Figure  6.  Normalized  time  correlation  R{k,T)  vs  time  lag  r  with  starting  time  t  =  0.5  for 

(a)  A;  =  5,  (b)  A;  =  9,  (c)  k  =  13,  (d)  k  =  17. -  DNS; - dynamic  Smagorinsky  model; 

- multiscale  LES; .  Smagorinsky  model; - spectral  eddy  viscosity  model. 


decorrelation  scales  are  induced  by  the  instantaneous  sweeping  velocity,  and  the  errors 
in  magnitudes  are  induced  by  the  instantaneous  energy  spectra.  In  relative  terms,  the 
errors  in  decorrelation  time  scales  are  less  significant  than  those  in  magnitudes.  However, 
they  must  not  be  ignored  since  the  sound  power  spectra  are  sensitive  to  the  decorrelation 
time  scale,  (see  discussions  in  the  next  section).  Note  that  the  sweeping  velocity  used  in 
our  analysis  is  the  r.m.s.  of  velocity  fluctuations,  or  the  square  root  of  the  total  energy. 
Thus,  an  accurate  prediction  of  the  instantaneous  energy  spectra  is  most  critical  to  the 
accurate  computation  of  the  time  correlations. 

2.3.  Discussion 

It  is  difficult  to  determine  the  influence  of  SGS  modeling  on  acoustic  power  spectra 
through  numerical  evaluation  in  general,  since  it  involves  the  truncation  of  the  source 
region  (Wang  et  al.  1996).  To  avoid  this  problem,  we  use  an  analytical  expression  of  acous¬ 
tic  power  spectra  based  on  Lighthill’s  theory  and  the  quasi-normal  closure  assumption. 
The  anal3d:ical  expression  is  only  valid  for  stationary  turbulence.  However,  reasonable 
inferences  can  be  drawn  for  decaying  turbulence  through  this  analysis. 
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Figure  7.  Un-normalized  time  correlation  C(/c,r)  vs  the  normalized  time  lag  r  with  starting 

time  t  =  0.5  for  (a)  /c  =  5,  (b)  fc  =  9,  (c)  /c  =  13,  (d)  k  =  17. -  DNS; - dynamic 

Smagorinsky  model; - multiscale  LES; .  Smagorinsky  model; - spectral  eddy 

viscosity  model. 


According  to  LighthilPs  theory  (Lighthill  1952),  the  acoustic  pressure  in  a  far-field 
position  X  is  given  by 


p(x,f)  = 


1  XiXj 

Attc^  |x|^ 


(2.10) 


where  Tij{y,t)  =  f>Ui{y,t)uj{y,t)  is  the  Lighthill  stress  tensor,  Cl  the  source  region,  p 
the  mean  far-field  density,  c  the  speed  of  sound  in  the  far-field,  and  y  a  position  vector 
in  the  source  field.  Based  on  this  equation,  Kraichnan  calculated  the  fax-field  acoustic 
power  spectral  density  (Kraichnan  1953) 


n^Tij  T%j 


(2.11) 


where  n  is  the  unit  vector  in  the  direction  of  the  point  x,  u  the  frequency  of  the  radiated 
sound,  and  Tij  (k,  a;)  the  space-time  Fourier  transformation  of  the  Lighthill  stress  tensor. 
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Using  the  quasi-normal  hypothesis,  the  acoustic  power  spectral  density  function  can  be 
written  in  the  form  (Rubinstein  &:  Zhou  2002) 

(2.12) 

In  the  following  discussion,  the  normalized  time  correlation  R{k,T)  is  taken  as  the 
exponential  form 


R{k,  t)  =  exp  •  (2-13) 

and  the  energy  spectrum  E{k)  assumes  the  von  Karman  form 

E{k)  =  ^  (2.14) 

where  fco  =  5  defines  the  peak  of  energy  spectrum.  The  exponential  form  and  the  von 
Karmdn  spectrum  are  the  appropriate  approximations  to  the  time  correlations  and  the 
energy  spectra,  respectively,  in  our  numerical  simulations. 

With  the  substitution  of  (2.13)  into  (2.12),  the  non-dimensionalized  sound  power  spec¬ 
tra  are  given  by 

Pt(!^)  =  (“4(W) 

where  M  =  Vofc  is  the  Mach  number  and  Vq  =  cjq/^o-  is  the  inverse  integral  length 
scale  and  o^o  the  inverse  integral  time  scale. 

The  influences  of  the  overpredicted  decorrelation  scales  on  acoustic  power  spectra  can 
be  seen  in  Figure  8(a),  where  the  sound  power  spectra  are  evaluated  according  to  (2.15) 
with  the  sweeping  velocities  V  equal  to  1.0,  0.95  and  0.9.  The  small  variations,  up  to 
10%,  of  the  sweeping  velocities  cause  significant  reductions  of  the  sound  power  spectra 
at  higher  frequencies.  This  illustrates  the  sensitivity  of  the  acoustic  power  spectra  to  the 
sweeping  velocities. 
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The  sweeping  velocity  induced  errors  can  be  compounded  by  the  truncation  of  the 
energy  spectra  at  high  wavenumbers,  corresponding  to  unresolved  scales  in  LES.  To  test 
this  effect,  the  energy  spectrum  is  truncated  {E{k)  set  to  zero)  for  either  A;  >  25  or 
A;  >  13.  Figure  8(b)  plots  the  acoustic  power  spectra  for  the  sweeping  velocity  V  =  0.95 
with  the  above  truncated  energy  spectra.  It  shows  that  the  acoustic  power  spectra  drop 
considerably  at  moderate  to  high  frequencies,  and  the  spectral  peaks  are  shifted  towards 
left  to  lower  frequencies. 


3.  Conclusions  and  future  work 

Numerical  comparisons  in  decaying  isotropic  turbulence  suggest  that  there  exist  dis¬ 
crepancies  in  time  correlations  evaluated  by  DNS  and  LES  using  eddy- viscosity- type 
SGS  models.  This  is  consistent  with  the  previous  observations  in  forced  isotropic  turbu¬ 
lence.  Therefore,  forcing  is  not  the  main  cause  of  the  discrepancies.  Comparisons  among 
different  SGS  models  in  the  LES  also  indicate  that  the  model  choice  affects  the  time  cor¬ 
relations  in  the  LES,  The  multi-scale  LES  method  using  the  dynamic  Smagorinsky  model 
on  the  small  scale  equation  is  the  most  accurate  of  the  all  models,  the  classic  Smagorin¬ 
sky  model  is  the  least  accurate  and  the  dynamic  Smagorinsky  model  and  spectral  eddy 
viscosity  model  give  intermediate  results  with  small  differences. 

The  generalized  sweeping  hypothesis  implies  that  time  correlations  in  decaying  isotropic 
turbulence  are  mainly  determined  by  the  instantaneous  energy  spectra  and  sweeping  ve¬ 
locities.  The  analysis  based  on  the  sweeping  hypothesis  expldns  the  discrepancies  in  our 
numerical  simulations:  the  LES  overpredicts  the  decorrelation  time  scales  because  the 
sweeping  velocities  are  smaller  than  the  DNS  values,  and  underpr edicts  the  magnitudes 
of  time  correlations  because  the  energy  spectrum  levels  are  lower  than  the  DNS  ones. 
Since  the  sweeping  velocity  is  determined  by  the  energy  spectra,  one  concludes  that  an 
accurate  prediction  of  the  instantaneous  energy  spectra  guarantees  the  accuracy  of  time 
correlations. 

An  analytical  expression  of  sound  power  spectra  based  on  LighthilFs  theory  and  the 
quasi-normal  closure  assumption  suggests  that  the  sound  power  spectra  are  sensitive  to 
errors  in  time  correlations.  Small  errors  in  time  correlations  can  cause  significant  errors 
in  the  sound  power  spectra,  which  exhibit  a  sizable  drop  at  moderate  to  high  frequencies 
accompanied  by  a  shift  of  the  peaks  to  lower  frequencies. 

Based  on  the  above  analysis,  two  possible  ways  to  improve  the  acoustic  power  spectrum 
predictions  can  be  considered.  The  first  is  to  construct  better  SGS  models  to  improve 
the  LES  accuracy  for  time  correlations.  The  second  is  to  remedy  the  temporal  statistics 
of  the  Lighthill  stress  tensor  in  order  to  "recover”  the  contribution  from  the  unresolved 
scales  in  LES  to  time  correlations. 
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Grid-independent  large-eddy  simulation  in 
turbulent  channel  flow  using  three-dimensional 

explicit  filtering 

By  Jessica  Gullbrand 


1.  Motivation 

The  most  commonly  used  Large  Eddy  Simulation  (LES)  approach  is  the  implicitly 
filtered  approach.  In  implicitly  filtered  LES,  the  computational  grid  and  the  discretization 
operators  are  considered  as  the  filtering  of  the  governing  equations.Thereby  the  turbulent 
flow  field  is  divided  into  grid  resolved  and  unresolved  scales,  where  the  unresolved  scales 
must  be  modeled. 

When  explicit  filtering  is  used  in  LES,  the  filtering  procedure  of  the  governing  equations 
is  separated  from  the  grid  and  discretization  operations.  The  flow  field  is  divided  into 
resolved  filtered  scale  (RFS)  motions,  and  subfilter-scale  (SFS)  motions.  The  SFS  is  itself 
divided  into  a  resolved  part  (RSFS)  and  an  unresolved  part  (USFS)  (Zhou  et  al  2001); 
see  figure  1.  The  RFS  motion  is  obtained  by  solving  the  filtered  Navier- Stokes  equations. 
The  RSFS  motions  can  be  reconstructed  from  the  resolved  field  and  occur  due  to  the  use 
of  a  smooth  (in  spectral  space)  filter  function.  The  USFS  motions  consist  of  scales  that  are 
not  resolved  in  the  simulation  and  need  to  be  modeled.  The  explicitly  filtered  governing 
equations  were  recently  studied  by  Carati  et  al  (2001)  in  forced  isotropic  turbulence. 

The  smallest  resolved  scales  are  often  used  to  model  the  turbulence-closure  term  in 
LES,  and  therefore  it  is  important  to  capture  these  scales  accurately.  The  accuracy  of  the 
LES  solution  can  be  increased  by  using  high-order  numerical  schemes.  Although  high- 
order  methods  treat  the  important  large  energy- containing  scales  more  accurately,  the 
small  resolved  scales  would  still  be  contaminated  with  truncation  errors  when  using  non¬ 
spectral  methods.  These  errors  can  be  reduced  or  eliminated  by  using  explicit  filtering 
in  LES  (Lund  1997).  This  can  be  achieved  either  by  using  a  large  ratio  of  filter  width  to 
cell  size,  or  by  using  a  higher-order  method,  in  which  case  the  ratio  need  not  be  so  large. 
In  recent  a  priori  studies  by  Chow  &  Moin  (2003),  a  minimum  ratio  of  filter  width  to 
cell  size  was  determined  to  prevent  the  numerical  error  from  becoming  larger  than  the 
contribution  from  the  turbulence-closure  term.  They  concluded  that  with  a  fourth-order 
scheme  a  filter  width  of  at  least  twice  the  cell  size  should  be  used,  and  for  a  second-order 
scheme  the  filter  width  should  be  at  least  four  times  the  cell  size. 

Using  explicit  filtering  and  high-order  numerical  schemes  requires  the  filter  functions 
to  be  commutative  to  at  least  the  same  order  as  the  numerical  scheme.  The  differenti¬ 
ation  and  filtering  operations  must  commute,  to  ensure  that  the  filtered  Navier-Stokes 
equations  have  nearly  the  same  structure  as  the  unfiltered  equations.  In  general,  the 
operations  do  not  commute  when  a  variable  filter  width  is  used,  as  is  needed  in  inho¬ 
mogeneous  turbulent  flows.  Ghosal  &  Moin  (1995)  showed  that  the  commutation  error 
might  overwhelm  the  contribution  from  the  turbulence-closure  term.  Therefore,  this  error 
must  be  reduced  or  eliminated  to  avoid  significant  effects  on  the  LES  solution.  A  general 
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theory  for  constructing  discrete  high-order  commutative  filters  was  proposed  by  Vasilyev 
et  al  (1998). 

Most  of  the  previous  studies  of  LES  using  explicit  filtering  in  turbulent  channel  flow 
have  used  filtering  in  two  dimensions  (the  homogeneous  directions)  and  only  a  few  studies 
have  applied  filtering  in  all  three  dimensions.  We  limit  our  discussion  to  investigations 
performed  using  smooth  filter  functions.  Two-dimensional  filtering  was  investigated  by 
Moin  k  Kim  (1982),  Piomelli  et  al  (1988),  Najjax  k  Tafti  (1996),  and  Gullbrand  k  Chow 
(2002)  among  others.  Studies  using  three-dimensional  filtering  were  performed  by  Cabot 
(1994),  Gullbrand  (2001),  Winckelmans  et  al  (2001),  and  Stolz  et  al  (2001).  However, 
most  of  the  studies  using  three-dimensional  filtering  did  not  focus  on  minimizing  the 
effect  of  the  numerical  errors.  If  care  is  not  taken  to  reduce  the  numerical  errors,  they 
may  be  larger  than  the  contribution  from  the  turbulence-closure  models.  Therefore,  it 
will  not  be  possible  to  separate  the  numerical  effects  from  the  performance  of  turbulence- 
closure  models.  Cabot  (1994),  for  example,  used  a  second-order  finite-difference  scheme 
and  second-order  commutative  filter  functions  with  a  ratio  of  two  between  the  local 
filter  width  and  the  local  cell  size.  The  error  from  the  second-order  scheme  is  proba¬ 
bly  larger  than  the  turbulence-closure  contribution  due  to  the  small  ratio  of  the  filter 
width  to  cell  size  used  and,  in  addition,  a  second-order  commutation  error  is  present. 
Winckelmans  et  al  (2001)  used  a  high-order  finite-difference  scheme  (fourth-order)  but 
applied  a  second-order  commutative  filter  with  a  ratio  of  filter  width  to  cell  size  of  y/6. 
The  filter  functions  used  introduce  a  commutation  error  of  second-order  into  the  simu¬ 
lations.  A  spectral  method  was  used  by  Stolz  et  al  (2001),  together  with  fourth-order 
commutative  filter  functions  with  a  filter-grid  ratio  of  approximately  1.5.  The  use  of  spec¬ 
tral  methods  clearly  reduces  the  numerical  errors  in  the  simulation  when  compared  to 
the  studies  previously  mentioned.  However,  spectral  methods  are  not  considered  in  this 
study.  Gullbrand  (2001)  used  fourth-order  commutative  filter  functions,  with  a  ratio  of 
two  between  the  local  filter  width  and  the  local  cell  size,  in  a  fourth-order  finite-difference 
code.  The  commutation  error  is  then  of  the  same  order  as  the  numerical  scheme,  which 
is  of  higher  order  than  the  turbulence-closure  contribution.  According  to  the  study  by 
Chow  k  Moin  (2003),  the  filter-grid  ratio  used  ensures  that  the  contribution  from  the 
turbulence-closure  term  is  larger  than  the  numerical  errors.  Thus,  a  fourth-order  scheme 
using  fourth-order  commutative  filters  with  a  filter  width  of  at  least  twice  the  cell  size 
creates  a  numerically-clean  environment  where  turbulence-closure  models  can  be  tested 
and  validated. 

In  this  paper,  turbulence-closure  models  are  evaluated  using  the  “true”  LES  approach 
in  turbulent  channel  flow.  The  study  is  an  extension  of  the  work  presented  by  Gullbrand 
(2001),  where  fourth-order  commutative  filter  functions  are  applied  in  three  dimensions 
in  a  fourth-order  finite-difference  code.  The  true  LES  solution  is  the  grid-independent 
solution  to  the  filtered  governing  equations.  The  solution  is  obtained  by  keeping  the  filter 
width  constant  while  the  computational  grid  is  refined  (figure  2).  As  the  grid  is  refined, 
the  solution  converges  towards  the  true  LES  solution.  The  true  LES  solution  will  depend 
on  the  filter  width  used,  but  will  be  independent  of  the  grid  resolution.  In  traditional 
LES,  because  the  filter  is  implicit  and  directly  connected  to  the  grid  spacing,  the  solution 
converges  towards  a  direct  numerical  simulation  (DNS)  as  the  grid  is  refined,  and  not 
towards  the  solution  of  the  filtered  Navier-Stokes  equations.  The  effect  of  turbulence- 
closure  models  is  therefore  difficult  to  determine  in  traditional  LES  because,  as  the  grid 
is  refined,  more  turbulence  length  scales  are  resolved  and  less  influence  from  the  models  is 
expected.  In  contrast,  in  the  true  LES  formulation,  the  explicit  filter  eliminates  all  scales 
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that  are  smaller  than  the  filter  cutoff  {keg  in  figure  2),  regardless  of  the  grid  resolution. 
This  ensures  that  the  resolved  length-scales  do  not  vary  as  the  grid  resolution  is  changed. 
In  true  LES,  the  cell  size  must  be  smaller  than  or  equal  to  the  cutoff  length  scale  of  the 
filter  function. 

The  turbulence-closure  models  investigated  are  the  dynamic  Smagorinsky  model  (DSM), 
the  dynamic  mixed  model  (DMM),  and  the  dynamic  reconstruction  model  (DRM).  These 
turbulence  models  were  previously  studied  using  two-dimensional  explicit  filtering  in  tur¬ 
bulent  channel  flow  by  GuUbrand  k  Chow  (2002).  The  DSM  by  Germano  et  al  (1991) 
is  used  as  the  USES  model  in  all  the  simulations.  This  enables  evaluation  of  different 
reconstruction  models  for  the  RSFS  stresses.  The  DMM  (Zang  et  al.  1993)  consists  of 
the  scale-similarity  model  (SSM)  by  Bardina  et  al  (1983),  which  is  an  RSFS  model,  in 
linear  combination  with  the  DSM.  In  the  DRM  (Gullbrand  k  Chow  2002),  the  RSFS 
stresses  are  modeled  by  using  an  estimate  of  the  unfiltered  velocity  in  the  unclosed  term 
(Stolz  et  al  2001),  while  the  USFS  stresses  are  modeled  by  the  DSM.  The  DSM  and 
the  DMM  are  two  commonly  used  turbulence-closure  models,  while  the  DRM  is  a  more 
recent  model. 


2.  Governing  equations 

The  governing  equations  for  an  incompressible  flow  field  are  the  continuity  equation 
together  with  the  Navier-Stokes  equations, 

dni  dui  dujUj  dp  \  d 

dxi  ~  ’  dt  dxj  dxi  Rsr  dxjdxj 

Here  Ui  denotes  velocity,  p  pressure  and  Rcr  the  Reynolds  number  based  upon  friction 
velocity,  Un  and  channel  half- width,  h.  Einstein  summation  is  applied  to  repeated  indices. 

In  LES,  the  governing  equations  are  filtered  in  space.  The  filtering  procedure  is  applied 
to  the  flow-field  variables  according  to 


Ui(x,A,t)=  f  G{x,x\A)ui{x\t)dx'  y  (2.2) 

Jd 

where  G  is  the  filter  function  and  A  is  the  filter  width. 

Hence,  the  filtered  governing  equations  can  be  written  as 

^-^0  dujUj  dp  1  d’^Uj  dfjj 

dxi  ~  '  dt  dxj  dxi  Rcr  dxjdxj  dxj 

where  the  turbulent  stresses  are  defined  as  Tij  =  UjUf  —  UiU^.  The  filtered  equations  are 
not  closed  because  of  the  nonlinear  term  uHuj.  The  approach  by  Leonard  is  followed  where 
the  instantaneous  velocity  field  is  divided  into  a  filtered  velocity  and  a  fluctuating  part, 
Ui  =  Ui'\-u[y  and  the  unclosed  term  can  be  rewritten  to  ufa]  =  {ui  +tti)(^j  +  = 

UiUj  +  The  product  of  the  nonlinear  terms  (uiUj)  introduces  high  wavenumbers 
that  are  beyond  the  wavenumber  content  of  the  filtered  velocity  field  (ui)  and  beyond 
the  cutoff  of  the  filter  function.  To  prevent  these  high  wavenumbers  to  influence  the 
resolved  wavenumbers,  the  nonlinear  terms  are  explicitly  filtered.  A  potential  drawback 
of  (2.3)  is  that  the  resulting  equation  is  not  in  general  Galilean-invariant  (Speziale  1985) 
provided  that  the  SFS  models  are  Galilean-invariant.  In  a  moving  coordinate  system,  the 
resulting  equation  contains  the  additional  term  Cjdifii  —  Ui)/dxjy  where  Cj  is  the  uniform 
translation  velocity.  The  additional  term  is  proportional  to  the  difference  between  the 
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doubly  filtered  and  singly  filtered  velocity  field.  This  difference  will  be  zero  when  a  sharp 
cut-off  filter  is  used,  but  will  not  vanish  in  the  general  case.  The  error  can  be  minimized 
by  constructing  the  explicit  filter  function  as  close  as  possible  to  a  sharp  cut-off  filter. 
However,  the  preferable  solution  is  to  choose  an  appropriate  turbulence-closure  model  so 
the  problem  can  be  avoided.  Speziale  (1985)  showed  that  using  the  SSM  by  Bardina  et  al 
(1983)  with  the  model  coefficient  of  unity  as  the  turbulence- closure  model  would  solve  the 
problem.  However,  a  drawback  of  this  model  is  that  it  generates  higher  frequencies  and 
the  desired  effects  from  the  explicit  filtering  approach  is  thus  destroyed  (Lund  1997).  The 
DRM  on  the  other  hand  has  the  desired  properties  and  avoids  the  Galilean-invariance 
problem.  Description  of  this  model  and  further  discussion  are  found  in  the  next  section. 


3.  Subfilter-scale  models 

The  turbulent  flow  field  is  divided  into  RFS  and  SFS  motions  when  explicit  filtering  of 
the  Navier-Stokes  equations  is  applied.  In  figure  1,  a  sketch  of  a  typical  energy  spectrum 
is  shown.  The  solid  line  represents  the  energy  captured  by  a  fully  resolved  DNS,  while 
the  dashed  line  represents  the  LES  energy.  The  vertical  line  at  keg  shows  the  filter  cutoff 
in  the  LES.  The  filter  cutoff  is  determined  by  where  the  filter  function  goes  to  zero  and 
stays  zero  (in  spectral  space),  2. e.,  no  wavenumbers  higher  than  the  cutoff  wavenumber 
are  resolved  in  the  simulation.  The  filter  cutoff  can  be  seen  in  figure  2.  All  wavenumbers 
smaller  than  the  filter  cutoff  wavenumber  are  resolved  in  the  simulations.  However,  they 
are  damped  by  the  filter  function  and  have  to  be  recovered  by  an  inverse  filter  operation. 
This  corresponds  to  the  RSFS  portion  of  the  energy  spectrum.  The  same  terminology  for 
the  RSFS  and  the  USFS  was  previously  suggested  by  Zhou  et  al  (2001).  In  principle,  the 
RSFS  can  be  exactly  recovered,  but  this  is  only  possible  when  using  spectral  methods. 
If  non-spectral  methods  are  applied,  there  are  numerical  errors  (NE)  associated  with  the 
high  wavenumbers  and  thus  the  recovered  scales  are  contaminated  with  errors. 

The  unresolved  portion  of  the  spectrum  (the  USFS)  consists  of  wavenumbers  that  are 
higher  than  the  filter  cutoff  wavenumber.  The  USFS  motions  need  to  be  modeled.  The 
vertical  lines  in  figure  1  represent  the  grid  cutoff  wavenumbers  for  two  grid  resolutions. 
The  coarse  grid  cutoff,  keg,  happens  to  coincide  with  the  filter  cutoff,  while  the  fine  grid 
cutoff,  kfg/is  located  in  the  USFS  portion  of  the  spectrum.  However,  the  USFS  motions 
that  need  to  be  modeled  are  the  same  for  the  two  resolutions,  since  the  filter  cutoff 
determines  the  wavenumbers  resolved. 

To  recover  the  RSFS  stresses,  the  iterative  method  of  van  Cittert  (1931)  is  used  in 
this  study.  This  method  was  previously  used  by  Stolz  et  al  (2001)  in  their  approximate 
deconvolution  procedure  to  reconstruct  the  unfiltered  velocity  field  ui  from  the  filtered 
field  Ui.  To  fully  recover  the  unfiltered  velocity,  an  infinite  number  of  iterations  is  needed. 
However,  since  this  is  not  practical  in  numerical  simulations,  the  unfiltered  velocity  field 
is  approximated  by  a  finite  number  of  iterations.  By  varying  this  number,  different  models 
can  be  obtained  to  model  the  RSFS  stresses. 

Here,  low-level  reconstruction  (the  SSM)  and  reconstruction  up  to  level  five  are  used. 
Further  details  of  the  reconstruction  used  are  found  in  3.3.  In  order  to  compare  the 
different  RSFS  models,  the  same  USFS  model  (the  DSM)  is  used  in  all  the  simulations. 
The  combinations  of  RSFS  and  USFS  models  used  are  described  below. 
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Figure  1.  Schematic  of  velocity  energy  spectrum  showing  partitioning  into  resolved  filtered 
scale  (RFS),  resolved  subfilter-scale  (RSFS),  and  unresolved  subfilter-scale  (USFS)  motions.  The 

numerical  error  (NE)  region,  denoted  by .  ,  is  a  subregion  of  the  RSFS.  — — —  represents 

DNS  energy, - LES  energy,  and - filter  cutoff.  The  vertical  line  at  keg  represents  the 

filter  cutoff  wavenumber,  which  corresponds  to  the  smallest  resolved  wavenumber  for  the  coarse 
grid.  The  vertical  line  at  kfg  represents  the  wavenumber  cutoff  for  the  fine  grid. 

3.1.  Dynamic  Smagorinsky  Model 

The  DSM  is  a  widely-used  eddy  viscosity  USFS  model  (Smagorinsky  1963): 

ry  =  =  -2(CA)2|5|5y,  (3.1) 

where  Ue  is  the  eddy  viscosity,  A  the  filter  width,  and  the  strain  rate  tensor  Sij  = 
0.5{dui/dxj  -^-duj/dxi).  The  model  parameter  (CA)^  is  calculated  dynamically  (Ger¬ 
mane  et  al  1991)  using  the  least-square  approximation  of  Lilly  (1992).  The  model  pa¬ 
rameter  is  averaged  in  the  homogeneous  directions  and  is  calculated  by  the  same  dynamic 
procedure  as  described  in  the  papers  previously  mentioned.  The  explicit  filtering  of  the 
nonlinear  terms  is  not  considered  when  the  model  parameter  is  calculated.  The  filter¬ 
ing  enters  only  when  nj  is  introduced  into  the  filtered  Navier-Stokes  equations.  Large 
magnitudes  of  negative  values  of  the  eddy  viscosity  are  clipped  to  avoid  negative  total 
viscosity  in  the  simulations,  (i^e  +  ^  0))  ^  proposed  by  Zang  et  al.  (1993). 

3.2.  Dynamic  Mixed  Model 

Low-level  reconstruction  of  the  RSFS  stresses  can  be  performed  by  using  the  SSM  pro¬ 
posed  by  Bardina  et  al  (1983).  Here  the  RSFS  stress  is  modeled  by  the  scale-similarity 
term  and  the  DSM  is  used  as  the  USFS  model: 

T,,-  =  -  Wj)  -  2{CAyWij  ,  (3-2) 

to  form  the  DMM.  The  SSM  term  is  discretized  with  the  same  numerical  scheme  as  the 
convective  terms. 


3.3.  Dynamic  Reconstruction  Model 

High-order  reconstruction  of  the  RSFS  stress  tensor  can  be  achieved  by  the  iterative 
deconvolution  method  of  van  Cittert  (1931).  The  unfiltered  quantities  can  be  derived  by 
a  series  of  successive  filtering  operations  (G)  applied  to  the  filtered  quantities  with 

Ui  =  iZi  +  (/-G)*Wi  +  (/-G)*((7-G)*Ui)  +  ---  (3.3) 

where  I  is  the  identity  matrix.  The  truncation  order  of  the  expansion  determines  the 
level  of  deconvolution,  as  discussed  by  Stolz  et  al.  (2001).  If  the  series  includes  the  terms 


336 


J.  Gullbrand 


explicitly  shown  in  (3.3),  it  corresponds  to  reconstruction  of  level  two.  An  approximate 
unfiltered  velocity  (u*)  is  obtained  by  the  truncated  series,  u*  is  substituted  into  the 
unclosed  term  uiu]^  which  results  in  u*Uj.  The  reconstruction  of  the  RSFS  stresses  are 
used  in  linear  combination  with  the  DSM, 

Tij  =  u^u*j  -  -  2(CA)2|5|S'jj.  ,  (3.4) 

which  is  called  the  d3mamic  reconstruction  model  (DRM).  In  the  simulations,  the  same 
numerical  scheme  is  used  for  the  convective  terms  and  the  RSFS  terms.  The  DRM  yields 
a  Galilean-invariant  expression  of  (2.3),  since  the  nonlinear  terms  UiUj  on  the  right-hand 
side  and  left-hand  side  of  the  equation  cancel  each  other.  A  reconstruction  series  of  up 
to  level  five  is  used  in  this  study. 


4.  Filter  functions 

It  is  important  that  the  explicit  filter  and  the  test  filter,  which  is  used  in  the  dynamic 
procedure  of  the  DSM,  have  similar  shapes,  since  the  dynamic  procedure  is  based  upon 
the  scale-similarity  assumption  in  the  Germano  identity  (Germano  et  al  1991).  In  the 
simulations  presented  here,  the  same  filter  function  is  used  in  all  the  simulations.  It  is 
only  the  filter  width  that  is  varied  between  the  simulations.  The  base  filter  is  a  fourth- 
order  commutative  filter  function  with  filter  width  2Acp,  where  Acg  is  the  grid  cell  size 
for  the  coarse-grid  resolution.  The  computational  domain  and  grid  resolutions  used  in 
the  simulations  are  discussed  in  section  6.  It  is  not  straightforward  to  determine  the 
filter  width  of  a  high-order  filter,  and  different  methods  were  studied  by  Lund  (1997). 
Here,  one  of  the  methods  suggested  by  Lund  is  applied.  The  filter  width  is  defined  as  the 
location  where  the  filter  function  reaches  a  value  of  G{k)  =0.5.  The  filter  function  used 
in  the  simulations  was  developed  by  Vasilyev  et  al  (1998)  and  is 

—  1  9  19  1 

where  the  filter  weights  for  <pi±2  are  zero.  The  smooth  filter  function  is  shown  in  spectral 
space  in  figure  2,  In  the  near- wall  region,  asymmetric  filters  are  used  in  the  first  three 
grid  points  for  the  coarse  grid  in  the  wall-normal  direction.  Since  the  filter  width  is  held 
fixed,  this  corresponds  to  using  asymmetric  filters  in  the  first  six  grid  points  for  the  fine 
grid. 

In  the  simulations,  the  ratio  of  the  test-filter  width  to  the  explicit-filter  width  is  chosen 
to  be  two,  as  proposed  by  Germano  et  al  (1991)  for  the  DSM.  The  test  filter  is  used 
only  in  the  calculation  of  (CA)^  in  the  DSM,  while  the  explicit  filter  function  is  used  to 
determine  the  RSFS  contribution  through  either  the  SSM  or  reconstruction  by  the  van 
Cittert  (1931)  iterative  method.  The  ratio  between  the  explicit-filter  width  and  the  cell 
size  for  the  coarse  grid  is  two  and  for  the  fine  grid,  the  ratio  is  four.  This  preserves  the 
effective  filter  width  as  the  grid  resolution  is  increased,  as  seen  in  figure  2.  The  vertical 
line  at  low  wavenumber  represents  the  grid  cutoff  {k^g)  for  the  coarse-grid  resolution.  The 
filter  cutoff  wavenumber  is  the  same  as  the  grid  cutoff  for  the  coarse  grid.  For  the  fine 
grid,  the  filter  cutoff  is  held  fixed,  resulting  in  a  separation  between  the  filter  cutoff  and 
grid  cutoff  {kfg)  locations.  The  grid-cutoflF  wavenumbers  are  also  shown  schematically  in 
figure  1.  The  ratio  of  two  for  the  filter  width  and  the  cell  size  for  the  coarse  grid  was 
chosen  to  prevent  the  numerical  errors  from  becoming  larger  than  the  contribution  of  the 
turbulence-closure  model  (Ghosal  1996;  Chow  Sz  Moin  2003), 
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Figure  2.  The  base  filter  function  in  spectral  space  and  its  relation  to  the  computational  grid 

resolutions.  -  :  filter  function,  .  :  filter  width, - :  coarse  grid  resolution,  and 

- :  fine  grid  resolution.  The  wavenumber  keg  represents  the  grid  cutoff  wavenumber  for  the 

coarse  grid,  while  kfg  represents  the  grid  cutoff  wavenumber  for  the  fine  grid. 

5.  Solution  algorithm 

In  the  computational  code,  the  spatial  derivatives  are  discretized  using  a  fourth-order 
central-difference  scheme  on  a  staggered  grid.  The  convective  term  is  discretized  in  the 
skew-s3anmetric  form  (Morinishi,  Lund,  Vasilyev  &:  Moin  1998;  Vasilyev  2000)  to  ensure 
conservation  of  turbulent  kinetic  energy.  The  equations  are  integrated  in  time  using 
the  third-order  Runge-Kutta  scheme  described  by  Spalart,  Moser  k  Rogers  (1991).  The 
diffusion  terms  in  the  wall-normal  direction  are  treated  implicitly  by  the  Crank-Nicolson 
scheme.  The  splitting  method  of  Dukowicz  k  Dvinsky  (1992)  is  used  to  enforce  the 
solenoidal  condition.  The  resulting  discrete  Poisson  equation  for  the  pressure  is  solved 
in  the  wall-normal  direction  using  a  pentad-diagonal  matrix  solver.  In  the  homogeneous 
directions,  the  Poisson  equation  is  solved  using  a  discrete  Fourier  transform.  Periodic 
boundary  conditions  are  applied  in  the  streamwise  and  spanwise  homogeneous  directions, 
and  no-slip  conditions  are  enforced  at  the  channel  walls.  A  fixed  mean  pressure  gradient  is 
used  to  drive  the  flow.  The  results  using  the  fourth-order  computational  code  is  compared 
to  results  from  a  second-order  finite-difference  code  in  Gullbrand  (2000)  and  Gullbrand 
k  Chow  (2002). 


6.  Turbulent  channel  flow  simulations 


The  Rejmolds  number  is  Rcr  =  395  and  the  computational  domain  is  (27r/i,  2/i,  7rh) 
in  (x,  y,  z),  where  x  is  the  streamwise  direction,  y  the  wall-normal  direction,  and  the 
spanwise  direction.  The  computational  grid  is  stretched  in  the  y-direction  by  a  hyperbolic 
tangent  function 


y{j)  =  - 


tanh(7(l  -  2j/N2)) 


j  =  0,...,N2 


(6.1) 


tanh(7) 

where  N2  is  the  number  of  grid  points  in  the  wall-normal  (j)  direction  and  7  is  the 
stretching  parameter,  which  is  set  to  2.75.  Two  computational  grids  are  used  for  the 
LES  calculations;  (64,49,48),  which  corresponds  to  one-quarter  of  the  DNS  resolution  in 
each  spatial  direction,  and  (128,97,96),  which  is  half  the  number  of  DNS  grid  points  in 
each  direction.  The  cell  size  for  the  coarser  grid  resolution  is  Ax'^  =  39,  Az'^  —  26,  and 
0.4  <  <  45.  The  finer  resolution  corresponds  to  the  cell  size  Ax‘^  =  19,  =  13, 

and  0.2  <  Ay^  <  23.  The  ‘plus’  values  (wall  units)  are  obtained  by  normalizing  the  length 
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Figure  3.  Mean  velocity  profiles  using  different  turbulence-closure  models,  o:  filtered  DNS, 

-  •  DSM  (64,49,48), - :  DSM  (128,97,96), - :  DMM  (64,49,48), .  :  DMM 

(128,97,96), - :  DRM  (N-5)  (64,49,48),  and - :  DRM  (N=5)  (128,97,96). 

scale  with  the  friction  velocity  and  the  kinematic  viscosity.  A  statistically  stationary 
solution  is  obtained  after  30  dimensionless  time  units,  and  thereafter  statistics  were 
sampled  during  15  additional  time  units.  The  time  is  normalized  with  the  friction  velocity 
and  channel  half-width.  The  LES  results  are  compared  to  filtered  DNS  data,  and  all  the 
presented  results  are  averaged  in  the  homogeneous  directions. 

The  DNS  is  performed  with  the  same  computational  code  as  used  in  the  LES  sim¬ 
ulations.  The  computational  grid  resolution  is  (256,193,192)  as  used  by  Moser,  Kim  & 
Mansour  (1999).  The  DNS  data  fields  axe  filtered  using  the  commutative  filter  functions. 
In  the  figures,  it  is  only  every  third  grid  point  in  the  filtered  DNS  that  are  plotted  to 
make  the  comparison  between  the  LES  and  DNS  clearer. 


7.  Results 

Figure  3  shows  mean  velocity  profiles  from  simulations  using  different  RSFS  models  and 
different  grid  resolutions.  The  filter  width  is  fixed,  while  the  grid  resolution  is  increased. 
The  goal  is  to  obtain  a  grid-independent  LES  solution  so  that  the  behavior  of  turbulence- 
closure  models  can  be  evaluated.  The  changes  in  the  predicted  mean  velocity  profiles  as 
the  grid  resolution  is  increased  are  only  minor,  indicating  that  the  LES  solutions  are 
nearly  converged.  The  mean  velocities  predicted  by  the  DSM  are  much  higher  than  the 
filtered  DNS  results.  The  DMM  improves  the  results  slightly,  while  the  best  agreement 
with  the  filtered  DNS  data  is  predicted  by  the  DRM  (N=5).  This  shows  the  need  for  a 
RSFS  model  when  a  smooth  explicit  filter  function  is  applied. 

The  streamwise  velocity  fiuctuations  in  figure  4  show  the  same  trend  as  the  mean 
velocity  profiles.  However,  the  differences  in  the  results  as  the  grid  is  refined  are  slightly 
larger  than  for  the  mean  velocity.  The  DSM  shows  the  largest  overprediction  of  the  peak 
streamwise  velocity  fiuctuations.  The  peak  value  decreases  slightly  as  the  grid  is  refined. 
This  is  also  observed  for  the  DMM  and  the  DRM  (N=5).  It  should  be  noted  that  the 
DRM  actually  predicts  a  peak  value  that  is  lower  than  the  DNS  data.  This  is  very  unusual 
in  LES,  because  most  models  will  overpredict  the  streamwise  velocity  fiuctuations  and 
underpredict  the  wall-normal  and  spanwise  fluctuations.  However,  the  wall-normal  and 
spanwise  velocity  fluctuations  shown  in  figure  4  are  even  further  underpredicted  when 
applying  DRM  (N=5)  compared  to  the  other  two  models. 

The  modeled  shear  stresses  are  shown  in  figure  5.  It  is  a  well-known  problem  that  the 
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Figure  4.  Velocity  fluctuations  in  the  streamwise  |u'|,  wall-normal  |v'|,  and  spanwise  \w*\  di¬ 
rections.  o:  Altered  DNS, -  :  DSM  (64,49,48), - :  DSM  (128,97,96), - :  DMM 

(64,49,48), .  :  DMM  (128,97,96), - :  DRM  (N=5)  (64,49,48),  and - :  DRM  (N=5) 

(128,97,96). 


Figure  5.  Modeled  shear  stress,  ri2,  using  different  turbulence-closure  models,  o:  Altered  DNS, 

- :  DSM  (64,49,48), - :  DSM  (128,97,96), - :  DMM  (64,49,48), .  ;  DMM 

(128,97,96), - :  DRM  (N=5)  (64,49,48),  and - :  DRM  (N=5)  (128,97,96). 


DSM  does  not  predict  sufficient  shear  stress  in  the  near- wall  region  (Baggett,  Jimenez 
&  Kravchenko  1997).  As  shown  in  the  figure,  the  DSM  predicts  the  lowest  peak  values, 
while  the  largest  are  produced  by  the  DRM  (N=5).  The  modeled  shear  stress  increases 
when  the  level  of  reconstruction  is  increased.  However,  the  contribution  from  the  DSM 
does  not  change  much  between  the  different  simulations;  the  peak  value  is  approximately 
the  same.  The  increase  of  modeled  shear  stress  is  therefore  almost  entirely  due  to  the 
RSFS  model.  The  peak  value  of  the  modeled  shear  stress  is  approaching  the  filtered 
DNS  data  as  the  level  of  reconstruction  is  increased.  Towards  the  center  of  the  channel, 
the  high  level  reconstruction  model  overpredicts  the  shear  stress  when  compared  to  the 
filtered  DNS  data. 
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8.  Discussion  and  conclusions 

The  true  LES  approach  is  investigated  in  turbulent  channel  flow  using  commutative  fil¬ 
ter  functions  in  all  three  spatial  directions.  In  the  true  LES  approach,  a  grid-independent 
solution  to  the  filtered  governing  equations  is  obtained.  The  LES  solution  depends  upon 
the  explicit  filter  width  used,  but  is  independent  of  the  computational  grid.  A  compu¬ 
tational  code  using  an  energy-conserving  fourth-order  finite-difference  scheme  is  applied 
and  fourth-order  commutative  filters  are  used.  Simulations  of  turbulent  channel  flow  were 
performed  at  Rcr  =  395.  The  explicit  filter  width  was  kept  fixed  while  the  computational 
grid  was  refined,  to  obtain  a  grid-independent  solution.  The  results  using  two  different 
grid  resolutions  show  only  minor  differences,  indicating  that  the  LES  solutions  are  nearly 
converged.  The  explicit  filtering  also  reduces  the  numerical  errors  that  are  associated 
with  the  high-wavenumber  portion  of  the  spectrum  when  using  non-spectral  methods. 
Therefore,  explicit  filtering  in  LES,  using  high-order  commutative  filters,  results  in  a 
numerically-clean  environment  where  turbulence-closure  models  can  be  investigated  in 
grid-independent  LES  solutions.  This  could  not  be  performed  using  the  traditional  LES 
approach,  since  the  contribution  from  the  SFS  models  decreases  as  the  computational 
grid  is  refined. 

The  turbulence-closure  models  investigated  are  the  DSM,  DMM  and  DRM.  The  mod¬ 
els  are  compared  to  filtered  DNS  data  for  mean  velocity  profiles,  velocity  fluctuations, 
and  modeled  shear  stresses.  The  mean  velocity  profiles  and  the  streamwise  velocity  fluc¬ 
tuations  improve  as  the  level  of  reconstruction  increases.  The  closest  agreement  between 
the  LES  results  and  the  filtered  DNS  data,  in  this  study,  is  obtained  by  the  level  of 
reconstruction  of  five  (DRM,  N=5). 

The  poor  agreement  between  the  filtered  DNS  results  and  the  DSM  shows  the  need 
for  RSFS  models  when  using  a  smooth  (in  spectral  space)  explicit  filter  function.  The  re¬ 
sults  predicted  by  the  models  investigated  show  a  distinct  improvement  in  the  predicted 
quantities,  when  compared  to  filtered  DNS  results,  as  the  level  of  reconstruction  is  in¬ 
creased.  These  improvements  are  probably  due  to  the  increase  of  modeled  shear  stress 
in  the  near- wall  region.  The  DSM  is  known  not  to  predict  sufficient  shear  stress  in  the 
near- wall  region,  and  as  the  level  of  reconstruction  is  increased  so  is  the  modeled  shear 
stress.  The  increase  is  almost  entirely  due  to  the  RSFS  model,  since  the  contribution 
from  the  DSM  does  not  change  significantly. 
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Advanced  signal  processing  for  integrated 
LES-RANS  simulations:  Anti-aliasing  filters 

By  J.  U.  Schiiiter 


1.  Motivation 

Currently,  a  wide  variety  of  flow  phenomena  are  addressed  with  numerical  simulations. 
Many  flow  solvers  are  optimized  to  simulate  a  limited  spectrum  of  flow  effects  effectively, 
such  as  single  parts  of  a  flow  system,  but  are  either  inadequate  or  too  expensive  to  be 
applied  to  a  very  complex  problem. 

As  an  example,  the  flow  through  a  gas  turbine  can  be  considered.  In  the  compressor 
and  the  turbine  section,  the  flow  solver  has  to  be  able  to  handle  the  moving  blades, 
model  the  wall  turbulence,  and  predict  the  pressure  and  density  distribution  properly. 
This  can  be  done  by  a  flow  solver  based  on  the  Reynolds- Averaged  Navier-Stokes  (RANS) 
approach  (Davis  et  al  2002),  On  the  other  hand,  the  flow  in  the  combustion  chamber 
is  governed  by  large  scale  turbulence,  chemical  reactions,  and  the  presence  of  fuel  spray. 
Experience  shows  that  these  phenomena  require  an  unsteady  approach  (Veynante  and 
Poinsot  1996).  Hence,  for  the  combustor,  the  use  of  a  Large  Eddy  Simulation  (LES)  flow 
solver  is  desirable  (Mahesh  et  al  2001;  Constantinescu  et  al  2003). 

While  many  design  problems  of  a  single  flow  passage  can  be  addressed  by  separate 
computations,  only  the  simultaneous  computation  of  all  parts  can  guarantee  the  proper 
prediction  of  multi-component  phenomena,  such  as  compressor/combustor  instability  and 
combustor /turbine  hot-streak  migration.  Therefore,  a  promising  strategy  to  perform  full 
aero-thermal  simulations  of  gas-turbine  engines  is  the  use  of  a  RANS  flow  solver  for  the 
compressor  sections,  an  LES  flow  solver  for  the  combustor,  and  again  a  RANS  flow  solver 
for  the  turbine  section  (Fig.  1). 


2.  Interface  Conditions 

The  simultaneous  computation  of  the  flow  in  all  parts  of  a  gas  turbine  with  different 
flow  solvers  requires  an  exchange  of  information  at  the  interfaces  of  the  computational 
domains  of  each  part.  Previous  work  has  established  algorithms,  which  ensure  that  two 
or  more  simultaneously  running  flow  solvers  are  able  to  exchange  the  information  at  the 
interfaces  efficiently  (Shankaran  et  al  2001;  Schiiiter  et  al  2003d). 

The  necessity  of  information  exchange  in  the  flow  direction  from  the  upstream  to  the 
downstream  flow  solver  is  obvious:  the  flow  in  a  passage  is  strongly  dependent  on  mass 
flux,  velocity  vectors,  and  temperature  at  the  inlet  of  the  domain.  However,  since  the 
Navier-Stokes  equations  are  elliptic  in  subsonic  flows,  the  downstream  flow  conditions 
can  have  a  substantial  influence  on  the  upstream  flow  development.  This  can  easily  be 
imagined  by  considering  that,  for  instance,  a  flow  blockage  in  the  turbine  section  of  the 
gas  turbine  can  determine  and  even  stop  the  mass  flow  rate  through  the  entire  engine. 
This  means  that  the  information  exchange  at  each  interface  has  to  go  in  both,  downstream 
and  upstream,  directions. 

Considering  an  LES  flow  solver  computing  the  flow  in  the  combustor,  information  on 
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Figure  1.  Decomposition  of  gas  turbine  engine.  LES  of  combustor  from  Mahesh  et  al  2001; 
Constantinescu  et  al  2003,  RANS  of  turbine  section  from  Davis  et  al  2002 


the  flow  field  has  to  be  provided  to  the  RANS  flow  solver  computing  the  turbine  as  well 
as  to  the  RANS  flow  solver  computing  the  compressor.  At  the  same  time,  the  LES  solver 
has  to  obtain  flow  information  from  both  RANS  flow  solvers.  The  coupling  can  be  done 
using  overlapping  computational  domains  for  the  LES  and  RANS  simulations.  For  the 
example  of  the  compressor /combustor  interface  this  would  imply  that  inflow  conditions 
for  LES  will  be  determined  from  the  RANS  solution  at  the  beginning  of  the  overlap 
region,  and  correspondingly  the  outflow  conditions  for  RANS  are  determined  from  the 
LES  solution  at  the  end  of  the  overlap  region. 

However,  the  different  mathematical  approaches  of  the  different  flow  solvers  make 
the  coupling  of  the  flow  solvers  challenging.  Since  LES  resolves  large-scale  turbulence 
in  space  and  time,  the  time  step  between  two  iterations  is  relatively  small.  RANS  flow 
solvers  average  all  turbulent  motions  over  time  and  predict  ensemble  averages  of  the 
flow.  Even  when  a  so-called  unsteady  RANS  approach  is  used,  the  time  step  between 
two  ensemble- averages  of  the  RANS  flow  solver  is  usually  larger  by  several  orders  of 
magnitude  than  that  for  an  LES  flow  solver. 

The  smaller  time-step  of  the  LES  flow  solver  results  in  the  necessity  of  the  LES  flow 
solver  to  average  its  own  LES  data  over  the  RANS  time-step  in  order  to  provide  data 
for  the  RANS  flow  solver  at  the  requested  times.  However,  the  sampling  process  may 
introduce  errors  in  the  frequency  spectra. 

As  an  analogy,  the  digitization  of  an  continuous  signal  during  experiments  can  be  seen. 
Here,  the  highest  frequency  recorded  without  error  is  the  Nyquist  frequency,  defined 
as  half  of  the  sampling  frequency.  Low  pass  filters  are  used  in  order  to  remove  high 
frequency  disturbances  fi'om  the  continuous  signal  before  the  sampling  process.  Omitting 
the  filtering  would  result  in  aliasing  errors,  which  means  that  under-resolved  frequencies 
if  >  /nyquist)  Sire  found  in  the  long  wave  spectrum.  Hence,  the  low-pass  filtering  pnor 
to  the  digitization  is  necessary. 

For  the  communication  between  LES  and  RANS  flow  solvers  a  similar  procedure  has 
to  be  found  in  order  to  avoid  aliasing  of  frequencies  in  the  sampling  of  the  LES  data. 
The  current  study  investigates  the  use  of  filters  to  ensure  the  proper  communication  of 
flow  variables. 
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3.  Interface  Implementation  and  Flow  Solver 

For  the  present  study,  the  information  transfer  between  two  flow  solvers  has  been 
studied.  The  idea  is  to  periodically  excite  the  flow  in  the  upstream  domain  and  observe 
the  information  transfer  to  the  downstream  domain.  To  be  able  to  compare  with  the 
true  solution  of  a  simulation  of  the  entire  domain  with  a  single  code,  this  study  has  been 
done  by  coupling  two  instances  of  the  same  flow  solver.  Both  LES  flow  solvers  exchange 
information  at  a  time  step  At,  which  is  larger  by  more  than  one  order  of  magnitude  than 
the  LES  time  step  At, 

The  LES  flow  solver  developed  at  the  Center  for  Turbulence  Research  (Pierce  k  Moin 
1998)  has  been  used.  The  flow  solver  solves  the  filtered  momentum  equations  with  a 
low-Mach  number  assumption  on  an  axi-symmetric  structured  mesh.  A  second-order 
finite- volume  scheme  on  a  staggered  grid  is  used  (Akselvoll  k  Moin  1996). 

The  sub-grid  stresses  are  approximated  with  an  eddy-viscosity  approach.  The  eddy 
viscosity  is  determined  by  a  dynamic  procedure  (Gerraano  et  al  1991;  Moin  et  al  1991). 

For  the  real-time  exchange  of  flow  variables  during  the  simultaneous  computation  of 
both  domains,  a  recently  developed  interface  has  been  used  (Schliiter  et  al  2002;  Schliiter 
et  al  2003d).  The  interface  establishes  a  communication  between  the  two  flow  solvers  and 
lets  the  flow  solvers  exchange  flow  variables  after  a  given  time-step  At.  Each  of  the  flow 
solvers  obtains  a  data  set  of  flow  variables  for  each  point  at  the  boundary.  Then,  each 
flow  solver  defines  its  own  boundary  conditions  from  the  data  obtained.  At  the  inlet  of 
the  downstream  LES  flow  solver,  inflow  boundary  conditions  corresponding  to  Schliiter 
et  al  (2003b)  (see  also  Schliiter  et  al  2003a;  Schliiter  2003)  have  been  employed. 

Previous  work  has  shown  that  at  the  outflow  of  the  upstream  domain  outlet  boundary 
conditions  have  to  be  employed  taking  the  feedback  from  the  downstream  domain  into 
account  (Schliiter  and  Pitsch  2001;  Schliiter  et  al  2002;  Schliiter  et  al  2003c).  This  can 
be  done  by  employing  a  body  force  near  the  outlet  of  the  domain,  which  drives  the 
flow  to  a  solution  given  by  the  flow  solution  of  the  downstream  domain.  However,  in  the 
current  case  the  feedback  was  consciously  suppressed.  This  was  done  to  avoid  that  aliased 
frequencies  received  by  the  downstream  domain  are  given  back  to  the  upstream  domain 
and  may  contaminate  the  outgoing  signal  from  the  upstream  domain.  This  means  that  if 
the  feedback  is  not  suppressed,  the  numerical  error  due  to  aliasing  may  even  increase.  The 
suppression  ensures  that  all  effects  of  variations  of  the  interface  can  be  associated  directly 
with  the  filter  change.  Since  there  is  no  feedback  from  the  downstream  flow  solver,  the 
time-evolving  LES  solution  of  the  upstream  flow  solver  is  identical  for  all  cases  reported 
here. 

The  inlet  boundary  condition  of  the  upstream  domain  has  been  determined  by: 


^i,LEs(0  ~  '1^1,MBAn(0  d" 


(3.1) 


where  t  the  time  using  the  LES  time  scale  and  tti^DB(t)  is  a  turbulent  motion  from  a 
pre-generated  data-base.  In  laminar  cases  the  turbulent  fluctuation  was  set  to  zero.  For 
turbulent  cases,  the  mean  flow-field  at  the  inlet  and  the  data-base  for  the  turbulent 
motions  were  determined  by  a  separate  LES  computation  of  a  weakly  swirling  periodic 
pipe  flow.  The  swirl  number  of  this  pipe  flow  was  5  =  0.15  with: 

^  So  dr 

^  So 


where  Ux  is  the  axial  velocity  component,  is  the  azimuthal  velocity  component,  and 
D  is  the  diameter  of  the  pipe. 
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Figure  2.  Geometry  of  the  test-case. 

In  order  to  simulate  a  convective  wave,  the  azimuthal  velocity  component  has  been 
modulated  by: 

•  [I'O  4-  0.3  *  sin(27r  •  St  ♦  t)]  (3*3) 

with  the  mean  velocity  of  the  data-base. 

4.  Aliasing  Problem 

In  order  to  investigate  the  aliasing  problem  in  integrated  LES-RANS  computations 
consider  the  following  case:  a  pipe  is  split  into  an  upstream  domain  computed  by  one  flow 
solver  and  a  downstream  domain  computed  by  another  flow  solver.  Both  pipe  segments 
are  3  diameters  D  long  with  an  overlap  of  ID  (Fig.  2).  The  upstream  flow  domain 
possesses  two  dominant  frequencies,  one  at  a  Strouhal  number  St  =  1.0  with  St  — 
and  another  at  St  =  7.5.  The  interface  frequency  is  set  to  St  =  10.0,  which 
leads  to  a  Nyquist  frequency  of  St  =  5.0.  Hence,  the  long  wave  frequency  at  St  =  1.0  is 
well  resolved  and  can  be  transmitted  to  the  downstream  domain.  However,  the  second 
frequency  is  under-resolved  and  will  lead  to  aliasing  errors. 

To  demonstrate  this,  such  a  flow  calculation  was  performed  under  laminar  conditions 
at  a  Reynolds-number  Re  =  1000.  Laminar  conditions  have  been  chosen  for  clarity.  A 
turbulent  flow  is  examined  below. 

Figure  3  shows  the  energy  spectrum  in  the  upstream  domain  at  a  point  in  the  interface 
plane  (x  =  2D,  r  =  0.5R,  (p  =  0).  The  two  distinct  peaks  can  be  associated  with  the 
forcing  frequencies.  A  successful  signal  processing  will  transfer  the  low  frequency  (St  — 
1.0)  with  no  energy  loss,  while  suppressing  the  high  frequency  disturbance  (St  =  7.5). 

Figure  4  shows  the  energy  spectrum  for  the  same  physical  point,  but  in  the  downstream 
domain.  Since  the  flow  solver  computing  the  upstream  domain  has  transferred  the  signal 
without  any  treatment,  the  high  frequency  perturbation  in  the  upstream  domain  has 
been  aliased  and  can  now  be  found  as  a  spurious  contribution  at  a  lower  frequency  of 
St  =  2.5. 

This  may  cause  considerable  problems,  since  this  frequency  is  resolved  by  any  unsteady 
RANS  flow  solver  operating  at  a  time-step  correspondent  to  the  interface  frequency.  Since 
this  peak  in  the  long  wave  spectrum  is  not  present  in  the  upstream  domain,  this  error 
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Figure  3.  Energy  spectrum  at  a  point  {x  =  2D,  r  =  0.5i?,  <^  =  0)  in  the  interface  plane  of  the 

upstream  domain. 

energy 
0.030 
0.020 

0.010 
0.000^ 

Figure  4.  Energy  spectrum  at  the  interface  plane  of  the  downstream  domain.  Physically 
identical  point  as  Fig.  3  (a;  =  2D,  r  =  0.5R,  <^  =  0).  No  filter  used. 

has  been  introduced  entirely  by  the  sampling  process.  Hence,  the  upstream  flow  solver 
has  to  treat  the  signal  during  the  sampling  process  in  order  to  suppress  the  high  frequent 
perturbation,  while  keeping  the  low-frequency  oscillation  unchanged. 

5.  Temporal  FUters 

A  common  procedure  to  avoid  aliasing  errors  in  experiments  is  to  use  low-pass  filtering 
prior  to  the  sampling  process.  The  low-pass  filtering  suppresses  all  frequencies  above  the 
Nyquist  frequency,  while  passing  all  lower  frequencies  unchanged.  This  filtering  process 
has  to  be  done  prior  to  the  sampling  process,  since  otherwise  the  aliasing  error  has  already 
taken  effect  and  is  indistinguishable  from  the  rest  of  the  long  wave  spectrum. 

To  use  the  same  strategy  for  the  sampling  of  LES  data  an  appropriate  digital  filter  has 
to  be  constructed.  A  digital  filter  can  be  defined  as: 

N  M 

’’’{tk)  =  XI  Ks(tk-n)  +  ^  am.r{tk-m)  (5.1) 

n=0  171=1 

with  r  being  the  filter  response,  s  the  original  signal,  and  the  filter  constants,  and 
tk  the  time.  The  LES  time-step  Af  is  defined  as  —  tk-i.  Since  in  LES  computations 
the  time-step  is  usually  not  constant,  but  varies  in  order  to  maintain  the  highest  possible 
time-step  satisfying  the  CFL  condition,  a  pre-sampling  process  has  to  be  made  within. 
This  pre-sampling  procedure  averages  the  data  with  a  higher  frequency  than  the  actual 
sampling  frequency.  In  order  to  avoid  aliasing  in  the  pre*sampling  process,  the  frequency 
of  the  pre-sampling  has  to  be  chosen  well  within  the  energy  decay,  so  that  the  energy  of 
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frequencies  higher  than  the  Nyquist  frequency  are  considerably  smaller  then  the  energy 
of  the  lower  frequencies.  A  filter  such  as  Eq.  (5.1)  can  then  be  applied. 

A  filter  in  the  form  of  Eq.  (5.1)  uses  the  history  of  the  signal  and  the  history  of 
prior  filter  responses.  This  is  a  so  called  infinite  response  filter  (HR  filter),  can  be  used. 
However,  a  simplified  filter,  which  uses  only  the  history  of  the  signal,  a  so  called  finite 
response  filter  (FIR  filter)  may  have  advantages: 

N 

^riS(tk-.n)  (^-2) 

n=0 

First,  FIR  filters  are  always  stable.  Due  to  the  absence  of  the  filter  response,  no  feedback 
is  possible  and  hence,  this  kind  of  filters  will  cannot  amplify  errors.  Second,  FIR  filters 
have  a  linear  phase  response.  The  resulting  advantage  will  be  made  clear  later. 

Due  to  the  high  number  of  points  at  the  interface  the  filter  has  to  be  applied  to,  the 
order  N  of  the  filter  is  sought  to  be  small,  since  N  determines  the  number  of  time-steps 
that  have  to  be  recorded.  The  determination  of  the  filter  constants  can  be  done  with 
any  filter  design  tool  such  as  Matlab  (Stearns  2003).  The  usage  of  filter  design  tools 
allows  for  the  usage  of  more  sophisticated  window  functions  in  order  to  damp  the  Gibb’s 
phenomenon  (Williams  1986),  which  is  most  pronounced  at  filters  of  low  order.  For  the 
current  investigation,  two  different  filter  have  been  used. 


5.1.  Fourier  Series  Method 

The  first  filter  is  designed  using  the  Fourier  Series  Method  (Rorabaugh  1997).  The  coef¬ 
ficients  are  defined  as: 


bn  =  —  f  H{X)[cos{mX)  +  jsin(mA)]dA 

y27r 


with  771  =  n 


N-1 


(5.3) 

(5.4) 


with  H{X)  being  the  desired  filter  response  and  A  the  normalized  frequency,  which  is 
here  normalized  to  the  pre-sampled  frequency.  The  optimal  filter  response  would  have  a 
cutoff  frequency  of  1/2  •  /interface-  The  pre-sampling  frequency  was  chosen  here  twice  the 
interface  frequency,  which  results  in  a  cutoff  frequency  Aeutoff  =  1/4.  Equation  (5.3)  then 
becomes: 

6^  =  —  /  cos(mA)dA  +  j—  /  sin(mA)dA  (5.5) 

27r  27r 

The  second  integrant  is  zero,  since  the  integrant  is  an  odd  function  and  the  limits  of  the 
integration  are  symmetric.  Equation  (5.5)  then  becomes: 


sin(mA)  ^=f  _  sin(m|) 

2m7r  A=-f  mTT 


(5.6) 


Note,  that  the  definition  of  the  filters  does  not  include  the  knowledge  of  the  actual 
sampling  frequency,  but  only  the  cutoff  frequency  relative  to  the  sampling  frequency. 
This  means,  if  the  interface  frequency  is  changed,  the  filters  will  adapt  automatically. 

The  filter  response  of  this  filter  is  shown  in  Fig.  5.  The  dashed  line  denotes  the  ideal 
filter  response:  below  the  cutoff  frequency  it  is  unity,  above  zero.  Since  only  a  limited 
number  of  filter  coefficients  are  available,  here  TV  =  21,  the  actual  filter  response  differs 
from  the  ideal  filter.  Most  notably,  there  is  an  overshoot  right  next  to  the  cutoff  frequency. 
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bo=  620=  0.0311536 

61  =  619  =  0.0244766 

62  ==  bis  ~  -0.0000006 

63=  617=  ’0.0314696 
64  =  bi6  =  -0.0519226 
65=  615=  -0.0440576 
66  =  614  =  0.0000006 
67=  613=  0.0734296 
bs  =  612  =  0.1557666 
69=  611=  0.2202866 

610  =  0.2446776 


Normalized  Frequency 

Figure  5.  Left:  Filter  response  of  filter  designed  with  Fourier  Series  Method  (solid  line). 

N  =  21.  Cutoff  frequency:  0.25.  Dashed  line:  Ideal  filter  response.  Right:  Filter  coefficients 

the  Gibb’s  phenomenon.  In  order  to  smoothen  the  filter  response  a  window  method  has 
to  be  employed. 


5.2.  Window  Method 

The  second  filter  used  in  this  study  uses  a  window  method.  One  of  the  major  shortcomings 
of  the  Fourier  Series  Method  is  the  assumption  that  the  signal  is  periodic.  This  creates 
some  problems  due  to  a  discontinuity  at  the  end  and  the  beginning  of  the  recorded  signal. 
One  possibility  to  damp  this  effect  is  to  use  window  functions: 

N 

^  ^  hnWfiS(tk—n)  (^•*^) 

n=0 

with  Wn  being  the  window  function.  Some  of  the  most  common  window  functions  are 
the  Hann,  Hamming  or,  Parzen  windows.  Here,  a  Kaiser  window  has  been  employed 
(Williams  1986),  since  this  window  creates  the  smoothest  filter  response  (Fig.  6).  How¬ 
ever,  a  drawback  of  window  functions  is  that  the  slope  of  the  filter  response  is  not  as 
steep  as  before. 

The  window  function  is  usually  combined  with  the  filter  coefficients  leading  to  a  new 
set  of  coefficients  (Fig.  6) 

5.3.  Results:  Amplitude  Response 

In  the  next  step,  the  filters  were  applied  to  the  LES  computation  of  the  upstream  domain. 
Each  filter  was  applied  separately  to  the  LES  data  in  two  LES  computations.  Since  the 
filters  have  been  designed  to  avoid  aliasing,  the  quality  of  the  signal  has  been  improved. 

The  signal  response  of  both  computations  using  the  two  different  filters  show  the 
desired  results  (Figs.  7  and  8).  The  long  wave  length  perturbation  at  St  =  1.0,  which 
corresponds  to  the  frequency  which  is  supposed  to  be  transferred,  can  be  found  in  the 
downstream  domain  without  a  loss  of  energy.  Since  the  filters  have  filtered  out  the  high 
frequency  perturbation  prior  to  the  actual  sampling  process,  no  aliasing  can  be  observed. 

These  results  of  both  filters  show  that  digital  filters  are  able  to  suppress  aliasing  suc¬ 
cessfully  for  coupled  flow  computations.  While  for  the  current  test  case  the  results  of 
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Figure  6.  Left:  Filter  response  of  filter  designed  with  Window  Method  (solid  line)  using  a 
Kaiser  window.  N  =  21.  Cutoff  frequency:  0.25.  Dashed  line:  Ideal  filter  response.  Right:  Filter 
coefficients 


Figure  7.  Energy  spectrum  at  the  interface  plane  of  the  downstream  domain.  Filter  designed 

with  FSM  (Fig.  5). 


Figure  8.  Energy  spectrum  at  the  interface  plane  of  the  downstream  domain.  Filter  designed 

using  Kaiser  Window  (Fig.  6). 


both  filters  are  identical,  more  complex  test-cases  may  require  to  choose  a  filter  based 
on  the  filter  response. 
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Figure  9.  Phase  response  of  filter  designed  with  Window  Method  (solid  line)  using  a  Kaiser 

window.  TV  =  21. 

5.4.  Results:  Phase  Response 

Although  these  filters  have  shown  to  efficiently  avoid  aliasing  errors,  the  application  of 
these  filters  has  a  major  drawback.  Figure  9  shows  the  phase  response  of  both  filters. 
The  phase  response  is  linear  in  the  passing  frequency  range.  This  translates  to  a  constant 
time  delay  of: 

TV-  1 

At  =  — -  (5.8) 

"  .^sample 

This  means  that  the  signal  coming  from  the  upstream  flow  solver  arrives  with  a  time 
delay  in  the  downstream  flow  solver.  The  time-delay  can  be  minimized  by  decreasing 
the  order  of  the  filter.  However,  it  seems  that  the  filters  presented  here  with  an  order 
of  TV  =  21  are  already  the  minimum  order  for  a  filter  with  an  acceptable  quality  of 
amplitude  response. 

If  unsteady  coupling  effects  are  important,  this  time  delay  introduced  by  the  filter  is 
not  acceptable. 

Since  the  phase  delay  is  unavoidable  using  these  temporal  filters,  the  application  of 
these  filters  is  limited  to  the  following.  Most  unsteady  RANS  flow  solvers  do  not  claim 
to  compute  a  truly  unsteady  flow,  but  an  ensemble-average  or  a  phase-average.  In  phase- 
averaged  flows  a  number  of  averages  of  the  flow  are  taken  in  relation  to  the  phase  of  a 
base  frequency  /base-  Assuming  that  the  upstream  LES  delivers  data  to  a  downstream 
RANS  flow  solver  computing  phase- averages,  the  LES  flow  solver  can  compute  phase- 
averages  on  the  basis  of  the  LES  data  at  the  interface.  Then,  a  filter  is  designed  which 
creates  the  time-delay  for  one  full  period  of  the  base  frequency.  Here,  the  advantage  of 
a  linear  phase  response  of  a  FIR  filter  is  apparent:  the  linear  phase  response  translates 
to  a  constant  time  delay,  which  can  be  controlled  by  the  order  of  the  filter.  The  order  of 
the  filter  is  then  determined  by: 

AT  =  2  •  +  1  (5.9) 

J  base 

If  the  time  delay  created  by  the  explicit  coupling  of  the  flow  solvers  (Schliiter  2003)  can 
be  also  corrected  in  this  filter  delay,  if  the  order  is  reduced  by  1. 
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While  this  procedure  might  be  working  for  a  number  of  applications,  many  unsteady 
LES-RANS  computations  will  neither  tolerate  the  time-delay  nor  the  usage  of  phase- 
averages  at  the  interface. 


6.  Spatial  Filters 

The  major  reason  why  temporal  filters  are  creating  a  time-delay  is  the  lack  of  informa¬ 
tion  of  the  future  signal.  Since  we  are  interested  in  single-point  time  histories,  the  future 
development  at  a  given  point  is  given  by  the  flow  upstream  of  this  point.  Using  Taylor’s 


hypothesis: 


a.  __  ^ 

dt  dx 


(6.1) 


where  Uc  is  a  local  convection  velocity,  time  evolutions  can  be  expressed  as  spatial  dis¬ 
tributions.  The  temporal  filter  then  becomes  the  spatial  filter: 


N 

r{tk)  =  bnS{Xk-n)  (^-2) 

n=0 

with  Xn-Xn-l  =  (^-3) 

y  eample 


Instead  of  using  the  time  history  of  the  signal,  the  downstream  development  is  sampled. 
Unlike  the  case  of  the  temporal  filters,  where  the  time  history  of  the  interface  points  have 
to  be  stored,  no  additional  memory  is  necessary  for  the  spatial  form  of  the  filter. 

So  far,  the  phase  delay  is  still  present,  unless  the  origin  of  the  filter  is  shifted  upstream 
putting  the  filter  centrally  around  the  desired  interface  point: 


^0,new  —  ^O,old 


N  —  1  Uc 

2  ./sample 


(6.4) 


Here,  the  location  of  the  sampling  points  is  defined  by  the  sampling  frequency.  In  many 
flow  solvers,  especially  when  using  structured  meshes,  it  may  be  of  advantage  to  define  the 
sampling  frequency  according  to  the  mesh  spacing.  The  locations  of  the  sampling  points 
are  then  defined  as  points  on  the  mesh  and  the  sampling  frequency  by  the  distance  of 
the  points: 


(6.5) 


The  advantage  of  this  definition  is  mainly  practical  nature,  since  it  is  easier  to  retrieve 
data  from  these  points.  Furthermore,  no  error  due  to  aliasing  in  the  pre-sampling  process 
is  introduced,  since  the  sampling  points  resolve  the  entire  spectrum  on  the  given  mesh. 

The  disadvantage  of  this  definition  of  the  sampling  points  is  the  independence  of  the 
sampling  frequency  from  the  interface  frequency.  A  variation  of  the  RANS  time-step,  and 
hence,  a  variation  of  the  interface  frequency,  requires  a  new  definition  of  the  filter,  since 
the  desired  cutoff  frequency  has  changed,  while  the  sampling  frequency  remains  constant. 

For  the  current  study,  the  spacing  of  mesh  points  in  axial  direction  is  Ax  =  3D/128. 
With  Uc  =  C/bulk  =  1.0  this  results  in  a  Strouhal  number  of  5t,ampie  =  42.67.  The  cutoff 
frequency  of  St  =  5.0  results  in  a  normalized  cutoff  frequency  /cutoff  =  0.117, 

The  number  of  sampling  points  was  limited  to  AT  =  17.  A  small  number  of  sampling 
points  is  desirable,  since  the  Taylor- hypothesis  looses  validity  with  increasing  distance 
to  the  interface  point.  Furthermore,  the  extent  of  the  spatial  filter  is  sought  to  be  small 
for  several  reasons.  First,  in  geometries  more  complex  than  the  current  pipe  flow,  the 
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Figure  10.  Left:  Filter  response  of  spatial  filter  based  on  a  running  average  (solid  line). 
Dashed  line:  Ideal  filter  response.  Right:  Filter  coefficients 


Figure  11.  Energy  spectrum  at  the  interface  plane  of  the  downstream  domain.  Spatial 

running  average  filter  (Fig.  10). 


spatial  filter  has  to  be  put  into  an  area,  where  the  flow  is  nearly  parallel  and  has  a 
nearly  constant  convection  velocity  over  the  spatial  extend  of  the  filter,  which  may  not 
be  the  case  over  a  large  portion  of  the  flow.  Second,  in  parallel  computations  the  extend 
of  a  spatial  filter  may  be  larger  than  the  extend  of  the  flow  field  computed  on  a  single 
processor,  so  that  interactions  between  parallel  processors  may  be  necessary. 

Since  it  is  rather  difficult  to  design  a  filter  with  a  low  cutoff  frequency  such  as  /cutoff  = 
0.117  on  the  basis  of  few  sampling  points,  a  running  average  filter  was  employed  {bn  = 
l/N).  This  is  the  only  filter  which  can  ensure  that  the  mean  velocity  is  unchanged.  The 
resulting  filter  response  can  be  seen  in  Fig.  10.  This  filter  can  still  be  improved,  but  seems 
to  be  sufficient  for  the  present  purposes. 

6.1.  Results:  Spatial  Filter 

The  spatial  filter  was  implemented  to  the  upstream  LES  flow  solver  computing  the  pipe 
flow.  The  integrated  LES-LES  computation  was  performed  and  the  received  signal  at 
the  inlet  of  the  downstream  flow  solver  examined  (Fig.  11).  It  can  be  seen  that  the  low 
frequency  perturbation  has  been  transferred  correctly.  The  energy  loss  due  to  the  filtering 
is  approximately  3%.  The  high  frequency  perturbation  has  been  filtered  out  so  that  no 
aliasing  errors  are  present. 


T  TJ  firhUHpr 


Figure  12.  Energy  spectrum  at  the  interface.  Left  top:  original  signal  in  the  upstream  domain. 
Right  top:  downstream  solution  without  filtering.  Left  bottom:  downstream  solution  using  tem¬ 
poral  filter  (Kaiser  window).  Right  bottom:  downstream  solution  using  spatial  filter. 


The  phase  delay  of  this  filter  can  be  expressed  as  a  constant  time  delay  At,  which  is  a 
sum  of  the  filter  time-delay  and  the  time  correction  by  the  shift  of  the  origin  (Eq.  (6.4): 

Attotal  ^  “I”  ^^orlgin  ahlft 

The  filter  time-delay  At„,tor  is  defined  corresponding  to  Eq.  (5.8).  The  time  correction 
due  to  the  shift  of  the  origin  upstream  is  given  by: 

^  Ax _  N  1  “Uc  1  ((* 

^torigtn  shift  —  ~  5  7  , .  ^ 

“C  ^sample  “c 


Equation  (6.6)  then  becomes: 


N-1  N-1  1 

'  '  /sample  2  / sample 


(6.8) 


The  zero  time  delay  results  in  a  true  phase  transfer  of  a  given  perturbation. 

This  result  shows  that  anti-aliasing  with  spatial  filters  is  possible,  allowing  the  proper 
transfer  of  amplitude  and  phase  of  a  given  perturbations  resolved  by  the  Nyquist  fre¬ 
quency,  and  hence,  allowing  a  true  unsteady  coupling  between  LES  and  RANS  flow 
solvers. 


7.  Turbulent  Flows 

In  order  to  demonstrate  the  the  filtering  procedures  on  turbulent  flows,  the  computa¬ 
tions  were  repeated  using  a  turbulent  pipe  flow  with  a  Reynolds-number  of  Re  =  15, 000. 
Figure  12  shows  the  resulting  energy  spectra  for  these  computations.  The  upstream 
spectrum  shows  two  distinct  peaks,  due  to  the  forcing  of  the  flow.  The  high  frequent 
perturbation  is  disturbed  by  turbulence  and  the  peak  is  less  distinct.  Yet,  the  unfiltered 
solution  shows  clearly  an  aliasing  error.  The  computation  using  the  temporal  filter  and 
the  spatial  filter  are  both  able  to  suppress  aliasing  errors. 
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8.  Conclusions 

In  integrated  LES-RANS  computations,  the  higher  temporal  resolution  of  the  flow 
in  the  LES  domain  may  lead  to  aliasing  errors  when  providing  data  for  a  RANS  flow 
solver  at  lower  temporal  resolution.  This  problem  is  similar  to  the  aliasing  problem  in 
experiments,  where  continuous  signals  are  digitally  sampled,  and  where  anti-aliasing  is 
achieved  with  low-pass  filtering  prior  to  the  sampling. 

It  has  been  shown  that  the  application  of  a  digital  low  pass  filter  suppresses  aliasing 
successfully.  However,  the  phase  delay  introduced  by  the  filter  limits  the  application  of 
temporal  filters  to  phase-averaged  solutions. 

Using  Taylor’s  hypothesis,  the  digital  filter  can  be  expressed  in  spatial  form.  Defining 
the  filter  centrally  around  the  desired  point  allows  to  obtain  a  filter  without  phase  delay. 
Despite  some  drawbacks,  the  spatial  filter  has  shown  to  suppress  aliasing  successfully, 
while  enabling  a  true  unsteady  coupling  of  flow  solvers  without  phase  delay. 

The  identification  of  the  aliasing  problem  in  integrated  LES-RANS  computations  and 
its  solution  using  spatial  filters  is  another  important  step  towards  unsteady  coupled 
computation  of  gas  turbine  engines. 
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Integrated  RANS-LES  computations  of 
turbomachinery  components: 
Generic  compressor /diffuser 

By  J.  U.  Schluter,  X.  Wu,  S.  Kim,  J.  J.  Alonso,  and  H.  Pitsch 


1.  Introduction 

The  goal  of  the  ASCI  project  at  Stanford  is  the  computation  of  the  entire  aero-thermal 
flow  in  an  aircraft  gas  turbine  engine.  As  part  of  the  project,  high  performance  flow  solvers 
are  developed  to  address  the  prediction  of  the  flow  in  components  of  the  turbine.  For  the 
turbomachinery  parts,  a  flow  solver  based  on  Rejmolds- Averaged  Navier-Stokes  (RANS) 
approach  is  used.  This  flow  solver  is  validated  on  a  variety  of  turbomachinery  applications 
(Davis  et  al  2002;  Davis  et  al  2003)  and  is  scalable  to  run  on  a  large  number  of  processors 
in  parallel,  a  feature  necessary  in  light  of  the  enormous  task  of  the  final  application.  For 
the  prediction  of  the  reacting  flow  in  the  combustion  chamber,  a  flow  solver  based  on 
Large  Eddy  Simulations  (LES)  is  used.  The  strongly  detached  flow  in  the  combustor 
requires  that  the  numerical  approach  has  to  resolve  the  large  scale  turbulence  in  time 
and  space  in  order  to  predict  the  flow  features  accurately.  Furthermore,  the  temporal 
resolution  of  the  flow  is  very  beneficial  for  the  modeling  of  the  reactive  flow.  This  makes 
LES  much  more  suitable  for  this  portion  of  the  flow  path.  An  LES  flow  solver  capable  of 
modeling  the  variety  of  physical  phenomena,  such  as  turbulence,  spray  and  heat  release, 
is  currently  under  development  and  in  the  process  of  validation  (Mahesh  et  al  2001; 
Constantinescu  et  al  2003). 

In  order  to  predict  multi-component  phenomena,  such  as  compressor-combustor  insta¬ 
bility,  combustor-turbine  hot-streak  migration  and  combustion  instabilities,  these  RANS 
and  LES  flow  solvers  have  to  run  simultaneously,  each  computing  its  part  of  the  gas  tur¬ 
bine.  At  the  interfaces  of  the  individual  domains,  the  flow  solvers  have  to  communicate 
the  flow  parameters  required  to  evaluate  appropriately  defined  boundary  conditions. 

Part  of  the  eflbrts  to  integrate  these  flow  solvers  is  the  definition  of  the  interface. 
The  optimization  of  the  communication  and  the  processing  of  the  exchanged  data  to 
meaningful  boundary  conditions  are  some  of  the  encountered  challenges.  In  previous  work 
interface  routines  have  been  established  and  validated  with  simple  geometries  (Shankaran 
et  al  2001;  Schluter  et  al  2003d;  Schluter  et  al  2003e).  Since  the  definition  of  boundary 
conditions  on  the  LES  side  requires  special  attention,  LES  inflow  (Schluter  et  al  2003a; 
Schluter,  2003;  Schluter  et  al  2003b)  and  outflow  boundary  conditions  (Schluter  et  al 
2002;  Schluter  et  al  2003c)  have  been  established.  While  most  of  this  work  has  been 
carried  out  on  simple  test-cases,  the  value  of  coupled  RANS-LES  computation  can  only 
be  assessed  in  the  application  to  industrial  problems.  The  next  logical  step  is  to  apply 
the  coupled  RANS-LES  approach  to  complex  geometries  of  turbomachinery  applications. 

The  goal  of  the  current  study  is  to  apply  the  coupled  RANS-LES  approach  to  a 
compressor-diffuser  geometry  of  a  gas  turbine.  This  flow  configuration  is  important,  since 
the  outflow  of  the  compressor  alters  the  flow  field  in  the  subsequent  diffuser  (Barker  & 
Garrotte  2001a;  Barker  Sz  Garrotte  2001b).  A  detailed  knowledge  of  the  flow  field  in  this 
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Figure  1.  Decomposition  of  gas  turbine  engine.  LES  of  combustor(Mahesh  et  al.  2001; 
Constantinescu  et  al  2003)  ,  RANS  of  turbine  section  (Davis  et  al  2002 


section  allows  to  optimize  the  diffuser  design  in  order  to  to  achieve  a  decrease  of  pressure 
loss. 

Here,  the  NASA  stage  35  compressor  is  coupled  with  a  generic  diffuser  in  order  to 
assess  the  integrated  RANS-LES  approach. 


2.  Interface  Description 

The  interface  used  for  establishing  a  connection  between  the  flow  solvers  consists  of 
routines  following  an  identical  algorithm  in  all  flow  solvers.  The  message  passing  interface 
MPI  is  used  to  create  communicators,  which  are  used  to  communicate  data  directly 
between  the  individual  processors  of  the  different  flow  solvers.  This  means  that  each 
processor  of  one  flow  solver  can  communicate  directly  with  all  of  the  processors  of  the 
other  flow  solvers.  This  requires  the  interface  routines  to  be  part  of  the  source  code  of  all 
flow  solvers.  A  detailed  description  of  the  common  algorithms  can  be  found  in  Schlilter 
et  al  (2003d  and  2003e). 

In  a  handshake  routine,  each  processor  determines  whether  its  domain  contains  points 
on  the  interface.  The  location  of  these  points  are  sent  to  all  processors  of  the  other  peer 
flow  solvers.  The  processors  of  the  peer  flow  solvers  then  determine  and  communicate 
back,  whether  the  received  points  are  within  their  own  domain.  During  the  actual  flow 
computation  all  processors  communicate  data  for  a  common  point  directly  with  each 
other. 

The  approach  of  embedding  the  interface  into  the  source  code  of  each  flow  solver  has 
been  chosen  for  its  efficiency  in  the  communication  process.  Alternative  solutions  would 
be  to  use  a  third  code,  which  organizes  the  communication  between  the  flow  solvers,  or 
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Figure  2.  Interface  validation  for  CDP-a:  Integrated  RANS-LES  computation  of  a  confined 

jet. 


to  limit  the  peer-to-peer  communication  to  the  root  processes  of  each  flow  solver.  While 
the  latter  two  solutions  are  usually  easier  to  implement,  they  cause  more  communication 
processes  and  slow  down  the  computation. 

The  interface  routines  are  written  in  a  modular  approach,  where  the  communication 
steps  are  separated  from  code  specific  routines.  This  facilitates  the  implementation  of 
the  interface  into  other  flow  solvers. 


3.  CDP-q;  Interface  Validation 

While  most  of  the  fundamental  issues  of  integrated  RANS-LES  computations  in  pre¬ 
vious  work  were  addressed  using  a  structured  LES  flow  solver  in  order  to  decrease  com¬ 
putational  costs,  the  envisioned  increase  in  complexity  of  the  geometries  calls  for  the  use 
of  an  unstructured  flow  solver.  Hence,  the  described  interface  was  implemented  into  the 
unstructured  LES  flow  solver  CDP-a. 

CDP-a  has  been  developed  to  predict  chemically  reacting  flows  in  gas  turbine  com¬ 
bustors.  The  filtered  momentum  equations  based  on  a  low-Mach  number  approximation 
are  solved  with  a  2nd  order  implicit  time- advancement.  A  dynamic  model  is  used  for  the 
turbulent  sub-grid  stresses. 

LES  inflow  boundary  conditions  as  proposed  by  Schliiter  et  al  (2003b)  have  been 
implemented  into  CDP-a.  Here,  the  challenge  is  to  prescribe  transient  turbulent  velocity 
profiles  from  ensemble-averaged  RANS  data.  Simply  adding  random  fluctuations  to  the 
RANS  profiles  miss  the  temporal  and  spatial  correlations  of  real  turbulence  and  are 
dissipated  very  quickly.  Instead,  a  data-base  of  turbulent  fluctuations  is  created  by  an 
auxiliary  LES  computation  of  a  periodic  turbulent  pipe  flow.  The  LES  inflow  boundary 
condition  can  then  be  described  as: 


'*^i,LEs(^)  —  ^i,RANs(0  * 

/  II 


RANS 


(t) 


III 


(3.1) 


with  the  sub-script  RANS  denoting  the  solution  obtained  from  the  RANS  computation 
and  quantities  with  sub-script  DB  are  from  the  database.  Here,  t  is  the  time,  Ui  stands 
for  the  velocity  components,  and  Ui  is  the  ensemble  average  of  the  velocity  component 

Ui. 

Term  II  of  Eq.  (3.1)  is  the  velocity  fluctuation  of  the  database.  This  turbulent  fluctu- 
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Figure  3.  Velocity  profiles  of  computation  of  a  confined  jet.  Circles:  experiment,  solid  line. 
CDP-a  defining  inlet  from  experiments,  dashed  line:  integrated  TFLO-CDP  computation. 


ation  is  scaled  to  the  desired  value  by  multiplication  with  term  III,  which  ensures  that 
the  correct  level  of  velocity  fluctuation  is  recovered. 

As  a  validation  of  the  interface  and  the  LES  inflow  boundary  condition,  a  coupled 
RANS-LES  computation  of  an  axisymmetric  expansion  has  been  performed.  The  test- 
case  corresponds  to  the  experimental  configuration  of  Dellenback  et  al.  (1988).  Here, 
a  part  of  the  flow  domain  upstream  of  the  expansion  is  computed  with  a  RANS  code 
(Fig.  2). 

The  RANS  flow  solver  used  for  this  investigation  is  the  TFLO  code  developed  at  the 
Aerospace  Computing  Lab  (ACL)  at  Stanford.  The  flow  solver  computes  the  unsteady 
Reynolds  Averaged  Navier-Stokes  equations  using  a  cell-centered  discretization  on  arbi¬ 
trary  multi-block  meshes  (Yao  et  al  2000).  The  solution  procedure  is  based  on  efficient 
explicit  modified  Runge-Kutta  methods  with  several  convergence  acceleration  techniques 
such  as  multi-grid,  residual  averaging,  and  local  time-stepping.  These  techniques,  multi¬ 
grid  in  particular,  provide  excellent  numerical  convergence  and  fast  solution  turnaround. 
Turbulent  viscosity  is  computed  from  a  A:  -  cj  two-equation  turbulence  model.  The  dual¬ 
time  stepping  technique  (Jameson  1991;  Alonso  et  al  1995;  Belov  et  al  1996)  is  used  for 
time-accurate  simulations  that  account  for  the  relative  motion  of  moving  parts  as  well 
as  other  sources  of  flow  unsteadiness. 

The  inlet  velocity  profiles  in  the  RANS  section  are  specified  according  to  the  exper¬ 
imental  data  at  this  location.  The  RANS  flow  solver  TFLO  computes  the  flow  through 
the  upstream  pipe  and  at  its  outlet  hands  over  the  data  to  the  subsequent  LES  flow 


361 


Integrated  RANS-LES  of  turhomachinery 

solver.  The  RANS  domain  is  relatively  short  (0,5D,  with  D  being  the  diameter  of  the 
pipe  upstream  of  the  expansion.) 

The  LES  flow  solver  CDP  obtains  its  inflow  velocity  profiles  from  the  RANS  flow  solver 
and  specifies  its  LES  inflow  boundary  conditions  according  to  Eq.  3.1. 

The  results  of  the  integrated  computation  are  then  validated  against  the  experimental 
data  and  verified  against  an  LES  computation  using  an  inflow  data-base  at  the  inlet  in 
which  the  data-base  statistics  are  corresponding  to  the  experimental  data  at  the  inlet 
plane. 

The  RANS  mesh  contains  350,000  mesh  points  and  is  refined  near  the  wall.  The  LES 
mesh  contains  1.1  million  mesh  points  with  the  mesh  points  concentrated  near  the  spread¬ 
ing  region  of  the  jet.  The  far  field  of  the  jet  is  relatively  coarse. 

Fig.  3  shows  the  LES  velocity  profiles  obtained  from  this  computation.  The  integrated 
TFLO-CDP  computation  predicts  essentially  the  same  results  as  the  single  LES  compu¬ 
tation  and  matches  the  experimental  data  well.  Please  note  that  the  far  field  of  the  jet  is 
not  well  resolved  and  hence,  the  turbulent  fluctuations  in  the  far  field  are  underestimated 
by  both  LES  computations. 


4.  Integrated  RANS-LES  of  a  Realistic  Tiirbomachinery  Geometry 

In  order  to  test  the  applicability  of  coupled  RANS-LES  computations  in  realistic  ge¬ 
ometries,  a  turbomachinery  case  has  been  investigated.  The  goal  of  this  study  is  to  test 
the  interface  routines  for  the  flow  between  the  compressor  and  the  combustor  and  to 
study  the  influence  of  possible  unsteady  interactions  of  compressor  and  the  combustor 
inlet  diffuser.  The  test-case  consists  of  a  compressor  geometry  computed  by  a  RANS  flow 
solver  and  a  pre-diffuser,  which  is  a  component  upstream  of  the  injector  to  the  combustor, 
computed  by  an  LES  flow  solver. 

The  computational  study  of  such  cases  is  relevant  and  important,  since  typically  these 
two  components  are  developed  in  isolation  and  combined  tests  are  done  only  in  the  final 
prototype  assembly.  The  numerical  prediction  of  this  flow  configuration  would  allow  to 
assess  the  interactions  of  the  components  during  the  design  phase  of  the  engine.  One  of 
the  biggest  questions  in  compressor-prediffuser  flows  is  whether  separation  in  the  diffuser 
takes  place.  Since  the  inflow  of  the  pre-diffuser  is  inhomogeneous  and  periodically  per¬ 
turbed  by  blade  passings,  the  integrated  computation  of  this  geometry  can  offer  insights 
on  how  to  modify  the  geometry  in  order  to  develop  a  more  compact,  non-separating 
diffuser. 

The  drawback  of  the  choice  of  this  configuration  is  that  no  experimental  data  exists  to 
validate  the  computation.  The  quality  of  the  computed  results  can  only  be  guaranteed 
on  the  basis  of  the  separate  validation  process  that  the  component  codes  have  undergone 
and  the  detailed  testing  of  the  interface  routines  that  has  been  presented  in  previous 
work.  Some  validation  studies  of  the  individual  flow  solvers  are  given  in  Yao  et  al  (2000) 
and  Davis  et  al  (2002  and  2003)  for  the  TFLO  code  and  in  Mahesh  et  al  (2001)  and 
Constantinescu  et  al  (2003)  for  the  CDP  code.  The  interface  has  been  developed  and 
tested  in  detail  over  the  last  two  years  (Shankaran  et  al  2001;  Schliiter  et  al  2003d; 
Schliiter  et  al  2003e).  While  many  of  the  techniques  necessary  for  coupling  these  two 
flow  solvers  are  still  under  development,  all  necessary  elements,  such  as  the  coupling 
procedure  and  the  boundary  conditions  on  both  sides  are  currently  in  place  for  the 
chosen  test-case. 

The  goal  of  this  computation  is  to  demonstrate  the  feasibility  of  integrated  RANS-LES 
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Figure  4.  Geometry  of  the  coupled  NASA  stage  35/prediffuser  geometry.  RANS  domain  in¬ 
cludes  one  stage  of  a  compressor,  consisting  of  one  rotor  and  one  stator.  LES  domain  includes 
the  diffuser.  A  10°  axi-symmetric  sector  is  computed. 


computations  in  a  turbomachinery  environment  and  to  identify  practical  issues  involved 
in  these  calculations. 


4.1.  Geometry 

The  compressor  geometry  for  the  computed  test-case  corresponds  to  that  of  a  modified 
NASA  experimental  rig  stage  35.  The  rig  consists  of  a  row  of  46  rotors  and  a  row  of 
36  stators.  In  order  to  simplify  this  geometry,  the  rotor  stage  has  been  rescaled  to  a  36 
blade  count,  which  allows  us  to  compute  an  axisymmetric  segment  of  10°  using  periodic 
boundary  conditions  at  the  corresponding  azimuthal  planes. 

For  this  integrated  computation,  the  rotor  tip-gap  has  been  closed  in  order  to  decrease 
the  overall  computational  costs.  The  inclusion  of  the  tip-gap  is  addressed  in  the  TFLO 
flow  solver  and  poses  no  additional  problem  from  the  integration  point  of  view.  The 
RANS  time  step  was  chosen  to  resolve  one  blade  passing  with  50  intervals. 

The  RANS  mesh  is  a  structured  multi-block  mesh  consisting  of  approximately  1.5 
million  control  volumes.  The  speed  of  the  rotor  was  set  to  a  relatively  low  5000  RPM  in 
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order  to  keep  the  flow  at  the  interface  within  the  low-Mach  number  regime  that  the  LES 
solver  is  able  to  handle.  This  decrease  in  rotational  speed  had  to  be  done  for  the  current 
case.  In  a  real  engine,  the  compressor  consists  of  a  multiple  stages  resulting  in  a  higher 
pressure  and  a  higher  temperature  at  the  compressor  exit.  The  high  temperature  of  the 
air  in  this  section  of  the  flow  path  will  ensure  that  the  low-Mach  number  approximation 
is  not  violated,  even  when  the  engine  is  at  full  load. 

For  the  RANS  domain,  the  flow  solver  TFLO  has  been  used.  On  the  LES  side,  compu¬ 
tations  have  been  performed  with  two  different  LES  flow  solvers,  a  structured  LES  flow 
solver,  which  has  been  used  already  for  many  investigations  of  fundamental  issues,  and 
the  CDP-a  code.  Since  the  structured  flow  solver  is  much  faster  than  CDP,  flner  meshes 
can  be  used. 

The  structured  LES  flow  solver  is  a  code  developed  at  the  Center  for  Turbulence 
Research  at  Stanford  by  Pierce  and  Moin  (1998).  The  filtered  momentum  equations  with 
a  low-Mach  number  assumption  on  an  axi-symmetric  structured  single-block  mesh  are 
solved.  A  second-order  finite-volume  scheme  on  a  staggered  grid  is  used  (Akselvoll 
Moin  1996).  The  subgrid  stresses  are  approximated  with  an  eddy- viscosity  approach, 
where  the  eddy  viscosity  is  determined  by  a  dynamic  procedure  (Germano  et  al  1991; 
Moin  et  al  1991).. 

The  diffuser  expands  one  stator  chord  length  behind  the  stator.  The  LES  domain  starts 
1/3  chord  behind  the  stator.  The  RANS  domain  reaches  2/3  of  the  chord  length  into  the 
LES  domain,  which  essentially  means  that  the  RANS  outlet  plane  is  just  at  the  expansion 
of  the  diffuser. 

The  diffuser  geometry  has  been  chosen  with  a  relatively  wide  opening  such  that  sep¬ 
aration  may  occur.  The  diffuser  opens  towards  the  centerline  of  the  compressor.  Over  3 
chord  lengths,  the  diffuser  opens  up  0.5  chord  lengths.  The  outer  wall  of  the  diffuser  is 
straight. 

The  LES  mesh  for  the  structured  LES  flow  solver  consists  of  3.5  million  mesh  points. 
The  diverging  wall  is  approximated  with  a  stair-stepping  function. 

The  LES  mesh  for  the  CDP  flow  solver  consists  of  500,000  control  volumes  and  is 
concentrated  near  the  walls.  LES  inflow  boundary  conditions  for  both  flow  solvers  were 
defined  corresponding  to  Eq.  3.1. 

In  order  to  initialize  the  solutions  in  both  domains,  separate  computations  were  per¬ 
formed.  On  the  basis  of  the  initial,  separate  computations,  the  computational  needs  for 
each  domain  and  solver  were  assessed  in  order  to  balance  the  split  of  processors  for  the 
computation.  The  load  balancing  between  the  two  flow  solvers  has  to  be  done  manually, 
since  the  current  version  of  MPI  does  not  support  a  dynamic  splitting  of  the  processors 
using  multiple  codes. 

4.2.  Results 

The  computation  using  TFLO  and  the  structured  LES  flow  solver  was  carried  out  using 
15  processors  for  the  RANS  domain  and  3  processors  for  the  LES  domain.  In  total,  6 
blade  passings  were  computed.  The  computation  was  performed  on  an  SGI  Origin  3000 
and  needed  60  hours  of  wall-clock  time. 

The  computations  using  the  unstructured  LES  flow  solver  CDP-o;  and  TFLO  was 
carried  out  using  64  processors  for  TFLO  and  64  processors  for  CDP-a.  Here,  8  blade 
passings  were  computed  in  60  hours  of  wall  clock  time  using  an  IBM  Power3. 

The  actual  Mach  number  at  the  interface  was  Ma=  0.1  ensuring  the  validity  of  the 
low-Mach  number  approximation  in  the  LES  domain.  The  mass  flux  over  the  interface 
was  conserved  with  an  error  of  «  0.5%. 
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Figure  5.  Integrated  RANS-LES  computation:  velocity  distribution  in  the  NASA  stage  35  - 
prediffuser  geometry.  The  axisymmetric  domain  is  copied  and  rotated  around  the  circumference 
for  visualization  purposes. 

The  solutions  of  both  LES  flow  solvers  were  nearly  identical.  Since  the  flow  visualization 
using  the  structured  LES  flow  solver  is  simpler,  all  pictures  shown  are  results  from  the 
structured  LES  flow  solver. 

Figures  5  and  6  show  the  axial  velocity  distributions  at  10%  span  of  the  compressor 
blades  for  an  instantaneous  snapshot  of  the  computation.  The  upstream  RANS  solution 
corresponds  to  a  phase  averaged  solution  while  the  downstream  LES  solution  is  truly 
unsteady. 

The  wakes  of  the  stators  can  clearly  be  identified  in  the  RANS  domain  downstream 
of  the  stators.  The  communication  of  the  flow  solvers  at  the  interface  ensures  that  the 
full  3D  flow  features  are  transferred  from  the  upstream  flow  solver  to  the  downstream 
domain.  The  boundary  conditions  of  the  LES  flow  solver  are  defined  according  to  these 
data.  Hence,  the  wake  of  the  stator  correctly  propagates  across  the  interface  and  can  still 
be  found  far  downstream  in  the  diffuser.  It  can  also  be  seen  that  the  turbulence,  which 
is  resolved  in  the  LES  domain,  creates  a  more  disturbed  velocity  distribution. 

The  differences  in  the  description  of  turbulence  are  more  apparent  in  Fig.  7,  which 
shows  the  vorticity  distribution  at  10%  span  of  the  stator.  Here  the  magnitude  of  the 
vorticity  is  depicted  computed  according  to  the  unsteady  flow  field  of  both  domains. 
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Figure  6.  Integrated  RANS-LES  computation:  velocity  distribution  in  the  NASA  stage  35  - 
prediffuser  geometry.  Close-up  of  the  interface. 


In  the  BANS  domain,  the  vorticity  is  mainly  created  due  to  the  mean  flow  features, 
such  as  wall  boundary  layers,  and  secondary  flows  and  vortices.  The  stator  creates  two 
vorticity  sheets,  one  on  the  extrado,  one  on  the  intrado.  Both  vorticity  sheets  propagate 
downstream  across  the  interface. 

The  vorticity  distribution  in  the  LES  domain  is  characterized  by  small  scale  turbulence. 
Turbulence  present  in  the  upstream  RANS  domain  and  modeled  by  a  RANS  turbulence 
model  has  to  be  regenerated.  The  small  scale  turbulence  has  been  reconstructed  at  the 
interface  using  the  LES  inflow  boundary  condition  (Eq.  3.1.)  It  can  be  seen  that  the 
small-scale  turbulence  interferes  with  the  stator  wakes.  The  turbulent  diffusion  of  the 
stator  wakes  in  the  RANS  domain  is  modeled  with  an  eddy  viscosity  model,  which  gives 
them  a  very  smooth  appearance.  In  the  LES  domain,  the  turbulent  transport  is  given  by 
the  resolved  turbulence,  and  hence,  vortical  turbulent  structures  can  be  identified. 

Time  data  recorded  on  the  LES  side  of  the  interface  did  not  reveal  a  predominant 
frequency  such  as  the  blade  passing  frequency.  This  could  be  due  to  the  relatively  short 
computed  time-span  of  six  blade  passings  or  due  to  the  low  rotational  speed  of  the 
compressor.  Future  investigations  will  study  the  presence  of  predominant  frequencies  in 
the  flow  due  to  blade  passings  in  more  detail. 
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Stator 


Figure  7.  Integrated  RANS-LES  computation:  Vorticity  magnitude  distribution  in  the  coupled 
NASA  stage  SS/Prediffuser  geometry.  Vorticity  created  by  the  stator  wake  can  be  foimd  in  the 
LES  domain. 


5.  Integrated  Simulations:  Conclusions 

The  computation  of  the  coupled  NASA  stage  35/predifFuser  geometry  demonstrates 
the  concept  of  integrated  RANS-LES  computations  in  a  realistic  environment.  Future 
work  will  use  the  geometry  of  a  real  aircraft  engine  in  order  to  characterize  the  flow  in 
the  prediffuser. 
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Toward  immersed  boundary  simulation  of  high 
Reynolds  number  flows 

By  Georgi  Kalitzin  and  Gianluca  laccarino 


1.  Motivation  and  Background 

In  the  immersed  boundary  (IB)  method,  the  surface  of  an  object  is  reconstructed  with 
forcing  terms  in  the  underlying  flow  field  equations.  The  surface  may  split  a  compu¬ 
tational  cell  removing  the  constraint  of  the  near  wall  gridlines  to  be  aligned  with  the 
surface.  This  feature  greatly  simplifies  the  grid  generation  process  which  is  cumbersome 
and  expensive  in  particular  for  structured  grids  and  complex  geometries. 

The  IB  method  is  ideally  suited  for  Cartesian  flow  solvers.  The  flow  equations  written  in 
Cartesian  coordinates  appear  in  a  very  simple  form  and  several  numerical  algorithms  can 
be  used  for  an  efficient  solution  of  the  equations.  In  addition,  the  accuracy  of  numerical 
algorithms  is  dependent  on  the  underlying  grid  and  it  usually  deteriorates  when  the  grid 
deviates  from  a  Cartesian  mesh. 

The  challenge  for  the  IB  method  lies  in  the  representation  of  the  wall  boundaries  and 
in  providing  an  adequate  near  wall  flow  field  resolution.  The  issue  of  enforcing  no-slip 
boundary  conditions  at  the  immersed  surface  has  been  addressed  by  several  authors  by 
imposing  a  local  reconstruction  of  the  solution.  Initial  work  by  Verzicco  et  aL  (2000) 
was  based  on  a  simple  linear,  one-dimensional  operator  and  this  approach  proved  to  be 
accurate  for  boundaries  largely  aligned  with  the  grid  lines.  Majumdar  et  al.  (2001)  used 
various  multidimensional  and  high  order  polynomial  interpolations  schemes.  These  high 
order  schemes,  however,  are  keen  to  introduce  wiggles  and  spurious  extrema.  laccarino 
k  Verzicco  (2003)  and  Kalitzin  k  laccarino  (2002)  proposed  a  tri-linear  reconstruction 
for  the  velocity  components  and  the  turbulent  scalars.  A  modified  implementation  that 
has  proven  to  be  more  robust  is  reported  in  this  paper. 

The  issue  of  adequate  near  wall  resolution  in  a  Cartesian  framework  can  initially  be 
addressed  by  using  a  non-uniform  mesh  which  is  stretched  near  the  surface.  In  this  paper, 
we  investigate  an  unstructured  approach  for  local  grid  refinement  that  utilizes  Cartesian 
mesh  features. 

The  computation  of  high  Reynolds  number  wall  bounded  flows  is  particularly  chal¬ 
lenging  as  it  requires  the  consideration  of  thin  turbulent  boundary  layers,  i.e.  near  wall 
regions  with  large  gradients  of  the  flow  field  variables.  For  such  flows,  the  representation 
of  the  wall  boundary  has  a  large  impact  on  the  accuracy  of  the  computation.  It  is  also 
critical  for  the  robustness  and  convergence  of  the  flow  solver. 


2.  Numerical  Technique 

The  computational  code  IBRANS  is  based  on  the  steady-state  incompressible  RANS 
equations  closed  either  with  an  one-equation  turbulence  model  (Spalart  k  Allmaras 
1994)  or  a  two-equation  model  (Kalitzin  k  laccarino  2002).  A  second-order,  implicit, 
cell  centered  Cartesian  discretization  is  used  within  a  SIMPLE  pressure- velocity  coupling 
algorithm  with  a  segregated  solution  of  the  field  equations  (Ferziger  k  Peric  2002). 


370 


G.  Kalitzin  &  G,  laccarino 


The  equations  are  discretized  in  three-dimensions  with  a  typical  7- point  stencil.  In 
this  paper,  however,  we  will  refer  for  simplicity  to  the  corresponding  two-dimensional 
equations.  For  each  cell  the  discretized  field  equation  for  momentum,  turbulent 

scalar  and  pressure  correction  can  be  written  as: 


n+l  n 

+  Hi.3) 


JJi+l  __  jn 


(2.1) 


where  the  indices  E,  W,  5,  N  denominate  the  neighboring  cells  that  have  a  common  face 
with  cell  (z,  j),  e.g.  E  for  cell  (z  + 1,  j)  etc.  The  superscript  n  indicates  the  iteration.  The 
equation  is  under-relaxed  implicitly  to  increase  the  diagonal  dominance  of  the  implicit 
matrix.  The  Strong  Implicit  Procedure  (SIP)  by  Stone  (1968)  is  used  for  the  solution  of 

....  .  . 

The  flow  solver  is  set  up  as  a  virtual  wind  tunnel.  The  ^-direction  is  the  main  flow 
direction  with  inflow  and  outflow,  the  other  directions  have  either  the  usual  wall  bound¬ 
ary,  symmetry  or  periodicity  conditions.  The  domain  is  partitioned  in  x-direction  and 
the  equations  are  solved  in  parallel  using  MPI.  An  object  is  placed  into  the  flow  domain 
and  the  immersed  boundaries,  described  in  the  next  section,  are  applied  to  the  velocity 
components  and  the  turbulence  variables.  There  is  no  special  treatment  of  the  pressure 
at  the  immersed  boundary.  The  immersed  boundaries  affect  the  Poisson  equation  for  the 
pressure  correction  only  through  the  source  term  which  represents  the  divergence  of  the 
velocity  field.  Thus,  the  Poisson  equation  is  solved  in  the  entire  computational  domain. 
A  parallel  geometric  multigrid  is  being  used  to  accelerate  the  convergence  of  the  Poisson 
equation. 

The  non-uniform  computational  grid  and  the  IB  interpolation  stencil  is  generated 
automatically  and  the  pre-processing  time  to  start  the  computation  is  negligible.  The 
procedure  is  based  on  the  ray  tracing  technique  that  allows  one  to  identify  the  cells  cut 
by  the  immersed  boundary.  An  initial  coarse  (and  typically)  uniform  mesh  is  specified 
by  the  user;  a  three-steps  iterative  procedure  is  employed:  (a)  tag  the  grid  identifying 
the  cells  cut  by  the  immersed  boundary,  (b)  split  these  cells  in  the  direction  that  moves 
the  cell  center  closer  to  the  immersed  boundary,  (c)  regenerate  a  structured  grid  by 
propagating  the  cell  split  to  the  domain  boundaries,  and  restart  from  (a).  This  procedure 
is  repeated  until  a  prescribed  distance  from  the  wall  is  achieved  for  all  the  interface  cells. 
The  geometry  definition  is  based  on  the  StereoLitography  format  and  therefore  the  CAD 
model  can  be  used  directly. 


3.  Immersed  Boundary  Treatment 

After  the  pre-processor  detects  the  computational  cells  that  are  cut  by  the  body,  the 
cells  are  divided  in  those  that  are  inside  and  outside  of  the  body  as  shown  in  Fig.  1. 
The  cut  cells  are  separated  in  two  type  of  cells  corresponding  to  the  location  of  their 
cell  center.  The  cells  that  have  their  cell  center  outside  or  on  the  surface  are  labeled  as 
interface  cells.  The  other  cut  cells  are  treated  like  inside  cells. 

The  flow  variable  (/>,  which  represents  a  velocity  component  or  a  turbulence  variable,  is 
set  to  zero  in  the  inside  cells.  Note  that  the  turbulence  models  considered  have  zero  wall 
boundary  conditions  for  all  turbulence  variables.  At  the  interface  cells,  the  nearby  wall 
is  modeled  with  an  off  wall  boundary  condition  which  in  general  consists  of  an  implicit 
linear  interpolation  stencil  with  an  explicit  (non-linear)  correction. 

A  sketch  of  the  linear  interpolation  algorithm  is  shown  in  Fig.  la.  Like  the  plotted  tan¬ 
gential  velocity  component,  the  scalar  variable  (t>  in  the  interface  cell  (z,  j)  is  interpolated 
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Figure  1.  Schematic  representation  of  interpolation  algorithm  for  the  tangential  velocity.  Gen¬ 
eral  case  (left)  and  wall  function  approach  for  a  grid  aligned  case  (right).  Tangential  velocity: 
— >  computed,  ^  interpolated  linearly  on  intermediate  location,  — >  imposed  in  interface  cell. 


using  only  the  neighboring  cells  that  are  further  away  from  the  body.  The  interpolation 
is  carried  out  in  two  steps.  First,  for  each  neighboring  cell  an  interpolation  is  carried  out 
normal  to  the  wall  to  an  intermediate  location  that  has  the  same  distance  to  the  wall  as 
the  interface  cell  center  (hj).  This  interpolation  might  be  linear,  quadratical  or  other, 
depending  on  the  near  wall  behavior  of  the  considered  variable.  The  second  interpolation 
is  on  a  surface  that  is  parallel  to  the  wall.  Here  we  use  the  inverse-distance  weighted 
method  proposed  by  Pranke  (1982)  that  has  the  property  of  preserving  local  maxima 
and  producing  smooth  reconstructions.  The  interpolation  of  in  the  interface  cell  is: 


hiJ) 


=  with  >  9  =  Wm  and  p  =  2  (3.1) 


where  ^rn  represents  the  previously  interpolated  values,  is  the  distance  between  the 
location  of  and  the  location  of  and  H  represents  the  maximum  of  the  h^s. 
The  sum  is  over  all  neighboring  cells  with  771  =  ^,^,  5,  N.  The  weights  Wm  are  zero 
for  all  non-qualifying  neighbors.  For  each  interface  cell  the  described  linear  interpolation 
results  in  a  set  of  weights  fim  which  correspond  to  the  effect  of  the  neighboring  cells  on 
the  interface  cell: 

=  Pw(l>W  +  Pe4>e  +  Ps4>s  +  PN<t>N  (3.2) 

By  considering  only  the  neighboring  ceils  ( W,  E,  5,  N)  that  have  a  common  face  with 
the  interface  cell  (i,  j)  the  linear  interpolation  (3.2)  can  easily  be  treated  implicitly; 
the  implicit  matrix  of  the  discretized  equation  (2.1)  can  be  modified  with  the  weights 
/3m  without  introducing  new  diagonals  with  non-zero  elements.  The  inclusion  of  other 
neighbors  such  as  corner  cells  in  the  interpolation  stencil  (3.2)  can  be  done  explicitly. 
For  a  non-hnear  near  wall  behavior  of  </>  an  explicit  correction  is  added  to  the 

right  hand  side  of  equation  (3.2).  This  correction  is  computed  as  the  difference  of  the 
non-linear  value  of  and  the  linear  interpolated  value,  both  computed  with  values 
from  the  current  iteration. 

The  described  interpolation  can  be  applied  to  the  velocity  vector  v  without  coupling 
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implicitly  the  momentum  equations  for  the  Cartesian  velocity  components.  For  this,  the 
velocity  components  are  transformed  into  a  wall  aligned  2--D  coordinate  system  with 
the  axis  pointed  in  the  tangential  t  and  normal  ft  velocity  direction:  Vn  —  (f;  •  n)n  and 
vt  =  v  —  Vni  respectively.  The  normal  unit  vector  is  obtained  from  the  wall  distance  d  as: 
ft  =  Vd/\Vd\.  Both  components  Vt  and  Vn  are  interpolated  according  to  their  physical 
behavior  normal  to  the  wall  and  using  the  interpolation  (3.1)  along  the  surface.  The 
tangential  and  normal  velocity  components  in  the  interface  cell  are  then  rotated  back 
into  the  base  Cartesian  system.  Because  of  linearity  the  weights  /3  remain  the  same  for  the 
Cartesian  components.  As  before,  the  non-linearity  is  treated  as  an  explicit  correction. 

For  low  Reynolds  numbers,  the  near  wall  behavior  of  the  tangential  velocity  is  linear. 
As  plotted  in  Fig.  la,  the  tangential  component  on  the  intermediate  location  for  cell  N  is: 
(vt)N  ==  {'^t)Nd{^ij)/dj^,  The  corresponding  quadratically  interpolated  normal  component 
is:  {vn)N  =  For  high  Reynolds  numbers,  the  near  wail  behavior  of  the 

tangential  velocity  is  in  general  non-linear  and  the  value  at  the  intermediate  location  is 
determined  with  a  non-linear  procedure  that  utilizes  adaptive  wall  functions. 

In  Kalitzin  et  al  (2003),  an  adaptive  wall  function  concept  has  been  developed  for 
body  fitted  grids  and  zero  pressure  gradient  flow.  These  wall  functions  are  independent 
of  the  location  of  the  first  grid  point  above  the  wall.  A  look-up  table  provides  an  explicit 
dependency  of  the  friction  velocity  on  the  local  Reynolds  number.  This  look-up  table 
consists  of  cubic  splines  that  approximate  piecewise  a  solution  obtained  on  a  very  fine 
grid  for  a  zero  pressure  gradient  boundary  layer  flow.  This  universal  law  is  written  in 
terms  of  the  local  Reynolds  number  Rcy  rather  than  in  terms  of  .  The  local  Reynolds 
number  is  defined  as  Rcy  =  The  look-up  table  is  turbulence  model  specific 

as  the  universal  law  varies  slightly  depending  on  the  turbulence  model.  Similar  look-up 
tables  provide  the  explicit  dependency  of  the  eddy-viscosity  and  turbulence  variables 
on  the  local  Reynolds  number  or  on  the  wall  distance  y^.  The  tables  also  include  the 
derivative  of  the  velocity  and  turbulence  variables. 

In  this  paper,  we  only  consider  a  high  Reynolds  number  case  in  which  the  plate  is 
aligned  but  not  coincident  with  the  grid  lines  as  shown  in  Fig.  lb.  For  zero  pressure 
gradient  flows,  the  Navier-Stokes  equations  simplify  near  the  wall  to: 

+  (3-3) 

In  the  current  approach,  the  velocity  in  cell  (ij)  is  chosen  such  that  the  flux  at  the  face 
+  1)  fulfills  equation  (3.3).  The  tangential  velocity  and  the  wall  distance  in  cell  N 
define  the  local  Reynolds  number  Rey  which  is  related  to  the  friction  velocity  Ur  via  the 
adaptive  wall  function  table.  The  friction  velocity  Ur  and  the  distance  between  the  face 
-l>  i)  and  the  wall  allow  to  introduce  a  wall  distance  which  determines  an  eddy- 
viscosity  value  The  discretized  equation  (3.3)  defines  the  tangential  velocity 

in  (i,i): 

=  UN-  — 7-f - -  d(i.i))  (3.4) 

This  approach  can  not  simply  be  generalized  for  a  situation  shown  in  Fig.  la  as  the 
tangential  velocity  in  (i,  j)  is  not  uniquely  determined  by  one  single  interface  flux.  For  the 
general  non-aligned  case  we  employ  therefore  a  crude  approach  by  simply  extrapolating 
of  the  tangential  velocity  component  and  eddy- viscosity  using  wall  function  information 
about  the  derivative  in  cell  N, 
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Figure  2.  Velocity  magnitude  for  immersed  boundary  layers  simulations  on  non-aligned  grids, 
Re  =  1000,  mesh  with  every  Sth  line  plotted. 


Immersed  boundary  results  for  a  flat  plate  boundary  layer  at  Re  =  1,000  are  shown 
in  Fig.  2.  The  three  simulations  are  carried  out  on  uniform,  non-aligned  grids  with  a 
different  angle  between  the  plate  and  the  gridlines.  The  flow  is  laminar  and  of  the 
first  cell  center  is  about  0.1.  The  case  of  10®  is  the  most  challenging  as  the  wall  distance  of 
the  first  grid  point  above  the  wall  fluctuates  by  moving  in  the  streamwise  direction  along 
the  plate.  There  are  about  30  cells  in  the  boundary  layer  and  20  cells  across  the  plate 
resolving  the  cylindrical  leading  edge.  The  solution  is  nearly  independent  of  the  angle 
between  plate  and  gridlines  as  shown  with  the  velocity  magnitude  contours  in  Fig.  2d 
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and  Fig.  2e.  The  contour  lines  for  larger  velocity  values  deviate  slightly  for  the  45°  what 
is  likely  to  be  a  numerical  dissipation  effect.  However,  the  skin  friction  along  the  plate 
matches  remarkably  well  the  body  fitted  solution  shown  in  Fig.  3a. 

In  Fig.  3b,  skin  friction  is  reported  for  an  immersed  boundary  simulation  of  a  flat  plate 
boundary  layer  at  Re  =  10®.  The  plate  is  aligned  with  the  grid  and  the  turbulent  flow 
is  computed  with  the  Spalart-Allmaras  turbulence  model.  The  wall  distance  y~^  of  the 
first  cell  center  above  the  wall  is  about  25.  The  results  obtained  using  wall  functions  are 
compared  to  the  ones  obtained  using  the  simple  linear  interpolation  and  to  a  body  fitted 
solution.  The  skin  friction  levels  for  the  linear  interpolation  are  incorrect  whereas  the 
wall  functions  results  are  in  good  agreement  with  the  body  fitted  solution  downstream 
of  ^  =  0.25.  Upstream  of  this  location,  the  discrepancy  between  the  wall  function  and 
body  fitted  result  is  related  to  the  grid  resolution  and  wall  function  implementation.  The 
resolution  of  the  cylindrical  leading  edge  is  very  coarse  for  this  Reynolds  number.  The 
grid  is  the  same  as  the  one  used  for  the  simulations  in  Fig.  2. 


4.  local  grid  refinement 

A  new  version  of  IBRANS  with  a  local  grid  refinement  capability  is  in  development 
for  an  efficient  clustering  of  cells  in  the  boundary  layers.  The  present  implementation 
is  an  extension  of  the  “classical”  adaptive  mesh  refinement  (AMR)  technique  to  allow 
non-isotropic  refinement.  It  can  also  be  interpreted  as  a  generalization  of  the  procedure 
used  for  building  coarse  grids  for  geometric  multigrid  on  structured  meshes. 

The  basic  idea  was  introduced  in  Durbin  &  laccarino  (2002)  for  a  finite  difference 
discretization.  The  AMR  grid  is  considered  as  a  coarsened  version  of  an  underlying, 
structured  grid;  on  this  underlying  grid  the  cells  axe  defined  (in  two-dimensions)  by  a 
couple  of  vertices  with  indices  (i,  j)  and  {i  +  1).  On  the  AMR  grid  each  element 
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is  bounded  by  the  gridlines  passing  through  the  vertices  {ij)  and  (i  +  Aj,  j  +  Aj). 
The  effective  element  size  in  the  AMR  grid  is  not  constant  (Ai  ^  Aj  and  both  indices 
depend  on  (i,  j)).  Therefore,  the  cells  are  not  organized  in  a  structured  way  with  one-to- 
one  neighbors  in  each  Cartesian  direction.  This  requires  a  modification  of  the  algorithm 
to  deal  with  hanging  nodes.  In  Durbin  &  laccarino  (2002)  this  was  simply  based  on  a 
second-order  interpolation.  In  the  current  finite  volume  implementation,  flux  conservation 
is  enforced  and  the  algorithm  resembles  the  unstructured  face-based  algorithm  described 
in  Ferziger  Sz  Peric  (2002)  and,  more  closely,  the  AMR  discretization  used  in  Ham  et 
al  (2002).  Each  face- flux  is  computed  using  the  two  adjacent  cells  and  for  each  cell 
the  fluxes  (in  general  more  than  four)  are  collected  to  build  the  corresponding  diffusive 
and  convective  operators.  In  two  dimensions,  the  implicit  discretization  yields  a  sparse 
matrix  with  elements  not  organized  in  five  diagonals  as  for  its  structured  counterpart. 
This  complexity  in  the  matrix  structure  prevents  the  use  of  the  SIP  procedure  and  a 
Krilov-type  algorithm  with  a  simple  Jacobi  pre-conditioner  was  implemented.  Standard 
conjugate  gradient  is  used  for  the  pressure  equation  and  the  BiCGStab  (Van  den  Vorst 
1992)  for  the  momentum  and  turbulent  scalars. 

The  major  advantage  of  the  present  approach  with  respect  to  classical  OCTREE- 
based  (Berger  Sz  Aftosmis  1998)  and  fully- unstructured  (Ham  et  al  2002)  schemes 
lies  in  the  economy  and  flexibility  of  storing  and  retrieving  connectivity  information  due 
to  the  underlying  grid.  In  particular,  only  N  cells  are  effectively  defined  on  a.  Ni  x  Nj 
underlying  grid  and  they  are  defined  by  the  two  couples  (i,  j)  and  (z  +  A,,  j  +  A^).  The 
total  storage  cost  is  4iV  integers.  In  addition,  an  array  of  integers,  is  defined 

on  the  fine  grid  to  store  the  correspondence  between  the  underlying  cell  and  the  actual 
AMR  element.  In  other  words,  all  the  underlying  cells  included  in  the  range  (z,  z  +  Ai  —  1) 
and  (J,  j  +  Aj  —  1)  are  tagged  using  the  AMR  cell  number.  The  total  storage  required  is, 
therefore,  Ni  x  Nj.  The  connectivity  information  for  each  cell  are  retrieved  consistently  to 
a  structured  framework  by  indirectly  querying  the  array  /i^(i,j) .  The  neighbors  of  a  AMR 
cell  are  ID^i^i^k)  k  ranging  between  j  and  j-f  Aj  —  1,  in  the  positive 

and  negative  z-direction  respectively.  It  is  evident  that  the  approach  handles  multiple 
hanging  nodes  for  each  cell  and,  eventually,  allows  to  reconstruct  additional  connectivity 
information  without  any  increase  in  storage;  for  example  it  is  straightforward  to  identify 
all  the  vertex-based  neighbors. 

The  generation  of  AMR  grids  is  carried  out  by  creating  the  underlying  (fine)  grid  as 
discussed  before  and  then  coarsening  it  in  the  region  away  from  the  immersed  boundary. 
The  advantage  of  this  approach  is  that  all  the  cell  tagging  (ray  tracing)  can  be  performed 
on  a  structured  grid  taking  full  advantage  of  the  alignment  of  the  cell  centers  and  the 
grid  nodes.  The  coarsening  and  the  generation  of  the  connectivity  information  is  the  last 
step  of  the  grid  generation  process. 

An  example  of  the  application  of  this  procedure  is  shown  in  Fig.  4  where  both  the 
underlying  and  the  AMR  grids  are  reported;  note  that  the  AMR  grid  contains  only  9% 
of  the  underlying  cells.  A  sample  calculation  has  been  performed  on  both  grids  and  it  is 
reported  in  Fig.  5  in  terms  of  turbulent  kinetic  energy.  The  solution  on  the  AMR  grid 
is  remarkably  smooth  and  consistent  with  the  one  obtained  on  the  structured  mesh.  It 
converges  significantly  faster  as  reported  in  Fig.  6.  This  is  mainly  due  to  a  reduced  aspect 
ratio  of  the  cells  away  from  the  immersed  boundary.  In  terms  of  computational  cost  the 
savings  is  about  70%. 
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Figure  4,  Computational  grid  for  the  flow  around  an  airfoil.  Structured,  underlying  grid  on 
the  left  with  every  second  grid  line  plotted  and  locally  refined  grid  on  the  right. 


Figure  5.  Turbulent  kinetic  energy  for  structured  grid  (left)  and  locally  refined  grid  (right). 


Figure  6.  Convergence  history  for  structured  grid  (grey)  and  a  locally  refined  grid  (black) 
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Figure  7.  Turbine  blade  with  internal  cooling  passages  (a)  and  planar  cuts  through  locally 
refined  grid:  (b)  cut  near  the  tip,  (c)  cut  near  mid-span 


The  local  grid  refinement  algorithm  has  been  implemented  in  three-dimensions  and 
it  works  well  even  with  very  complex  geometries  as  the  real  turbine  blade  shown  in 
Fig.  7.  The  blade  is  twisted  and  the  internal  cooling  system  of  the  blade  consist  of 
extremely  intricate  passages  with  multiple  serpentines,  ribs,  tip  ejection  holes,  film  cooling 
holes,  leading  edge  impingement,  etc.  Planar  cuts  through  the  locally  refined  grid  are 
shown  in  the  same  figure,  A  comparison  between  both  cuts  reveal  a  remarkable  consistent 
refinement  in  all  internal  flow  regions.  The  local  grid  refinement  also  follows  the  twisted 
outer  surface  of  the  blade. 


5.  Conclusions  and  future  work 

The  paper  presents  details  of  a  Cartesian  immersed  boundary  method  for  RANS  flow 
simulations.  It  focuses  on  the  IB  implementation  for  mean  flow  and  turbulence  variables. 
The  immersed  boundary  is  represented  with  an  implicit,  linear,  off  wall  interpolation 
with  an  explicit,  non-linear  correction.  An  extension  of  the  method  with  adaptive  wall 
functions  is  presented  for  grid  aligned  cases.  The  paper  also  addresses  the  issue  of  flow 
resolution  at  the  immersed  boundary  and  discusses  a  local  grid  refinement  algorithm. 

Skin  friction  distributions  are  presented  for  a  boundary  layer  over  a  flat  plate  that 
is  non-aligned  with  the  gridlines  at  Re  =  1,000.  The  results  are  nearly  independent  of 
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the  angle  between  the  plate  and  the  gridlines.  For  the  grid  aligned  case,  skin  friction  is 
presented  for  a  flat  plate  boundary  layer  at  i?e  =  10®. 

Future  work  consists  in  continuing  the  development  of  IBRANS  and  combining  the 
described  technologies  into  one  mature  computational  code.  The  code  is  in  the  process  of 
being  extended  for  conjugate  heat  transfer  computations.  The  energy  transport  equation 
has  been  implemented  and  it  needs  the  development  of  appropriate  heat  transfer  im¬ 
mersed  boundary  conditions.  The  adaptive  wall  functions  for  immersed  boundaries  need 
to  be  extended  for  general  grids  and  heat  transfer  problems.  It  is  planned  to  parallelize 
and  adapt  the  multigrid  procedure  for  the  flow  solver  with  local  grid  refinement. 
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Numerical  and  experimental  investigation  of  the 
turbulent  flow  in  a  ribbed  serpentine  passage 

By  Gianluca  laccarino,  Georgi  Kalitzinf  and  Christopher  J.  £lkins| 


1.  Introduction  and  motivations 

Modern  gas  turbine  engines  operate  at  high  combustor  outlet  temperatures  to  achieve 
higher  thermal  efficiency  and  thrust.  Turbine  blades  are  exposed  to  these  high-temperature 
gases  and  undergo  severe  thermal  stress  and  fatigue.  The  design  of  highly  efficient  cool¬ 
ing  systems  for  turbine  blades  has  an  enormous  potential  impact  on  engine  development. 
Cooling  devices  are  based  on  a  secondary  flow  system  built  into  each  blade,  as  illus¬ 
trated  in  Fig.  1.  The  secondary  flow  passages  are  extremely  complicated  consisting  of 
one  or  multiple  legs  with  turbulators  (rib-roughened  serpentines),  holes  connecting  the 
secondary  path  to  the  external  surface  of  the  blade  (film  cooling),  tube  bundles,  slots, 
etc.  The  geometrical  complexity  of  these  passages,  however,  is  extremely  challenging  for 
the  use  of  advanced  simulation  tools  based  on  state-of-the-art  three-dimensional  CFD 
solvers.  The  generation  of  a  computational  grid  (even  using  unstructured  mesh  tech¬ 
nology)  requires  a  considerable  amount  of  time.  As  a  result,  the  analysis  of  the  cooling 
performance  of  the  system  is  largely  based  on  isolated  sub-component  simulations,  sim¬ 
plified  one-dimensional  models  and  experimental  correlations. 

A  large  amount  of  research  has  been  devoted  to  the  analysis  of  the  flow  characteristics 
(in  particular  turbulence  statistics)  and  heat  transfer  in  channels  with  ribs.  The  effects 
of  rib  shape,  pitch,  height  and  inclination  with  respect  to  the  incoming  flow  have  been 
quantified  from  an  experimental  point  of  view.  Numerical  predictions  of  these  flows  are 
complicated  because  of  the  increased  turbulence  intensity  near  the  ribs  and  its  effect  on 
the  flow.  In  Reynolds- Averaged  Navier-Stokes  (RANS)  approaches  the  turbulence  inten¬ 
sity  is  strongly  affected  by  the  choice  of  the  turbulence  closure.  RANS  eddy  viscosity 
models  based  on  the  linear  Boussinesq  relationship  between  Reynolds  stresses  and  ve¬ 
locity  gradients  are  the  de  facto  standard  in  industrial  numerical  simulations.  Previous 
investigations  (Ooi  et.  al  2002a;  lacovides  Sz  Raisee  1999)  have  illustrated  the  predic¬ 
tive  capabilities  of  such  models  in  turbomachinery  cooling  systems  components:  smooth 
channels,  channels  with  ribs,  180  degrees  turns  (U-bends),  etc.  In  particular,  it  has  been 
shown  that  the  flow  is  strongly  three-dimensional  and  the  presence  of  oblique  ribs  gen¬ 
erates  strong  coherent  vortices  in  the  domain  (Ooi  et  al.  2002b).  It  must  be  noted  that 
most  of  these  simulations  are  performed  under  the  assumption  that  the  flow  is  periodic  in 
the  streamwise  direction  and,  therefore,  only  a  small  section  of  the  passage  is  effectively 
simulated. 

Several  experimental  datasets  are  available  to  evaluate  the  accuracy  of  these  simu¬ 
lations  (Han  et  at  1985;  Rau  et  al.  1998);  typically  the  measurements  are  taken  in 
devices  that  include  many  ribs  in  between  duct  U-bends  and  the  data  are  collected  at 
different  locations  to  verify  that  periodicity  conditions  are  indeed  applicable.  Although 
these  comparisons  between  experiments  and  computations  are  invaluable  in  improving 
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Schematic  of  a  Gas  Turbine  Rotor  Blade 
Externai  structure  I  Internal  structure 


Figure  1.  Sketch  of  the  Cooling  System  of  a  Turbine  Blade  (Cumpsty  1997). 

the  understanding  of  the  physics  and  in  providing  accurate  model  validation,  they  do  not 
represent  the  wealth  of  complexity  and  interactions  present  in  more  realistic  configura¬ 
tions,  like  a  multiple-leg  serpentine. 

Unfortunately  the  computational  cost  of  such  simulations  becomes  substantial.  For  a 
single  three-dimensional  rib-roughened  passage  it  might  be  necessary  to  generate  a  grid 
with  half  million  cells  (Ooi  et  al  2002b)  to  completely  resolve  the  flow  structures.  In  a 
serpentine  with  thirty  ribs  and  two  180  degree  turns,  the  mesh  size  should  be  in  the  order 
of  30  million  cells.  In  addition,  it  is  necessary  to  obtain  extensive  experimental  datasets 
to  quantify  clearly  the  accuracy  of  the  simulations. 

It  is  clear  that  a  novel  numerical  and  experimental  technique  for  investigating  flows  in 
complex  geometries  would  be  extremely  beneficial  to  the  development  and  improvement 
of  the  predictive  tools  used  in  the  design. 

In  this  paper,  the  turbulent  flow  in  a  serpentine  with  oblique  ribs  is  investigated  ex¬ 
perimentally  and  by  numerical  simulations.  The  measurements  are  carried  out  by  using 
Magnetic  Resonance  Velocimetry  (MRV)  (Elkins  et  al  2003)  and  the  simulations  using 
the  Immersed  Boundary  (IB)  technique  (laccarino  &  Verzicco  2003;  Kalitzin  &:  laccarino 
2002).  A  brief  description  of  these  two  approaches  is  reported  in  following  sections.  The 
results  are  reported  in  terms  of  velocity  distributions  in  various  planes  in  the  serpen¬ 
tine;  differences  between  measurements  and  simulations  are  presented  qualitatively  and 
quantitatively.  The  study  of  the  discrepancy  allows  us  to  identify  areas  of  needed  im¬ 
provements  in  the  turbulence  modeling. 


2.  Ribbed  serpentine 

The  serpentine  used  in  this  study  is  represented  in  Fig.  2;  the  model  was  drawn  in 
AutoCAD  and  fabricated  using  a  3D  System  250-50  SLA  machine.  The  serpentine  has  a 
square  cross  section  of  height  H  =  20mm  and  ten  staggered  oblique  ribs  on  the  top  and 
bottom  walls.  The  rib  height  is  O.IH  and  the  pitch  (distance  between  two  successive  ribs) 
is  O.G^T;  the  rib  angle  is  45  degrees.  A  fully  developed  pipe  flow  enters  the  first  leg  of  the 
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Figure  2.  Sketch  of  the  cooling  passage  investigated  and  the  region  where  the  experiments 
and  computations  have  been  compared. 


serpentine  through  a  converging  section  yielding  a  uniform  velocity  profile.  Two  Reynolds 
numbers  have  been  investigated,  8,000  and  50,000  based  on  the  serpentine  height  and 
the  bulk  velocity;  in  the  present  paper  only  the  results  at  the  low  Reynolds  number  are 
reported. 


3.  Experimental  technique 

Magnetic  Resonance  Velocimetry,  MRV,  has  been  used  to  measure  the  mean  velocity 
components  in  the  entire  serpentine.  A  massive  amount  of  data,  corresponding  to  about 
2  million  locations  with  1mm  resolution  (O.OSiJ)  has  been  collected.  The  measurement 
technique  is  described  in  detail  in  Elkins  et.  al  (2003)  where  a  simple  pipe  flow  and  a 
serpentine  similar  to  the  one  studied  here  (Fig.  2)  are  investigated. 

The  MRV  technique  is  a  non-invasive  experimental  method  for  measuring  mean  veloc¬ 
ities  and  is  implemented  in  medical  magnetic  resonance  imaging  systems.  MRV  has  been 
used  for  many  low-Reynolds  number  investigations  (Fukushima  1999),  such  as  physio¬ 
logic,  multiphase,  and  porous  media  flows.  It  has  also  been  used  in  a  few  simple  turbulent 
flows  such  as  pipe  and  jet  flow.  Our  current  focus  is  in  high  Reynolds  number  turbulent 
flows  in  complex  internal  geometries  with  the  objective  of  measuring  the  time-averaged 
three-component  velocity  field  in  order  to  provide  physical  insights  and  an  extensive 
database  for  CFD  validation.  It  should  be  mentioned  that  the  MRV  technique  is  com¬ 
patible  with  the  rapid  prototyping  processes  of  stereolithography  and  fused  deposition 
machining.  Utilizing  current  RP  technology  highly  complex  flow  models  can  be  designed 
and  manufactured  in  only  a  few  days,  and  the  MRV  measurements,  typically  producing 
over  1  million  velocity  vectors,  can  be  completed  in  30  minutes. 
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Figure  3.  Resolution  used  in  the  coarse  grid  simulations  (left)  and  experiments  (right)  in  the 

region  5  (see  Fig.  2). 


4.  Numerical  technique 

The  numerical  simulations  presented  in  this  work  are  based  on  the  Immersed  Boundary 
(IB)  technique.  The  method  is  presented  in  detail  in  laccarino  &:  Verzicco  (2003)  and 
Kalitzin  &:  laccarino  (2002);  only  a  brief  description  is  reported  herein. 

In  the  IB  method  Cartesian  non-uniform  meshes  are  used  and  forcing  terms  are  added 
to  the  governing  equations  to  enforce  boundary  conditions  (no  slip  velocity,  for  example) 
on  surfaces  not  aligned  with  the  grid  lines.  The  computational  code  used  is  based  on  the 
steady-state  incompressible  RANS  equations  closed  with  either  a  one-equation  (Spalart 
&  Allmaras  1994)  or  a  two-equation  model  (Kalitzin  &  laccarino  2002).  A  second-order 
implicit  discretization  is  used  within  a  SIMPLE  pressure-velocity  coupling  algorithm;  the 
turbulence  equations  are  solved  in  a  segregated  manner.  Multigrid  is  used  to  accelerate 
the  convergence.  The  IB  forcing  is  based  on  a  tri-linear  reconstruction  (laccarino 
Verzicco  2003)  for  the  velocity  components  and  the  turbulent  scalars. 

The  geometry  definition  is  based  on  the  STL  file  format  and,  therefore,  the  same 
AutoCAD  model  used  to  build  the  experimental  configuration  has  been  used  to  obtain  a 
simplified  CFD  computational  model.  The  computational  grid  and  the  IB  interpolation 
stencil  is  generated  automatically  and  the  pre-processing  time  to  start  the  computation 
is  negligible. 


5.  Results  and  discussion 

The  geometrical  configuration  is  shown  in  Fig,  2.  The  CFD  domain  includes  only  the 
first  three  legs  of  the  serpentine.  The  simulations  have  been  performed  using  computa¬ 
tional  grids  ranging  from  half  million  to  forty  millions  elements.  An  example  of  the  coarse 
grid  resolution  of  the  CFD  mesh  is  shown  in  Fig.  3.  The  underlying  grid  for  the  MRV 
experiments  is  shown  in  the  same  figure. 

The  fine  grid  simulations  are  compared  to  the  experimental  data  in  the  areas  indicated 
in  the  sketch  of  Fig.  2.  In  Fig.  4  and  5  two  horizontal  planes  are  reported  midway 
through  the  ribs  and  halfway  through  the  passage,  respectively.  In  Fig.  7  and  8  two 
vertical  sections  are  reported  with  the  streamwise  direction  pointing  away  from  the  page 
and  toward  it,  respectively.  Finally,  in  Fig.  6  a  vertical  longitudinal  plane  showing  the 
streamwise  flow  (from  left  to  right)  is  reported. 


Figure  4.  Comparison  between  simulations  (top)  and  experiments  (bottom)  in  region  1  (see 
Fig.  2):  horizontal  plane  corresponding  to  a  cut  through  the  ribs. 


Figure  5.  Comparison  between  simulations  (top)  and  experiments  (bottom)  in  region  2  (see 
Fig.  2):.  horizontal  plane  corresponding  to  a  cut  at  the  mid  height  of  the  passage. 


The  general  qualitative  agreement  between  experiments  and  simulations  is  remarkable. 
In  particular,  the  secondary  flows  in  between  the  ribs  described  in  Ooi  et.  al  (2002b) 
are  well  represented.  The  flow  in  between  the  U-bends  shows  a  repeating  patterns  after 
about  three  or  four  ribs  demonstrating  the  importance  of  the  complete  simulation  as 
opposed  to  a  periodic-rib  channel  study. 

The  simulations  capture  the  most  dominant  effects  illustrated  in  the  experiments: 

(o)  A  strong  three-dimensionality,  as  indicated  by  the  mid-height  plane.  High  velocity 
regions  oblique  to  the  direction  of  the  flow  (and  orthogonal  to  the  rib  orientations) 
indicate  the  presence  of  strong  streamwise  vortices; 

{b)  Recirculation  bubbles  in  the  downstream  region  of  the  180  degree  bends;  in  partic¬ 
ular  these  features  are  in  remarkable  good  agreement  (in  terms  of  length  and  maximum 
reverse  velocity)  with  the  measurements; 

(c)  A  massive  separation  behind  each  rib,  Fig.  7.  Again  the  length  and  the  velocity 
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Figure  6.  Comparison  between  simulations  (top)  and  experiments  (bottom)  in  region  5  (see 
Fig.  2):  vertical  plane  corresponding  to  a  longitudinal  section  before  the  U-bend. 

magnitude  are  in  good  agreement,  even  if  the  resolution  in  the  experiments  is  limited 
(cfn.  Fig.  3). 

(d)  High  speed  regions  atop  of  each  rib  with  high  shear  and  turbulence  (not  reported). 

In  addition,  they  clearly  indicate  that  the  flow  in  the  straight  sections  is  accurately 
represented  and  the  largest  discrepancies  are  around  the  U-bend  regions.  This  is  a  well 
known  limitation  of  the  (linear)  eddy  viscosity  models  used  in  the  RANS  simulations  and 
it  does  not  appear  to  be  linked  to  the  Cartesian  nature  of  the  flow  solver. 

The  wealth  of  information  provided  by  the  MRV  technique  allows  a  clear  identification 
of  the  accuracy  of  the  simulation.  In  particular,  it  can  be  used  to  demonstrate  the  limi¬ 
tation  imposed  by  the  turbulence  model.  The  three  components  of  velocity  are  reported 
for  various  flow  regions  in  Fig.  6,  7  and  8.  Region  5  and  3  are  located  before  the  U-bend. 
The  flow  is  here  fully  developed  and  the  streamwise  component  in  the  cross  section  shows 
a  typical  inverted  C  shape,  with  larger  velocities  near  the  left  wall.  This  combined  with 
the  plot  of  the  cross-flow  component  (y-velocity,  cfn,  Fig.  2)  shows  the  presence  of  two 
fairly  symmetric  (with  respect  to  the  channel  mid-height)  longitudinal  vortices.  On  the 
other  hand.  Fig.  8  shows  the  same  cross-section  after  the  U-bend,  and  in  this  case  the 
vortical  structures  are  not  yet  formed  and  the  flow  is  substantially  affected  by  the  bend. 
In  this  section  the  difference  between  experiments  and  simulations  appears  to  be  larger, 
suggesting  a  limitation  in  modeling  turbulence  in  the  bend  region. 

Finally,  the  error  in  the  computed  velocities  is  reported  in  Fig.  9  for  a  vertical  section 
before  the  U-bend.  The  CFD  results  are  interpolated  on  the  experimental  locations  and 
the  differences  in  the  three  velocities  components  (normalized  by  the  experimental  values) 
are  plotted.  The  largest  error  is  about  5%  and,  most  importantly,  has  a  unorganized 
pattern,  showing  that  the  same  flow  features  (streamwise  vortices  and  secondary  rib 
structures)  are  present. 
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Figure  7,  Comparison  between  simulations  (top)  find  experiments  (bottom)  in  region  3  (see 
Fig.  2):  vertical  plane  corresponding  to  a  cross-section  before  the  U-bend. 


Results  obtained  on  coarse  grids  show  the  same  main  features  and  agree  fairly  well 
with  the  experiments. 


6.  Conclusions  and  future  work 

A  numerical  and  experimental  investigation  of  the  turbulent  flow  inside  a  multiple-leg 
serpentine  with  oblique  ribs  is  presented.  Both  the  simula-tions  and  the  measurements  are 
based  on  the  use  of  novel  techniques:  the  immersed  boundary  approach  for  the  numerical 
predictions  and  the  magnetic  resonance  velocimetry  for  the  experiments.  Both  technique 
are  very  fast.  Once  the  experimental  stand  is  setup,  large  amount  of  data  can  be  measured 
in  very  short  time  for  a  CAD  model  that  fits  into  the  measuring  section.  The  same  CAD 
model  is  used  to  set  up  the  computations  without  extra  cost  in  time. 

Extremely  detailed  comparisons  are  reported  due  to  the  high  resolution  of  the  two 
approaches  considered:  up  to  40  million  grid  cells  are  used  in  the  simulations  and  about 
2  million  point  measurements  axe  available.  The  results  show  an  overall  satisfactory 
agreement  and  the  turbulence  model  used  (two-equation  model)  seems  to  perform  quite 
well  for  the  straight  parts  of  the  passage  capturing  the  three-dimensional  flow  structures 
accurately.  The  major  discrepancies  are  present  in  the  U-bend  and  in  the  immediate 
downstream  areas  where  the  linear  eddy  viscosity  approaches  used  cannot  account  for 
the  strong  turbulence  anisotropy  (lacovides  h  Raisee  1999). 

Additional  simulations  and  experiments  have  been  carried  out  at  a  larger  Reynolds 
number  and  the  results  show  again  an  encouraging  agreement.  Future  work  will  be  de¬ 
voted  to  perform  similar  comparisons  between  these  two  techniques  in  different  complex 
configurations;  in  particular,  in  the  cardiovascular  system. 
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Figure  8.  Comparison  between  simulations  (top)  and  experiments  (bottom)  in  region  4  (see 
Fig.  2):  vertical  plane  corresponding  to  a  cross-section  after  the  U-bend. 


0.0  0.6  1.2  1.8  24  3.0  0.0  0.8  1.6  2.4  3.2  4.0 

%  Error  (x-velocity)  %  Error  (y-velocity) 


0.0  04  0.8  1.2  1.6  2.0 

F.rrnr  rT-vp.lnritvl 


Figure  9.  Differences  between  computations  and  experiments  in  region  3  (see  Fig.  2):  vertical 
plane  corresponding  to  a  cross-section  before  the  U-bend. 
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RANS  simulation  of  the  separated  flow  over  a 
bump  with  active  control 

By  Gianluca  laccarino,  Claudio  Marongiuf , 

Pietro  Catalanof,  Marcello  Amatof 


1.  Introduction  and  motivations 

Active  Flow  Control  (AFC)  is  an  attractive  technique  to  increase  the  aerodynamic 
efficiency  of  lifting  and  control  surfaces.  The  working  principle  is  to  use  localized  suction 
or  injection  to  modify  the  characteristics  of  the  boundary  layer  flow  near  regions  of 
separation,  thus  limiting  the  associated  losses.  The  effect  of  steady  suction  or  blowing 
has  been  studied  in  great  detail  in  the  past  (see  Braslow  (1999)  for  a  comprehensive 
review),  especially  with  reference  to  high>lift  configurations.  The  major  limitation  to  the 
applicability  of  conventional  AFC  devices  is  the  need  to  provide  or  discharge  a  constant 
supply  of  flow  for  blowing  or  suction,  respectively,  which  requires  complicated  piping, 
additional  energy  supply,  and  causes  efficiency  losses.  In  the  last  decade,  a  new  AFC 
device,  namely  the  synthetic  jet  actuator,  has  been  introduced,  which  eliminates  most  of 
these  drawbacks.  In  this  system  the  net  mass  flow  is  zero,  because  a  membrane  within 
a  small  cavity  produces  blowing  and  suction  alternatively.  The  performance  of  synthetic 
jets  appear  to  be  extremely  encouraging,  but  most  of  the  experimental  analysis  and 
numerical  studies  are  performed  at  low  Reynolds  number.  The  current  focus  is  on  the 
application  of  such  devices  to  turbulent  flows  especially  in  the  aeronautical  industry. 

The  fluid  mechanics  of  s5Tithetic  jets  at  low  Reynolds  numbers  is  well  understood 
(Glezer  &  Amitay  2002)  and  their  difference  with  respect  to  conventional  (continuous) 
jet  has  been  elucidated  experimentally  (Smith  &:  Swift  2003).  In  particular,  it  has  been 
shown  that  the  vortex  shedding  behind  a  circular  cylinder  can  be  completely  suppressed 
in  the  laminar  regime  (Glezer  k.  Amitay  2002)  and  substantial  drag  reductions  can  be 
obtained  at  moderate  Re3molds  numbers  (Amitay  et  al  1997;  Catalano  et  al.  2002). 

The  objective  of  this  paper  is  to  investigate  the  accuracy  of  Reynolds- Averaged  Navier- 
Stokes  (RANS)  techniques  in  predicting  the  effect  of  steady  and  unsteady  flow  control 
devices.  This  is  part  of  a  larger  effort  in  applying  numerical  simulation  tools  to  investigate 
of  the  performance  of  synthetic  jets  in  high  Reynolds  number  turbulent  flows.  RANS 
techniques  have  been  successful  in  predicting  isolated  synthetic  jets  as  reported  by  Krai 
et  al  (1997).  Nevertheless,  due  to  the  complex,  and  inherently  unsteady  nature  of  the 
interaction  between  the  synthetic  jet  and  the  external  boundary  layer  flow,  it  is  not  clear 
whether  RANS  models  can  represent  the  turbulence  statistics  correctly. 

An  extensive  computational  and  experimental  investigation  of  turbulent  flow  with 
active  control  is  ongoing  at  NASA  Langley.  A  workshop,  CFDVAL2004,  will  be  held 
in  March  2004  under  joint  sponsorship  by  NASA  and  ERCOFTAC  with  the  objective 
of  providing  benchmarks  for  CFD  validation  (see  cfdval2004.larc.nasa.gov).  The 
present  work  is  directed  towards  participation  in  this  workshop. 

t  CIRA,  Italian  Center  for  Aerospace  Research 
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2.  Numerical  techniques 

2.1.  U-ZEN 

The  CIRA  U-ZEN  code  solves  the  compressible  RANS  equations  around  complex  aero¬ 
nautical  configurations  using  multiblock  structured  grids.  The  numerical  discretization  is 
based  on  a  second-order  cell-centered  finite- volume  method  with  explicitly  added  (fourth- 
order)  artificial  dissipation.  The  unsteady  solution  procedure  is  based  on  the  dual  time 
stepping  method  where  a  pseudo  steady-state  problem  is  solved  at  each  time  step.  Con¬ 
ventional  convergence  accelerators,  including  geometrical  multigrid  and  residual  smooth¬ 
ing,  are  used.  Several  turbulence  models  are  available  in  U-ZEN:  for  the  numerical  sim¬ 
ulations  presented  in  this  paper  only  the  one-equation  Spalart-Allmarass  (SA)  model 
(Spalart  &:  Allmaras  1994)  and  the  two-equation  k-u;  (KW)  model  (Wilcox  1993)  have 
been  used. 


2.2.  FLUENT 

FLUENT  is  a  commercial  CFD  code  that  solves  the  RANS  equations  on  hybrid  unstruc¬ 
tured  grids.  It  uses  a  second-order  upwind  discretization  based  on  the  SIMPLE  pressure- 
velocity  coupling  and  the  formulation  can  accommodate  compressible  flows.  Dual  time 
stepping  is  used  to  obtain  time  accurate  simulations  and  an  algebraic  multigrid  tech¬ 
nique  is  used  to  accelerate  convergence  within  each  time  step.  A  multitude  of  turbulence 
models  and  variants  are  available  in  Fluent.  In  this  work  the  SA  model  and  Durbin’s 
V2F  four-equation  model  (Durbin  1995)  are  used.  The  latter  model  was  implemented  in 
FLUENT  using  the  User  Subroutines  (laccarino  2001). 


3.  Preliminary  validation 

As  a  preliminary  step  toward  applying  the  two  codes  to  AFC  problems,  flows  around 
bluff  bodies  at  low  Reynolds  number  are  considered.  In  particular,  FLUENT  has  been 
successfully  applied  to  compute  the  vortex  shedding  in  two-  and  three-dimensional  flows 
(Ooi  et.  at.  2002);  the  same  problems  have  been  carried  out  using  U-ZEN.  Only  a  few 
results  are  reported  for  the  flow  around  the  circular  cylinder  at  two  Reynolds  numbers 
{Rod  =  100  and  Reo  —  3,900)  corresponding  to  unsteady  laminar  and  turbulent  flows. 
The  results  are  summarized  in  the  Table  I. 


U-ZEN 

FLUENT  Exp.i 

St 

0.164 

0.143 

0.165 

Cd 

1.373 

1.377 

1.340 

Cl 

0.292 

0.340 

0.325 

Lr 

1.450 

1.380 

1.460 

Umin 

i 

o 

00 

o 

-0.185 

-0.180 

Reo  —  100 
^  Zdravkovich  1997 


U-ZEN 

FLUENT 

LESi 

Exp.2 

St 

0.208 

0.233 

0.203 

0.215 

Cd 

0.865 

1.050 

1.000 

0.980 

Lr 

1.620 

1.360 

1.360 

1.330 

Umin 

-0.180 

-0.185 

-0.180 

-0.180 

Reo  =  3, 900 

^  Beaudan  &  Moin  1994,^  Zdravkovich  1997 


Table  I.  Computational  results  for  the  flow  around  the  circular  cylinder.  St  is  the  Strouhal 
number,  Cd  and  Cl  are  the  maximum  aerodynamic  forces  during  a  shedding  cycle,  Lr  the 
length  of  the  recirculation  bubble,  and  Umin  the  minimum  velocity  on  the  wake  centerline. 
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Figure  1.  Sketch  of  the  bump  studied  experimentally  by  Seifert  &:  Pack  (2002) 


U-ZEN  and  FLUENT  are  in  good  agreement  with  each  other  and  with  the  experimental 
data.  Additional  simulations  were  carried  out  for  the  flow  over  a  square  cylinder,  and 
similar  agreement  was  obtained. 


4.  Turbulent  flow  over  a  bump 

Three  problems  have  been  proposed  for  the  CFDVAL2004  Workshop:  the  first  two 
are  related  to  simple  synthetic  jet  flows  with  and  without  crossflow.  The  third  concerns 
the  study  of  a  hump  model  with  various  steady  and  unsteady  separation  controls.  Our 
preliminary  work  has  been  focused  on  the  analysis  of  this  test  problem. 

The  geometry  with  a  detailed  view  of  the  flow  control  slot  is  sketched  in  Fig.  1.  The 
hump  thickness  is  20%  and  the  chord  of  the  hump  relative  to  to  the  height  of  the  channel 
is  c/H  =  2/3  and,  therefore,  substantial  blockage  effects  are  expected. 

Experiments  were  carried  out  in  the  NASA  Langley  Transonic  Cryogenic  Tunnel 
(Seifert  Sz  Pack  2002)  for  Reynolds  numbers  ranging  from  2.4  to  26  millions  and  Mach 
number  of  0.25.  Due  to  discrepancies  observed  with  previous  CFD  analysis  of  this  model 
(see  Viken  et  al  2003)  a  new  set  of  measurements  will  be  collected  and  made  available 
at  the  workshop.  In  this  work  we  will  the  original  set  of  experimental  data  for  an  initial 
assessment  of  the  predictive  capabilities  of  the  RANS  tools  employed. 

Structured  and  unstructured  computational  grids  have  been  generated.  The  unstruc¬ 
tured  grid  (Fig.  2)  is  built  using  24  layers  of  quadrilaterals  in  the  boundary  layers  and 
paving  in  the  rest  of  the  domain.  Three  meshes  were  considered  to  evaluate  the  grid 
sensitivity  of  the  solution;  their  sizes  range  from  12,000  to  70,000  elements.  Note  that 
the  cavity  region  is  included  in  the  mesh  (using  triangular  paving)  to  study  its  effect  on 
the  solution.  The  structured  grid  is  shown  in  Fig.  3.  It  contains  16,000  ceils,  and  two 
additional  coarser  versions  have  been  considered  to  evaluate  grid  dependence.  In  this  case 
the  cavity  is  not  included  and  the  jet  control  is  modeled  through  a  boundary  condition 
to  be  discussed  later. 

The  first  set  of  simulations  is  aimed  at  establishing  the  accuracy  of  the  two  RANS  codes 
used  (UZEN  and  FLUENT)  for  a  case  without  flow  control.  Calculations  are  carried  out 
at  Reynolds  number  of  12  million  and  Mach  0.25.  In  Fig.  4  pressure  coefficient  distribu¬ 
tions  along  the  bump  are  reported  using  various  turbulence  models  and  by  considering 
different  heights  of  the  channel  to  study  the  effect  of  the  blockage.  The  agreement  is 
reasonable  when  the  SA  and  KW  models  are  used  in  FLUENT  and  UZEN,  respectively. 
When  the  same  turbulence  model  (SA)  is  used  the  comparison  is  not  satisfactory,  with 
UZEN  predicting  a  substantially  lower  pressure.  The  cause  seems  to  be  related  to  the 
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Figure  2.  Unstructured  computational  grid  with  details  of  the  slot  region. 


Figure  3,  Structured  computational  grid.  Note  that  the  cavity  is  not  included  but  is  modeled 

as  a  boundary  condition. 

incoming  boundary  layer  (note  the  peak  at  a:/c  =  0  in  Fig,  4(a))  which  appears  to  be  of 
different  thickness  in  the  various  calculations.  This  was  also  acknowledged  as  a  crucial 
aspect  of  the  simulations  reported  in  Viken  et.  al  (2003), 

The  effect  of  the  blockage  plotted  in  Fig.  4(b)  shows  that  the  separation  bubble  (from 
x/c  «  0.6)  is  strongly  affected  by  the  height  of  the  channel;  however,  the  simulations  fail 
to  capture  the  level  of  the  pressure  in  the  separated  region.  This  is  consistent  with  the 
finding  in  Viken  et  al  (2003)  which  has  motivated  the  new  experimental  study. 

In  Fig.  5  the  streamlines  are  reported  for  the  cases  without  control  and  with  a  steady 
suction  corresponding  to  a  momentum  coefficient  =  —1.4%  (where  is  defined  as 
the  ratio  of  jet  momentum  to  free-stream  momentum).  The  recirculation  bubble  in  Fig. 
5(a),  estimated  using  the  skin  friction  coefficient  (not  reported),  is  A/c  =  0.59  whereas 
it  is  reduced  to  A/c  =  0.14  with  the  control  (Fig.  5(c)).  The  experimental  bubble  length 
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Figure  4.  Pressure  coefficient  distribution  over  the  bump;  Re  =  16  million,  Ma  =  0.25.  Com¬ 
parison  between  U-ZEN  and  FLUENT  (left);  effect  of  the  height  of  the  tunnel  (right),  cfn.  Fig. 
1. 


Figure  5.  Computed  streamlines:  Re  =  16  million,  Ma  =  0.25.  No  control  (left);  no  control 
but  model  with  the  cavity  (center),  steady  suction:  =  —1.4%  (right). 


is  estimated  to  be  A/c  =  0.56  for  the  case  without  control.  No  information  is  given  for 
the  case  with  control  in  Seifert  &  Pack  (2002).  In  Fig.  5(b)  an  additional  simulation  is 
reported  for  the  case  without  control  but  with  the  cavity  to  evaluate  its  effect  on  the 
solution. 

One  important  aspect  of  the  present  work  is  to  establish  the  suitability  of  representing 
the  control  jets  using  boundary  conditions  instead  of  explicitly  simulating  the  flow  in  the 
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Figure  6.  Computed  streamwise  velocity  contours.  Steady  suction  modeled  as  a  boundary 
condition  (top)  and  steady  suction  applied  through  the  cavity  (bottom). 


cavity.  This  is  extremely  important  for  synthetic  jets  generated  by  a  deforming  mem¬ 
brane  which  would  require  an  extremely  complicated  and  time-consuming  moving-mesh 
calculation.  In  Fig.  6  two  simulations  of  the  steady  suction  control  case  (reported  earlier) 
are  compared.  In  one  case  the  suction  is  modeled  as  a  boundary  condition  whereas  in  the 
other  the  cavity  is  included  in  the  simulation.  Prom  an  experimental  point  of  view  the 
momentum  ratio  is  known  together  with  the  total  mass  flow  rate  through  the  slot: 


ij2pooy^c 


Mj  = 


PjV^H 

pooy<x>^ 


where  the  subscripts  j  and  oo  refer  to  jet  and  inflow  conditions,  respectively,  and  Mj  is 
the  measured  mass  flow  through  the  slot.  These  two  conditions  allow  the  jet  conditions 
to  be  determined: 


Foe  2M,- 
Pj  _  Fx3 

The  suction  boundary  condition  is  formulated  by  assuming  a  constant  density  and 
velocity  (given  by  the  expressions  above)  and  by  assuming  a  zero  pressure  gradient.  The 
results  are  presented  in  Fig.  6  in  terms  of  velocity  contours  on  the  bump  and  in  the 
vicinity  of  the  suction  slot.  The  agreement  between  the  two  simulations  (with  the  cavity 
or  with  the  suction  boundary  condition)  is  very  good.  Another  option  that  has  been 
tested  for  the  specification  of  the  boundary  condition  is  to  use  a  zero  gradient  condition 
for  the  velocity  corresponding  to  an  extrapolation  from  the  inside  (instead  of  a  direct 
enforcement).  This  condition  will  not  guarantee  the  correct  specification  of  the  mass  flow 
and,  therefore,  the  velocity  has  to  be  properly  scaled.  The  advantage  of  this  approach 
is  that  the  velocity  is  not  constant  in  the  slot  region  but  has  a  variation  that  accounts 
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Figure  7.  Pressure  coefficient  distribution  over  the  bump:  Re  =  16  million,  Ma  =  0.25.  No 
control  (left);  steady  suction:  —  —1.4%  (right). 

for  the  external  flow  even  if  the  correct  suction  integral  parameters  are  specified.  The 
difference  between  the  two  boundary  conditions  described  was  found  to  be  minimal  in 
the  present  problem. 

In  Fig.  7  the  pressure  distributions  on  the  bump  with  and  without  (steady)  control 
are  reported.  Results  obtained  using  two  turbulence  models  are  compared  with  the  ex¬ 
perimental  data.  The  V2F  model  appears  to  be  superior  to  the  SA  model  in  predicting 
the  pressure  level  in  the  recirculation  bubble  and  in  the  successive  recovery  region  (as 
expected,  see  laccarino  2001).  In  particular,  it  is  interesting  to  note  that  the  agreement 
is  somewhat  better  in  the  controlled  case. 

Finally,  in  Fig.  8,  results  for  an  unsteady  control  case  are  reported.  They  correspond 
to  an  average  momentum  coefficient  <  >=  0.95%  and  a  non-dimensional  frequency 

^  1.6  (normalized  by  free  stream  velocity  and  half  chord).  In  this  case  experimental 
data  are  not  available  for  comparison,  but  the  present  data  are  is  agreement  with  the  CFD 
results  reported  in  Viken  et  al  (2003).  It  is  interesting  to  note  that  the  envelope  (the 
maximum  and  minimum  within  a  cycle)  shows  a  large  variation  of  the  friction  coefficient 
in  the  region  downstream  of  the  slot  with  a  very  small  area  of  recirculating  flow. 


5.  Conclusions  and  future  work 

This  report  presents  some  preliminary  results  of  steady  and  unsteady  RANS  simu¬ 
lations  of  flows  with  active  control.  The  main  objective  is  to  establish  the  accuracy  of 
the  predictions  with  particular  emphasis  on  (a)  turbulence  modeling,  and  (b)  control 
enforcement  (boundary  condition). 

Calculations  are  carried  out  using  an  unstructured  commercial  CFD  code,  FLUENT, 
and  a  multiblock  structured  aeronautical  CFD  code,  UZEN.  Several  turbulence  model 
have  been  used,  ranging  from  a  one-equation  model  to  a  four-equation  model.  An  explicit 
description  of  the  control  device  (a  cavity  with  a  contoured  slot)  and  its  modeling  by  a 
velocity  boundary  condition  have  been  considered  and  results  have  been  compared. 
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Figure  8.  Pressure  coefficient  distribution  (left)  and  skin  friction  (right)  over  the  bump  in  the 
unsteady  control  case:  Re  —  16  million,  Ma  =  0.25.  Solid  line  represent  time  averaged  results;  the 
grey  area  represents  the  unsteady  envelope.  These  results  are  obtained  with  the  full  configuration 
(including  the  cavity). 


The  preliminary  conclusion  is  that  turbulence  modeling  plays  a  crucial  role  in  the 
accuracy  of  the  results  and,  at  least  for  a  steady  suction  control,  the  control  device  can 
be  reasonably  modeled  by  a  boundary  condition. 

Future  work  will  be  focused  on  the  comparison  of  the  present  calculation  (and  ad¬ 
ditional  simulations  in  different  conditions)  to  the  new  set  of  experimental  data  being 
provided  at  the  CFDVAL2004  workshop  and  on  the  assessment  of  the  suitability  of  mod¬ 
eling  unsteady  control  (synthetic  jet)  by  boundary  conditions. 
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Constrained  aeroacoustic  shape  optimization  using 
the  surrogate  management  framework 


By  Alison  L.  Marsden,  Meng  Wang,  and  John  E.  Dennis,  Jr. 


1.  Motivation  and  objectives 

Reduction  of  noise  generated  by  turbulent  flow  past  the  tr ailing-edge  of  a  lifting  surface 
is  a  challenge  in  many  aeronautical  and  naval  applications.  Numerical  predictions  of 
trailing-edge  noise  necessitate  the  use  of  advanced  simulation  techniques  such  as  large- 
eddy  simulation  (LES)  in  order  to  capture  a  wide  range  of  turbulence  scales  which  are 
the  source  of  broadband  noise.  Aeroacoustic  calculations  of  the  flow  over  a  model  airfoil 
trailing  edge  using  LES  and  aeroacoustic  theory  have  been  presented  in  Wang  k  Moin 
(2000)  and  were  shown  to  agree  favorably  with  experiments.  The  goal  of  the  present  work 
is  to  apply  shape  optimization  to  the  trailing  edge  flow  previously  studied,  in  order  to 
control  aerodynamic  noise. 

There  are  several  considerations  in  choosing  a  tractable  optimization  method  for  the 
trailing-edge  problem.  The  primary  concern  is  the  computational  expense  of  the  function 
evaluations,  and  additional  considerations  include  availability  of  gradient  information  and 
robustness  of  the  optimization  method.  Although  adjoint  solvers  have  been  successfully 
applied  for  gradient-based  optimization  in  aeronautics  problems  (for  example  in  Jameson 
et  al  (1998)),  they  present  difficulties  with  implementation,  portability,  and  data  storage 
for  unsteady  problems.  Approximation  modeling  was  used  for  trailing-edge  optimization 
in  Marsden  et  al  (2002),  and  results  showed  significant  reduction  in  acoustic  power 
with  reasonable  computational  cost.  In  these  methods,  optimization  is  performed  not  on 
the  expensive  actual  function,  but  on  a  surrogate  function,  which  is  cheap  to  evaluate. 
Although  the  approximation  method  presented  in  Marsden  et  al  (2002)  was  effective,  it 
lacks  rigorous  convergence  properties. 

The  surrogate  management  framework  (SMF),  developed  by  Booker  et  al  (1999), 
incorporates  the  use  of  surrogate  functions  into  a  pattern  search  framework,  hence  pro¬ 
viding  a  theoretical  basis  for  convergence.  The  convergence  of  pattern  search  methods 
has  been  studied  extensively  by  Audet  &  Dennis  (2003,  2000).  Use  of  the  SMF  method 
has  been  demonstrated,  among  others,  by  Booker  et  al  (1999),  where  the  method  was 
successfully  applied  to  a  helicopter  rotor  blade  design  problem  with  31  design  variables. 

The  SMF  method  provides  a  robust  and  efficient  alternative  to  traditional  gradient- 
based  optimization  methods.  In  this  work,  the  SMF  method  is  applied  for  trailing-edge 
optimization  in  a  time-dependent  laminar  flow  problem  with  and  without  constraints 
on  lift  and  drag.  Several  interesting  optimal  shapes  have  been  identified,  all  of  which 
result  in  significant  reduction  of  trailing-edge  noise.  In  particular,  the  development  of  a 
trailing-edge  bump  in  the  constrained  case  is  an  unexpected  result  which  illustrates  the 
trade-off  between  noise  reduction  and  loss  of  lift. 
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Figure  1.  Blake  airfoil  used  in  model  problem.  Right  half  section  of  upper  surface  is  allowed 

to  deform 

2.  Problem  formulation  and  cost  function 

The  general  optimization  problem  may  be  formulated  with  bound  constraints  as  follows 

minimize  J{x) 

subject  to  X  eD.  (2.1) 

In  the  above  problem  statement,  J  :  M”  M  is  the  cost  function,  and  x  is  the  vec¬ 
tor  of  design  parameters.  The  bounds  on  the  parameter  space  are  defined  by  = 
{x  E  <  X  <  u}  where  /  €  is  a  vector  of  lower  bounds  on  x  and  it  €  E’^  is  a 
vector  of  upper  bounds  on  x. 

In  this  work,  the  surrogate  management  framework  is  implemented  and  validated  for 
optimization  of  a  time-dependent  flow  problem.  The  airfoil  geometry  for  the  model  prob¬ 
lem  is  shown  in  Figure  1  and  is  a  shortened  version  of  the  airfoil  used  in  experiments  of 
Blake  (1975).  The  airfoil  chord  is  10  times  its  thickness,  and  the  right  half  of  the  upper 
surface  is  allowed  to  deform.  The  flow  is  from  left  to  right  and  results  presented  in  this 
work  are  at  a  chord  Reynolds  number  of  Re  =  10, 000. 

The  cost  function  is  defined  in  terms  of  noise  radiation  from  an  acoustically  com¬ 
pact  airfoil,  calculated  using  Curie’s  extension  to  the  Lighthill  theory  (Curie  1955).  The 
compactness  assumption  is  valid  for  unsteady  laminar  flow  past  an  airfoil  at  low  Mach 
number  since  the  acoustic  wavelength  associated  with  the  vortex  shedding  is  typically 
long  relative  to  the  airfoil  chord.  Details  of  the  cost  function  derivation  are  given  in 
Marsden  et  al.  (2003),  and  the  final  cost  function  expression  is 

J  =  j^njpij{y,t)d?y^  +  (^^WjP2j(y,«)cPy)  ,  (2.2) 

which  is  directly  proportional  to  the  radiated  acoustic  power. 

The  cost  function,  J,  depends  on  control  parameters  for  the  airfoil  surface  deformation. 
Each  parameter  corresponds  to  a  deformation  point  on  the  airfoil  surface,  and  its  value 
must  be  within  prescribed  allowable  bounds.  The  value  of  each  parameter  is  defined 
as  the  displacement  of  the  control  point  relative  to  the  original  airfoil  shape,  in  the 
direction  normal  to  the  surface.  A  positive  parameter  value  corresponds  to  displacement 
in  the  outward  normal  direction,  and  a  negative  value  corresponds  to  the  inward  normal 
direction.  A  spline  connects  all  the  deformation  points  to  the  trailing  edge  point  and  the 
left  (un-deformed)  region  to  give  a  continuous  airfoil  surface.  Both  ends  of  the  spline  are 
fixed.  While  the  surface  must  be  continuous  and  smooth  on  the  left  side,  the  trailing  edge 
angle  is  free  to  change. 

For  a  given  set  of  parameter  values,  there  is  a  unique  corresponding  airfoil  shape.  To 
calculate  the  cost  function  value  for  a  given  shape,  a  mesh  is  generated  and  the  flow 
simulation  is  performed  until  the  solution  is  statistically  converged.  A  finite  difference 
code  discussed  in  Wang  &  Moin  (2000)  is  used  to  solve  the  time-dependent  incompressible 
two-dimensional  Navier-Stokes  equations  in  generalized  curvilinear  coordinates.  Because 
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the  flow  has  unsteady  vortex  shedding,  the  cost  function  is  oscillatory.  In  the  optimization 
procedure,  the  mean  cost  function  J  (cf.  (2.2))  is  used,  which  is  obtained  by  averaging  in 
time  until  convergence.  With  each  shape  modification,  the  flow  field  is  allowed  to  evolve 
for  sufficiently  long  time  to  establish  a  new  quasi-steady  state  before  the  time  averaging 
is  taken. 


3.  Outline  of  the  surrogate  management  framework 

In  this  section,  we  outline  the  steps  used  for  trailing-edge  shape  optimization  with  the 
surrogate  management  framework.  The  SMF,  introduced  in  Booker  et  al  (1999),  is  a 
pattern  search  method  which  incorporates  surrogate  functions  to  make  the  optimization 
cost  effective.  The  main  idea  behind  the  SMF  method  is  to  use  a  surrogate  function 
as  a  predictive  tool,  while  retaining  the  robust  convergence  properties  of  pattern  search 
methods.  Like  pattern  search  methods,  SMF  is  a  mesh  based  algorithm,  so  that  all  points 
evaluated  are  restricted  to  lie  on  a  mesh. 

The  first  step  in  the  optimization  is  to  choose  a  set  of  initial  data.  Latin  hypercube 
sampling  (LHS)  McKay  et  al  (1979),  is  commonly  used  to  find  a  well  distributed  set  of 
initial  data  in  the  parameter  space.  Latin  hypercube  sampling  ensures  that  each  input 
variable  has  all  portions  of  its  range  represented  in  the  chosen  data  set.  Once  the  initial 
data  set,  a;i . . .  Xm,  has  been  chosen,  the  cost  function,  J{x)  is  evaluated  at  these  points, 
and  an  initial  surrogate  model  is  constructed. 

A  Kriging  surrogate  model  is  used  to  interpolate  the  data,  and  to  predict  the  value 
of  the  function  at  a  particular  location  in  the  parameter  space.  As  the  optimization 
progresses,  the  surrogate  model  should  be  updated  to  include  new  data.  Kriging,  also 
called  DACE,  is  a  statistical  method  based  on  the  use  of  spatial  correlation  functions.  It 
is  easily  extended  to  multiple  dimensions,  making  it  attractive  for  optimization  problems 
with  several  parameters.  A  detailed  derivation  of  the  Kriging  approximation  is  given  in 
Marsden  et  al  (2003),  following  Lophaven  et  al  (2002).  After  constructing  an  initial 
surrogate,  all  points  subsequently  evaluated  by  the  algorithm  are  restricted  to  lie  on 
a  mesh  in  the  parameter  space.  The  mesh  definition  is  flexible  so  long  as  the  vectors 
connecting  a  point  x  to  any  2n  points  adjacent  to  x  form  a  positive  basis  for  R”.  The  mesh 
may  be  refined  or  rotated  during  the  optimization  as  long  as  it  satisfies  this  definition. 

The  SMF  algorithm  consists  of  two  steps,  SEARCH  and  POLL.  The  exploratory  SEARCH 
step  uses  the  surrogate  to  aid  in  the  selection  of  points  which  are  likely  to  improve  the 
cost  function.  The  SEARCH  step  provides  means  for  local  and  global  exploration  of  the 
parameter  space,  but  is  not  strictly  required  for  convergence.  Because  the  SEARCH  step 
is  not  integral  to  convergence,  it  affords  the  user  a  great  deal  of  flexibility  and  may  be 
adapted  to  a  particular  engineering  problem. 

Convergence  of  the  SMF  algorithm  is  guaranteed  by  a  POLL  step,  in  which  points 
neighboring  the  current  best  point  on  the  mesh  are  evaluated  to  check  whether  the  current 
best  point  is  a  mesh  local  optimizer.  A  set  of  POLL  points  are  required  to  generate  an 
n  +  1  positive  basis.  An  example  of  such  a  basis  is  constructed  in  R’^  as  follows.  We  let 
V  be  the  matrix  whose  columns  are  the  basis  elements.  Then  construct  D  =  [V^—V  •  e], 
where  e  is  the  vector  of  ones  and  —V  •  e  is  the  negative  sum  of  the  columns  of  V.  The 
columns  of  D  form  an  n  -f  1  positive  basis  for  R’^.  For  example,  in  three  dimensions  such 
a  basis  could  be  given  by  (1,0,0),  (0, 1,0),  (0,0, 1),  (—1,  -1,  -1). 

Following  evaluation  of  the  initial  data,  the  first  step  in  the  optimization  is  a  SEARCH 
step.  In  the  SEARCH  step,  optimization  is  performed  on  the  surrogate  in  order  to  predict 
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the  location  of  one  or  more  minimum  points,  and  the  function  is  evaluated  at  these 
points.  If  an  improved  cost  function  value  is  found,  the  search  is  considered  successful, 
the  surrogate  is  updated,  and  another  search  step  is  performed.  If  the  SEARCH  fails  to 
find  an  improved  point,  then  it  is  considered  unsuccessful  and  a  POLL  step  is  performed, 
in  which  the  set  of  POLL  points  are  evaluated.  If  the  POLL  produces  an  improved  point, 
then  a  SEARCH  step  is  performed  on  the  current  mesh.  Otherwise,  if  no  improved  points 
are  found,  then  the  current  best  point  is  a  local  minimum  of  the  function  on  the  mesh. 
For  greater  accuracy,  the  mesh  may  be  refined,  at  which  point  the  algorithm  continues 
with  a  SEARCH.  Convergence  is  reached  when  a  local  minimum  on  the  mesh  is  found,  and 
the  mesh  has  been  refined  to  the  desired  accuracy.  Each  time  new  data  points  are  found 
in  a  SEARCH  or  POLL  step,  the  data  is  added  to  the  surrogate  model  and  the  surrogate  is 
updated.  The  steps  in  the  algorithm  are  summarized  below,  where  the  set  of  points  in 
the  initial  mesh  is  Mo,  the  mesh  at  iteration  k  is  Mk,  and  the  current  best  point  is  Xk^ 

1.  SEARCH 

(a)  Identify  finite  set  of  trial  points  Tk  on  the  mesh  Mfc. 

(b)  Evaluate  J{xtriai)  for  trial  points  Tk  €  Mk- 

(c)  If  for  any  point  in  Tk,  J{x trial)  <  J{xk),  a  lower  cost  function  value  has  been 
found,  the  SEARCH  is  successful  Increment  k  and  go  back  to  SEARCH. 

(d)  Else  if  none  of  Tk  improves  the  cost  function,  SEARCH  is  unsuccessful  Increment  k 
and  go  to  POLL. 

2.  POLL 

(а)  Find  a  set  of  poll  points  Xk  around  Xk  which  are  neighboring  mesh  points  that 
generate  a  positive  basis. 

(б)  If  for  any  point  in  Xk  ,  J(xpoii)  <  J{xk),  a  lower  cost  function  has  been  found  and 
the  POLL  is  successful  Increment  k  and  go  to  SEARCH. 

(c)  Else  if  none  of  Xk  improves  the  cost  function,  POLL  is  unsuccessful 

(а)  If  convergence  criteria  are  satisfied,  a  converged  solution  has  been  found.  STOP. 

(б)  Else  if  convergence  criteria  are  not  met,  refine  mesh.  Increment  k  and  go  to 

SEARCH. 

Because  the  method  has  distinct  SEARCH  and  POLL  steps,  convergence  theory  for  the 
SMF  method  reduces  to  convergence  of  pattern  search  methods.  Convergence  of  the 
SMF  method  is  discussed  at  length  by  Booker  et  al  (1999),  Pattern  search  convergence 
theory  is  presented  by  Audet  &  Dennis  (2003). 


4.  Unconstrained  two  parameter  results 

In  this  section,  the  full  SMF  method  is  validated  using  two  shape  parameters.  The 
control  points,  a  and  b,  are  evenly  distributed  on  the  upper  surface  of  the  airfoil.  For 
each  set  of  parameters,  the  airfoil  surface  is  interpolated  using  a  hermite  spline.  The 
lower  bound  on  the  parameters  is  chosen  to  correspond  to  a  straight  line  connecting  the 
left  edge  of  the  deformation  region  and  the  trailing  edge,  and  the  upper  bound  is  an 
equal  deformation  in  the  outward  normal  direction. 

To  give  a  basis  for  comparison,  results  using  two  parameters  without  the  POLL  step 
are  presented  in  Table  1.  We  term  this  method  the  “strawman  method.”  The  case  shown 
produces  a  cost  function  reduction  of  54%  with  18  function  evaluations.  The  optimal 
shape  obtained  in  this  case  is  shown  on  the  left  of  Figure  2.  The  corresponding  normalized 
cost  function  reduction  is  given  on  the  right  of  Figure  2,  and  the  initial  and  final  Kriging 
surrogates  are  shown  in  Figure  3.  To  make  the  “strawman”  case  consistent  with  cases 


Constrained  aeroacoustic  shape  optimization 


403 


Figure  2,  Left:  initial  (thin  line)  and  final  (thick  line)  airfoil  shapes  using  two  parameters  with 
no  poll  step  (“strawman  method”).  Right:  normalized  cost  function  (acoustic  power)  vs.  total 
function  evaluations 


6  b 

Figure  3.  Initial  and  final  Kriging  surrogate  functions  for  “strawman”  case.  Left  plot  shows 
initial  data  obtained  with  latin  hypercube  sampling;  right  side  shows  final  surrogate  fit. 


using  the  SMF  method,  all  points  evaluated  were  restricted  to  lie  on  a  mesh  of  the  same 
size,  and  the  mesh  was  refined  twice.  Convergence  was  reached  when  surrogate  minimum 
point  was  the  same  as  the  previous  iteration. 

For  purpose  of  comparison,  all  full  SMF  method  cases  use  the  same  set  of  LHS  initial 
data  (7  points)  as  the  “strawman”  case  shown  on  the  left  side  of  Figure  3.  The  two- 
parameter  results  obtained  using  the  full  SMF  method  are  given  in  Table  1.  The  table 
lists  the  total  number  of  function  evaluations  as  well  as  the  number  of  iterations,  where 
one  iteration  is  a  complete  SEARCH  or  POLL  step.  In  all  cases,  the  number  of  function 
evaluations  includes  the  number  of  initial  data  points. 

The  second  hne  of  table  1  shows  a  case  in  which  one  point,  the  surrogate  minimum  on 
the  mesh,  is  evaluated  in  each  SEARCH  step.  With  two  mesh  refinements,  the  total  cost 
function  reduction  is  72%.  Comparing  with  the  “strawman”  case,  the  POLL  step  adds 
some  computational  expense,  but  also  results  in  a  significantly  lower  cost  function  value. 
As  discussed  in  Section  3,  the  POLL  step  ensures  convergence  to  a  local  minimum  on  the 
mesh  in  the  parameter  space. 

Lines  three  and  four  in  Table  1  explore  the  eflfect  of  using  multiple  points  in  the 
SEARCH  step  of  the  algorithm.  In  each  case,  one  SEARCH  point  is  found  by  a  direct  search 
for  the  minimum  of  the  surrogate  function  on  the  mesh.  Additional  “space-filling”  points 
are  added  in  an  effort  to  keep  the  data  set  well  distributed  and  prevent  degradation  of 
surrogate  accuracy.  The  addition  of  “space-filling”  points  does  not  necessarily  increase 
the  overall  cost  since  the  SEARCH  points  may  be  evaluated  in  parallel.  Results  using  two 


404 


A.  L.  Marsden,  M.  Wang  &  J.  E.  Dennis,  Jr. 


Figure  4.  Left:  initial  (thin  line)  and  final  (thick  line)  airfoil  shapes  using  two  parameters  with 
SMF  method.  Right:  normalized  cost  function  (acoustic  power)  vs.  total  function  evaluations. 
Each  SEARCH  step  used  three  function  evaluations. 


optimization  method 

parameters 

search  points 

%  reduction 

evaluations 

iterations 

strawman 

2 

1 

54% 

18 

11 

SMF 

2 

1 

72% 

33 

15 

SMF 

2 

2 

72% 

42 

15 

SMF 

2 

3 

77% 

46 

13 

Table  1 .  Two  parameter  SMF  -  Comparison  of  cases  using  one,  two,  and  three  search  points. 


points  (the  surrogate  minimum  and  one  “space-filling”  point)  in  each  SEARCH  step  are 
given  in  line  three  of  Table  1.  The  cost  function  reduction  and  the  optimal  shape  are 
identical  to  the  case  with  only  one  search  point.  In  both  cases,  15  iterations  were  required 
using  two  mesh  refinements,  a  slight  increase  in  cost  over  the  “strawman”  case. 

Using  three  SEARCH  points  (one  surrogate  minimizer  and  two  ‘space-filling’  points)  a 
larger  cost  function  reduction  of  77%  was  achieved,  as  shown  in  line  four  of  Table  1. 
Figure  4  shows  the  optimized  airfoil  shape  (left)  and  the  cost  function  reduction  (right) 
for  this  case.  Comparing  with  the  other  cases  in  Table  1,  the  case  with  three  search 
points  required  fewer  iterations.  This  savings  is  explained  by  a  higher  surrogate  quality 
in  the  find  iterations,  resulting  in  fewer  polling  steps.  A  comparison  of  surrogate  quality 
is  made  by  evaluating  the  mean  squared  error. 

We  have  shown  that  efforts  to  reduce  surrogate  degradation  can  pay  off,  resulting  in  a 
lower  cost  function  solution.  In  addition,  the  two  parameter  cases,  shown  in  Figures  2  and 
4,  resulted  in  airfoil  shapes  with  a  blunt  tr ailing-edge,  which  was  at  first  sight  counter¬ 
intuitive.  Figure  5  illustrates  the  time-dependent  nature  of  the  problem  and  compares 
cost  function  vs.  time  for  the  original  airfoil,  the  “strawman”  case,  and  the  best  SMF  case. 
The  magnitude  of  acoustic  power  has  decreased  significantly  for  the  optimized  shapes 
compared  to  the  original.  However,  with  the  77%  acoustic  power  reduction  in  the  best 
two  parameter  case,  the  optimized  airfoil  has  20%  lower  lift  than  the  original,  which 
is  often  not  allowed  in  engineering  practice.  This  emphasizes  the  need  for  addition  of 
constraints  on  lift  and  drag,  which  is  addressed  in  Section  5.1. 
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Figure  5.  Comparison  of  cost  functions  for  original  airfoil  (upper  plot),  “strawman”  with  54% 
reduction  (middle  plot)  and  SMF  with  77%  reduction  (lower  plot).  Thin  line  is  instantaneous 
cost  function  (acoustic  power),  and  thick  line  is  averaged  cost  function  (acoustic  power). 


5.  Constrained  optimization  with  multiple  parameters 

5.1.  Filtering  method  for  constrained  optimization 

Lift  and  drag  constraints  can  be  enforced  using  the  filtering  method  of  Audet  &:  Dennis 
(2000)  and  Audet  et  al  (2000) ,  an  extension  of  the  pattern  search  method,  and  hence  of 
the  SMF  method.  We  consider  the  general  constrained  optimization  problem 

minimize  J{x)^ 

subject  to  X  6  C{x)  <  0.  (5.1) 

In  the  above  problem  statement,  J  :  >  E  is  the  cost  function,  and  x  is  the  vector 

of  parameters.  The  constraints  are  given  by  m  functions  contained  in  C{x)  so  that  C  = 
(ci(x) . .  .Cm(2r))^  .  The  bounds  on  the  parameter  space  are  defined  by  a  polyhedron  in 
denoted  by  0. 

We  begin  by  defining  a  constraint  violation  function,  if,  the  value  of  which  indicates 
how  closely  the  problem  constraints  are  being  met.  With  multiple  constraints,  H  may  be 
the  sum  of  several  constraint  functions  which  are  weighted  according  to  relative  impor¬ 
tance.  The  goal  of  the  optimization  problem  is  to  find  solutions  which  have  a  small  cost 
function  value,  together  with  a  small  (or  zero)  value  of  H, 

The  feasible  region  in  a  plot  of  J  vs.  H  is  defined  as  the  set  of  points  that  exactly  satisfy 
H{x)  —  0.  Thus,  a  point  x  is  infeasible  if  H{x)  >  0.  A  point  x'  is  considered  filtered, 
or  dominated,  if  there  is  a  point  x  belonging  to  the  filter  for  which  H{x)  <  iJ(x')  and 
J(x)  <  J(x').  A  filter,  is  defined  here  to  be  the  finite  set  of  non-dominated  points 
found  so  far.  The  above  concepts  are  exemplified  in  figure  8,  which  depicts  the  final  filter 
corresponding  to  the  constrained  trailing-edge  optimization  (to  be  discussed  later).  The 
points  in  the  filter  are  connected  with  vertical  and  horizontal  lines  to  form  a  dividing  line 
between  filtered  and  unfiltered  regions.  The  best  feasible  point,  marked  with  a  square, 
is  the  point  with  the  lowest  cost  function  value,  which  exactly  satisfies  the  constraint 
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(i.e.  =  0).  The  least  infeasible  point,  marked  with  a  triangle,  is  the  filter  point  with 

the  lowest  non-zero  constraint  function  value.  Other  points  in  the  filter  are  marked  with 
circles. 

The  steps  in  the  filtering  optimization  algorithm  fit  within  the  framework  of  the  SMF 
method,  and  the  basic  structure  is  the  same  as  presented  in  Section  3.  The  differences 
in  implementation  between  unconstrained  SMF  and  the  filter  method  lie  in  the  criteria 
which  make  SEARCH  and  POLL  steps  successful  or  unsuccessful.  In  this  implementation  of 
the  filter  method,  a  SEARCH  step  is  formally  considered  successful  if  it  improves  the  filter, 
which  means  that  a  new  non-dominated  point  was  identified.  A  POLL  step  is  considered 
successful  if  it  improves  either  the  the  best  feasible  point  or  the  least  infeasible  point. 
Convergence  theory  of  this  method  is  also  based  on  pattern  search  theory,  and  is  discussed 
at  length  in  Audet  k  Dennis  (2000).  The  set  of  points  in  the  initial  mesh  is  Mo,  the  mesh 
at  iteration  k  is  M^,  the  current  least  infeasible  point  is  LFk  and  the  current  best  feasible 
point  is  BFk^  The  SEARCH  and  POLL  steps  are  as  follows: 

1.  SEARCH 

(a)  Identify  finite  set  of  trial  points  Tk  on  the  mesh  Mk- 

(b)  Evaluate  J{xtriai)  and  H{x trial)  trial  points  Tk  E  Mk. 

(c)  If  any  point  in  Tfc,  is  an  unfiltered  point,  the  SEARCH  is  successful.  Increment  k  and 
go  back  to  SEARCH. 

(d)  Else  if  none  of  Tk  is  an  unfiltered  point,  SEARCH  is  unsuccessful.  Increment  k  and 
go  to  POLL. 

2.  POLL 

(a)  Find  a  set  of  POLL  points  Xk  around  LFk  or  BFk,  which  are  neighboring  mesh 
points  that  form  a  positive  basis. 

(b)  If  any  point  in  Xk  dominates  LFk  or  BFk,  the  POLL  is  successful.  Increment  k  and 
go  to  SEARCH. 

(c)  Else  if  none  of  Xk  dominates  LFk  or  BFk,  the  POLL  is  unsuccessful. 

(a)  If  convergence  criteria  are  satisfied,  a  converged  solution  has  been  found.  STOP. 

(b)  Else  if  convergence  criteria  are  not  met,  refine  mesh.  Increment  k  and  go  to 

SEARCH. 


5.2.  Incorporation  of  a  penalty  function 

Many  optimization  methods  rely  on  the  use  of  a  penalty  function  to  enforce  constraints. 
Penalty  functions  are  attractive  due  to  ease  of  implementation  into  existing  optimization 
frameworks.  Challenges  usually  involve  the  choice  of  arbitrary  weighting  of  the  constraint 
function  relative  to  the  cost  function.  Penalty  functions  can  be  easily  incorporated  into 
the  SMF  filtering  method,  and  can  be  extremely  useful  in  aiding  the  selection  of  SEARCH 
points.  Here,  we  present  a  systematic  approach  for  choosing  the  penalty  constant  by 
making  use  of  the  filtering  framework. 

In  this  approach,  a  penalty  is  added  to  the  cost  function  as  follows, 

J  =  Jorig  +  CxH.  (^*2) 

A  surrogate  is  constructed  to  model  the  function  J,  so  that  it  is  used  to  predict  areas 
of  the  function  which  satisfy  the  constraint.  The  minimum  of  the  modified  surrogate 
function  can  then  be  evaluated  in  the  SEARCH  step. 

The  parameter  a  is  chosen  based  on  the  current  set  of  filter  points  (including  the  best 
feasible  point).  We  wish  to  choose  o  so  as  to  bias  the  surrogate  towards  points  with  low 
values  of  H,  which  will  improve  the  filter.  Let  us  first  consider  a  filter  with  two  points, 
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a  and  6,  for  which  H{a)  <  H(b)  and  J{a)  >  J{b).  We  wish  to  choose  a  so  that  point 
a  is  favored  by  the  surrogate  model  because  it  has  a  smaller  constraint  violation.  We 
therefore  require 

J{a)  +  aH{a)  <  J{b)  +  aH{b). 

For  this  pair  of  points,  a  must  be  at  least  as  large  as  the  slope  of  the  line  connecting 
them.  When  considering  the  set  of  points  making  up  a  filter,  a  should  be  at  least  as 
large  as  the  slope  of  the  steepest  line  connecting  any  two  points  in  the  filter.  This  choice 
guarantees  domination  of  the  point  with  the  smallest  value  of  H  in  the  filter.  Since  the 
filtered  points  are  not  of  interest  in  the  optimization,  they  need  not  be  considered  in 
the  choice  of  a.  If  there  are  less  than  two  points  in  the  filter  set,  a  =  0.  As  points  are 
evaluated  in  the  optimization,  the  filter  evolves  and  the  value  of  a  is  updated  in  each 
iteration.  Values  of  J  and  H  for  all  data  points  should  be  saved  so  that  previous  data 
points  may  be  updated  in  the  surrogate  model  as  the  value  of  a  changes. 

5.3.  Issues  with  multiple  parameters 

The  constrained  optimization  is  performed  using  five  design  parameters.  An  increase  in 
the  number  of  parameters  gives  greater  flexibility  in  the  airfoil  geometry  and  will  also 
demonstrate  feasibility  and  cost  of  the  SMF  method  for  more  realistic  applications.  In¬ 
creasing  the  number  of  parameters  also  presents  challenges  for  searching  on  the  surrogate 
model,  and  these  are  first  discussed  briefly. 

Thickness  constraints  are  defined  by  drawing  a  straight  line  from  the  left  side  of  the  up¬ 
per  surface  deformation  region  to  the  trailing-edge  point.  The  maximum  airfoil  thickness 
is  defined  by  an  equal  displacement  from  the  surface  in  the  outward  normal  direction. 
Use  of  a  hermite  cubic  spline  as  the  interpolating  function  for  the  airfoil  surface  guar¬ 
antees  that  no  point  on  the  surface  will  be  displaced  more  than  the  maximum  allowable 
displacement  distance.  This  method  can  be  easily  generalized  for  any  prescribed  function 
which  defines  the  thickness  constraint. 

Using  a  surrogate  of  multiple  dimensions  requires  use  of  an  optimization  method  to 
search  for  the  surrogate  minimum.  To  search  the  surrogate  in  the  five  parameter  cases,  a 
standard  covariance  matrix  adaptation  evolutionary  strategy,  or  CMA-ES  (Hansen  &:  Os- 
termeier  1996)  is  employed.  Accuracy  is  increased  by  running  the  CMA-ES  optimization 
several  times  and  taking  the  minimum  value. 

Based  on  experience  with  two  parameters,  three  points  are  used  in  each  SEARCH  step 
for  the  five-parameter  cases.  In  this  case,  the  three  SEARCH  points  are  chosen  to  meet 
three  goals:  (1)  global  search,  (2)  local  search  around  current  best  point  and  (3)  model 
improvement. 

The  first  point  is  chosen  using  the  surrogate  function  as  a  predictor.  The  minimum 
of  the  surrogate  is  found  using  the  CMA-ES,  and  the  nearest  mesh  point  is  evaluated 
in  the  SEARCH.  The  second  SEARCH  point  takes  advantage  of  the  surrogate  to  do  a  local 
search  around  the  current  best  point.  In  order  to  pre-empt  the  need  for  a  POLL  step,  the 
surrogate  is  used  to  predict  the  values  of  the  POLL  points  neighboring  the  current  best 
point.  In  the  constrained  case,  the  current  best  point  may  be  either  the  best  feasible  point 
or  the  least  infeasible  point.  The  POLL  point  with  the  smallest  surrogate  value  is  then 
evaluated.  In  the  event  that  the  SEARCH  step  fails,  one  of  the  POLL  points  has  already 
been  evaluated,  reducing  the  cost  of  a  POLL  step  to  N  evaluations.  The  third  point  is  for 
both  model  improvement  and  global  search.  The  CMA-ES  is  used  to  search  the  Kriging 
surrogate  for  the  point  of  maximum  mean  squared  error  (MSE),  and  the  nearest  mesh 
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parameters  constraints  %  reduction  %change  lift  %  change  drag  evaluations  iterations 


5  no  77%  -17%  -12%  88  22 

5  yes  43%  4*0.2%  -9%  92  22 

Table  2.  Five  parameter  cases  with  SMF  method.  The  first  line  is  unconstrained  and  the 
second  line  is  with  constraints  on  lift  and  drag. 


Figure  6.  Left:  initial  (thin  line)  and  final  (thick  line)  airfoil  shape  with  5  shape  parame¬ 
ters,  unconstrained  case.  Right:  corresponding  normalized  cost  function  reduction  vs.  number 
of  function  evaluations. 


point  is  used  in  the  SEARCH.  This  is  done  in  an  attempt  to  find  areas  with  the  fewest 
data  points,  as  well  as  mitigate  surrogate  degradation. 


5.4.  Comparison  of  constrained  and  unconstrained  results 

Unconstrained  results  using  five  shape  parameters  are  shown  in  the  first  line  of  Table  2. 
The  number  of  evaluations  in  the  table  includes  the  initial  data  set  of  15  points,  found 
with  LHS.  The  number  of  iterations  includes  all  search  and  poll  steps  after  one  mesh  re¬ 
finement.  The  converged  airfoil  shape  for  the  unconstrained  case  is  shown  on  the  left  side 
of  Figure  6,  and  the  cost  function  reduction  for  this  case  is  shown  on  the  right.  The  blunt 
trailing-edge  shape  is  qualitatively  similar  to  the  shapes  obtained  with  the  two  parameter 
optimization,  confirming  robustness  of  the  SMF  method.  The  maximum  cost  function 
reduction  for  this  case  is  77%  using  22  iterations  after  one  mesh  refinement,  which  agrees 
with  the  two  parameter  results.  As  in  the  two  parameter  case,  the  blunt  trailing-edge 
results  in  a  significant  (nearly  20%)  loss  in  lift.  We  observe  that  the  blunt  trailing-edge 
reduces  the  surface  area  affected  by  the  separation  region  at  the  trailing-edge,  and  that 
pressure  fluctuations  are  reduced  in  this  region  due  to  the  smaller  separation  area.  This 
in  turn  results  in  less  vorticity  generation,  and  a  smaller  vorticity  magnitude  in  the  wake. 

Results  for  the  constrained  case  are  presented  in  the  second  line  of  Table  2.  The 
surrogate  for  this  case  is  constructed  with  an  Li  constraint  violation  function,  aimed  at 
keeping  lift  and  drag  at  desirable  levels: 


H  =  max 


L*-L 

L* 


) 


-h  max 


D-D*\ 
D*  J  ’ 


(5.3) 


where  L*  and  D*  are  the  original  airfoil  lift  and  drag.  The  surrogate  is  constructed  using 
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Figure  7.  Left:  initial  (thin  line)  and  final  (thick  line)  airfoil  shape  with  5  shape  parameters, 
and  constraints  on  lift  and  drag.  Right:  corresponding  normalized  cost  function  reduction  vs. 
number  of  function  evaluations. 


equation  (5.2),  so  that  a  penalty  is  added  if  either  the  lift  decreases  or  the  drag  increases. 
In  this  way,  we  allow  the  lift  to  increase  and/or  the  drag  to  decrease. 

The  optimized  airfoil  shape  for  the  constrained  case  is  shown  on  the  left  side  of  Figure 
7.  The  constraints  are  eflfective  in  keeping  the  lift  at  the  target  value,  and  the  drag  for 
this  case  has  fortuitously  decreased  by  9%.  The  cost  function  reduction  for  this  case  is 
43%,  requiring  22  iterations  for  convergence  on  a  once-refined  mesh.  The  bump  near  the 
trailing-edge  reduces  the  magnitude  of  the  unsteady  vortex  shedding  by  reducing  the 
size  of  the  separation  region.  However,  when  compared  to  the  unconstrained  case,  the 
bump  size  has  been  compromised  to  maintain  lift,  and  the  trailing-edge  shape  is  closer 
to  a  cusp.  Comparison  of  the  shapes  for  the  constrained  and  unconstrained  cases  also 
illustrates  the  sensitivity  of  the  flow  to  very  small  changes  in  the  shape  of  the  airfoil. 

The  final  filter  is  shown  in  Figure  8.  The  left  side  shows  the  entire  filter  domain,  and 
the  right  side  shows  a  magnified  view  of  the  filter  region.  The  filter  shows  the  trade-off 
between  cost  function  reduction  and  constraint  violation.  The  cluster  of  points  around 
the  filter,  and  on  the  F  =  0  axis  verifies  that  the  algorithm  is  expending  much  effort  in 
the  relevant  region  of  the  function.  For  comparison,  the  rightmost  filter  point  corresponds 
to  a  shape  with  a  64%  cost  function  reduction  and  a  13%  loss  in  lift.  The  other  filter 
points  show  the  range  of  possible  airfoil  designs  between  this  point  and  the  optimal  point. 

Reduction  in  acoustic  power  can  be  caused  by  reduction  in  the  amplitude,  or  a  decrease 
in  frequency  of  lift  and  drag  oscillations  (see  (2.2)).  Results  do  not  show  a  change  in 
frequency  when  comparing  optimized  cases  with  the  original,  and  the  influence  of  the 
unsteady  drag  was  found  to  be  small.  The  reduction  of  unsteady  lift  amplitude  can 
be  illustrated  by  closer  examination  of  the  flow  field.  Instantaneous  vorticity  contours 
are  shown  in  Figure  9  for  the  original  (upper),  unconstrained  (middle)  and  constrained 
(lower)  cases.  In  this  plot,  we  verify  that  the  magnitude  of  vortex  shedding  has  decreased 
for  both  optimized  shapes  compared  to  the  original.  In  addition,  we  observe  that  vortices 
are  shed  much  closer  to  the  trailing-edge  in  the  original  case  compared  with  the  optimized 
cases.  Movement  of  the  unsteady  region  away  from  the  trailing-edge  results  in  smaller 
pressure  fluctuations  on  the  airfoil  surface  in  this  region,  and  explains  the  reduction  in 
unsteady  lift,  and  therefore  of  acoustic  power. 
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H  H 


Figure  8.  Final  filter  for  constrained  5  parameter  optimization  problem.  Cost  function  J  vs. 
constraint  violation  function  H.  The  best  feasible  point  is  the  square,  the  least  infeasible  point 
is  the  triangle,  the  filter  points  are  the  circles,  and  filtered  points  are  stars.  The  original  airfoil 
cost  function  is  marked  with  a  diamond.  Right  figure  is  close-up  of  filter  region  in  left  figure. 


Figure  9.  Comparison  of  vorticity  contours  for  original  (upper),  unconstrained  (middle)  and 
constrained  (lower)  optimal  shapes.  Each  plot  shows  instantaneous  vorticity  contours  with  min¬ 
imum  -25,  maximum  25  and  20  contour  levels. 

6.  Summary  and  future  work 

Application  of  the  SMF  method  to  optimize  a  model  airfoil  trailing-edge  with  laminar 
vortex  shedding  has  resulted  in  significant  reduction  in  acoustic  power,  as  well  as  several 
interesting  and  previously  unexpected  airfoil  shapes.  The  SMF  method  is  robust  and 
efficient  for  several  design  parameters  with  and  without  constraints.  A  filtering  method 
has  been  applied  to  enforce  constraints  on  airfoil  lift  and  drag.  It  was  implemented  to 
include  use  of  a  penalty  function,  and  a  systematic  method  for  choosing  the  penalty 
parameter.  Comparison  between  the  constrained  and  unconstrained  cases  using  five  pa¬ 
rameters  clearly  showed  a  trade-off  between  noise  reduction  and  loss  of  lift. 

Theoretical  analysis  of  trailing-edge  noise  for  the  Blake  airfoil  geometry  in  turbulent 
flow  is  presented  by  Howe  (1988).  Results  from  this  work  show  that  the  lift  dipole  is 
much  more  significant  in  contributing  to  the  noise  spectra  than  the  thickness  (drag) 
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dipole,  which  was  confirmed  by  our  simulations.  Although  Howe’s  work  is  an  analysis  of 
turbulent  trailing-edge  flow,  it  is  worth  noting  that  his  analysis  predicted  a  decrease  in 
trailing-edge  noise  with  an  increase  in  trailing-edge  angle.  This  result  agrees  qualitatively 
with  the  blunt  shapes  found  by  the  optimization  method  in  the  two  and  five  parameter 
cases,  both  of  which  resulted  in  a  dramatic  reduction  in  trailing-edge  noise. 

The  similarity  between  optimal  shapes  obtained  in  the  unconstrained  two  and  five 
parameter  cases  demonstrates  the  robustness  of  the  SMF  method.  Comparison  of  the 
full  SMF  method  with  the  “strawman”  approach  showed  that  the  POLL  step  can  lead  to 
a  greater  cost  function  reduction  with  minimal  additional  cost.  In  general,  the  number 
of  iterations  required  by  the  SMF  method  was  modest.  However,  it  may  be  possible  to 
further  reduce  the  cost  of  the  method  through  surrogate  quality  improvement.  The  use 
of  a  second  Gaussian  process  in  Kriging,  as  in  Audet  et  al  (2000),  can  prevent  surrogate 
degradation  and  has  been  shown  to  reduce  the  number  of  POLL  steps  in  several  test  cases. 
This  is  an  area  for  future  study. 

In  this  work,  we  have  demonstrated  successful  use  of  the  SMF  method  for  an  expensive, 
time-dependent  cost  function.  The  methodology  described  here  is  not  restricted  to  the 
laminar  flow  problem,  but  can  be  applied  to  a  wide  range  of  fluids  problems  with  com¬ 
plex  geometries,  unsteadiness  and  turbulence.  Because  of  the  portability  of  the  method, 
it  can  be  coupled  to  turbulent  flow  solvers  based  on  LES,  unsteady  RANS,  or  DES 
(detatched-eddy  simulation)  for  high  Reynolds  number  flows.  Use  of  the  SMF  method 
for  time-dependent  fluid  dynamics  problems  avoids  significant  difficulties  with  the  ad¬ 
dition  of  constraints,  implementation  and  data  storage  that  arise  with  adjoint  solvers. 
Even  in  problems  in  which  gradients  are  available,  the  SMF  method  has  many  desirable 
properties.  Using  only  the  sign  of  the  gradient,  polling  directions  can  be  ‘pruned’  to 
reduce  cost  as  in  Abramson  et  al  (2003).  The  SMF  method  has  proven  to  reduce  the 
risk  of  quickly  converging  to  a  shallow  local  minimum,  as  is  often  the  case  in  standard 
gradient  methods. 

Constrained  optimization  of  both  the  upper  and  lower  surfaces  of  the  trailing-edge  in 
laminar  flow  is  currently  underway,  and  initial  results  are  very  promising.  Deformation 
of  both  sides  of  the  airfoil  allows  for  greater  flexibility  in  the  trailing-edge  shape.  In  this 
case,  the  airfoil  thickness  is  used  as  an  optimization  parameter,  and  the  trailing-edge 
point  is  firee  to  move  in  the  vertical  direction. 

In  future  work,  the  SMF  method  will  be  applied  for  constrained  optimization  of  the 
upper  and  lower  surface  of  trailing-edge  in  fully  turbulent  flow  using  LES.  Considerations 
of  computational  expense  may  lead  us  to  incorporate  a  wall  model  (Wang  &  Moin  2002) . 
In  the  turbulent  case,  the  airfoil  is  not  acoustically  compact  for  all  the  frequencies  of 
interest,  and  the  cost  function  may  need  to  be  reconsidered.  Alternatively,  an  approx¬ 
imation  of  the  cost  function  can  be  used  so  long  as  it  is  well  correlated  with  the  true 
acoustic  source  function. 
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Rough-wall  channel  analysis  using  suboptimal 

control  theory 

By  O.  Floresf,  J.  Jimenez  J  AND  J.  Templeton 


1.  Introduction 

The  original  aim  of  this  work  was  to  shed  some  light  on  the  physics  of  turbulence 
over  rough  walls  using  large-eddy  simulations  and  the  suboptimal-control  wall  boundary 
conditions  introduced  by  Nicoud  et  al.  (2001).  It  was  hoped  that,  if  that  algorithm 
was  used  to  fit  the  mean  velocity  profile  of  the  simulations  to  that  of  a  rough-walled 
channel,  instead  of  to  a  smooth  one,  the  wall  stresses  introduced  by  the  control  algorithm 
would  give  some  indication  of  what  aspects  of  rough  walls  are  most  responsible  for  the 
modification  of  the  flow  in  real  turbulence.  It  was  similarly  expected  that  the  structure 
of  the  resulting  velocity  fluctuations  would  share  some  of  the  characteristics  of  rough- 
walled  flows,  thus  again  suggesting  what  is  intrinsic  and  what  is  accidental  in  the  effect 
of  geometric  wall  roughness. 

A  secondary  goal  was  to  study  the  effect  of  ‘unphysicaP  boundary  conditions  on  the 
outside  flow  by  observing  how  a  relatively  major  change  of  the  target  velocity  profile, 
and  therefore  presumably  of  the  applied  wall  stresses,  modifies  properties  such  as  the 
dominant  length  scales  of  the  velocity  fluctuations  away  from  the  wall. 

As  wiU  be  seen  below,  this  secondary  goal  grew  more  important  during  the  course  of 
the  study,  which  was  carried  out  during  a  short  summer  visit  of  the  first  two  authors 
to  the  CTR.  It  became  clear  that  there  are  open  questions  about  the  way  in  which 
the  control  algorithm  models  the  boundary  conditions,  even  for  smooth  walls,  and  that 
these  questions  make  the  physical  interpretation  of  the  results  difficult.  Considerable 
more  work  in  that  area  seems  to  be  needed  before  even  relatively  advanced  large-eddy 
simulations,  such  as  these,  can  be  used  to  draw  conclusions  about  the  physics  of  wall- 
bounded  turbulent  flows. 

The  numerical  method  is  the  same  as  in  Nicoud  et  al.  (2001).  The  modifications  in¬ 
troduced  in  the  original  code  are  briefly  described  in  §2,  but  the  original  paper  should 
be  consulted  for  a  full  description  of  the  algorithm.  The  results  are  presented  in  §3  and 
summarized  in  §4.  The  elementary  properties  of  turbulence  over  rough  walls  which  are 
used  in  the  text  have  been  taken  from  recent  reviews  such  as  Raupach  et  al.  (1991)  or 
Jimenez  (to  appear  in  2004). 


2.  Simulations 

Turbulent  channel  flow  has  been  simulated  using  the  code  presented  by  Nicoud  et  al. 
(2001)  with  Rer  =  UrhJi/  =  1000,  where  Ur  is  the  friction  velocity  and  h  is  the  channel 
half- width.  The  coordinates  used  are  x,  y  and  2;,  indicating  streamwise,  wall-normal  and 
spanwise  directions.  The  streamwise  and  spanwise  periodicity  lengths  are  =  27r  and 
Lz  =  27r/3  for  all  the  cases  presented  here.  Except  when  explicitly  noted  to  the  contrary, 

t  School  of  Aeronautics,  Universidad  Politecnica,  28040  Madrid,  Spain 
i  Also  School  of  Aeronautics,  Universidad  Politecnica,  28040  Madrid,  Spain 
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Rer 

Aa:'*' 

Ay-^ 

Az-^ 

Lx/l^  Ffx  X.  Ny  X  Nz 

SI 

1000 

196 

61 

65 

2tv 

27r/3 

32  X  33  X  32 

6  X  10" 

S2 

1000 

196 

61 

65 

2tt 

27r/3 

32  X  33  X  32 

1.5  X  10“ 

R1 

1000 

196 

61 

65 

27r 

2n/3 

32  X  33  X  32 

6  X  10"' 

Table  L  Test  cases.  The  subindices  x,  y  and  z  indicate  the  streamwise,  wall-normal  and  span- 
wise  directions.  The  N^s  are  the  number  of  grid  points  in  each  direction,  the  A’s  are  the  cor¬ 
responding  grid  spaces  and  the  L’s  are  box  lengths.  AU^  is  the  roughness  function,  defined  in 
(3.7),  and  a"*”  is  the  parameter  in  equation  (2.1). 


all  the  variables  are  normalized  with  Ur  and  h.  The  superindex  +  is  used  for  variables 
expressed  in  wall  units. 

The  characteristics  of  the  three  main  simulations  used  in  this  paper  are  summarized 
in  table  1.  The  letter  S  indicates  smooth  channels,  and  R  is  used  for  rough  ones.  The 
reference  velocity  profile  used  for  SI  and  S2  is  obtained  from  a  direct  simulation  by  del 
Alamo  et  al  (2003)  with  Rcr  =  950.  The  rough-wall  profile  is  described  in  the  next 
section. 

The  LES  code  uses  a  standard  dynamic  Smagorinsky  subgrid-scale  stress  model  with¬ 
out  explicit  grid  filtering.  The  spatial  discretization  is  a  second-order  finite-difference 
scheme  on  a  staggered  grid,  and  the  time  integration  is  third-order  Runge-Kutta  with 
an  implicit  scheme  for  the  wall-normal  viscous  terms.  The  flow  is  driven  by  a  constant 
mean  pressure  gradient  that  balances  the  wall  stresses,  dxP  =  — -1.  The  overbar  stands 
for  averaging  over  wall-parallel  planes,  while  ( )  will  be  reserved  for  temporal  averaging. 
With  the  single  exception  described  at  the  end  of  §3.1,  the  time  step  At  is  constant. 

The  boundary  conditions  in  the  streamwise  and  spanwise  directions  are  periodic,  and 
the  impermeability  condition  is  imposed  at  the  walls.  The  two  other  boundary  conditions 
are  the  total  shear  stresses  Txy  and  Tzy  at  each  point  of  each  wall.  They  are  adjusted  at 
each  time  step  to  minimize  a  cost  function  J,  which  measures  the  difference  between  the 
plane-averaged  velocity  and  a  given  mean  velocity  profile  Uref- 

J{4>u,<l>w)  =  J  [{u-Ureff  +  w^]dy  +  a(^<i)!^  +  <l>2),  (2-1) 

where  the  control  variables  are  vectors  of  size  2  x  Nx  x  Nz 

4>U  =  {r^y  \y=2h,  -Txy  |y=o),  4>w  =  {T^y  \y^2hy  -T^y  |y=o),  (2-2) 

and  a  is  a  parameter  with  dimensions  [a]  =  LjV'^  that  will  be  discussed  in  the  next 
section.  Primed  variables  refer  to  fluctuations  with  respect  to  the  plane  average,  so  that 
(j)'  Note  that  the  global  conservation  of  momentum  ensures  that  (j)  satisfies 

ly=2ft  -{^)  |y=0=  1,  (2.3) 

and 

(^)ly=2h-(^ly=o=0,  (2.4) 

but  that  the  instantaneous  mean  stresses  at  each  wall  may  oscillate  in  time. 

The  minimization  of  J  implies  an  iterative  scheme  in  which  an  adjoint  problem  is 
solved  in  order  to  compute  an  estimation  for  the  gradient  of  the  cost  function.  The 
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Figure  1.  Convergence  history  of  the  mean  velocity  at  the  first  plane  off  the  wall,  for  a 
smooth- walled  channel. - ,  Using  the  correction  (2.5); - ,  without  the  correction. 


algorithm  is  suboptimal  in  the  sense  that,  instead  of  minimizing  the  averaged  value  of  J 
over  a  long  period  of  time,  the  optimization  is  computed  over  each  individual  time  step. 

Several  modifications  were  introduced  in  the  code  during  preliminary  attempts  to 
match  smooth-wall  velocity  profiles  at  different  Re3aiolds  numbers.  The  most  important 
was  probably  the  use  of  the  more  efficient  Brent’s  method  for  the  optimization  scheme 
(Press  et  al  1993),  instead  of  the  simpler  relaxation  used  by  Nicoud  et  al  (2001).  This 
allowed  the  stable  utilization  of  the  algorithm  over  a  wider  range  of  parameters. 

Another  modification  involves  the  recalculation  of  the  mean  wall  stress.  In  the  original 
code,  the  value  of  was  adjusted  at  each  time  step  so  that  the  mean  velocity 

in  the  first  plane  off  the  wall  satisfied  the  desired  logarithmic  law, 

-  i  log(2/^iW+)  -  A  =  0.  (2.5) 

The  idea  was  that  the  mean  stress  is  directly  determined  by  the  averaged  momentum 
balance,  and  does  not  have  to  be  controlled.  In  each  time  step  the  optimum  wall  stresses 
were  computed  using  the  control  algorithm,  and  their  mean  value  was  later  corrected  to 
the  ul  obtained  firom  (2.5).  Notice  that  =  1  satisfies  (2.5)  whenever  is  given  by 
the  desired  logarithmic  law.  While  the  general  argument  is  sound  in  a  timed-averaged 
sense,  this  procedure  ‘second-guesses’  the  control  algorithm,  since  the  integrated  mo¬ 
mentum  equation  is  already  incorporated  in  the  code,  and  its  effect  was  found  to  be 
pernicious.  The  convergence  of  the  original  code  was  oscillatory  and  the  time  history  of 
most  variables  suggested  a  poorly-damped  instability  of  the  control  algorithm.  Removing 
the  correction  step  suppressed  the  oscillations  and  the  instability.  Two  t5q3ical  conver¬ 
gence  histories,  with  and  without  the  stress  correction,  are  shown  in  figure  1.  All  the 
results  below  are  obtained  without  using  (2.5). 


3.  Results 

3.1.  The  cost  function 

A  point  that  needs  some  discussion  is  the  form  of  the  cost  function  (2.1).  The  second 
term  on  the  right-hand  side  of  (2.1)  represents  the  energy  of  the  control  variables  <j>u  and 


Figure  2.  Profiles  of  (o)  the  mean  velocities  and  (6)  the  streamwise  velocity  fluctuations  for  a 
smooth-walled  channel  at  Rer  ^  1000,  using  different  cost  functions,  o  ,  case  SI;  •  ,  case  S2; 
- ,  direct  simulation  (del  Alamo  et  a/.2003). 


(pyj,  and  is  introduced  to  ensure  numerical  stability.  The  proportionality  coefficient  a  is 
essentially  arbitrary  from  a  physical  point  of  view. 

The  value  of  a  used  here  for  the  cases  SI  and  R1  is  the  one  given  by  Nicoud  et  al 
(2001)  as  being  the  smallest  one  that  kept  their  simulation  stable.  The  effect  of  a  larger  ot 
should  be  to  lower  the  variance  of  weakening  the  strength  of  the  control,  and  therefore 
presumably  degrading  the  quality  of  the  resulting  mean  profile.  It  is  nevertheless  possible 
to  ‘overcontrol’  a  system,  in  the  sense  that  some  properties  which  are  not  taken  into 
account  in  the  cost  function  may  be  contaminated  by  the  control  itself.  It  was  noted  by 
Nicoud  et  al.  (2001)  that  the  velocity  fluctuations  in  the  simulated  channels  are  stronger 
than  those  in  direct  simulations  or  in  experiments,  especially  near  the  wall.  Since  those 
fluctuations  are  driven  by  the  wall  stresses,  which  are  in  turn  influenced  by  a,  it  is 
conceivable  that  the  reason  for  the  high  fluctuations  is  that  a  was  chosen  too  small. 

A  measure  of  the  strength  of  the  control  is  the  temporal  variability  of  u,  compared 
with  its  ‘expected^  variation.  If  the  velocities  are  considered  to  be  uncorrelated  random 
variables,  which  is  probably  not  too  far  from  the  truth  for  a  coarse  LES,  the  expected 
variance  of  u  would  be 

4  =  (3.1) 

which  has  to  be  compared  with  the  actual  measured  value 

=  (3.2) 

The  ratio  a/crp  should  be  of  order  unity  in  a  natural  flow,  and  its  deviation  from  unity 
is  a  measure  of  the  strength  of  the  control. 

It  is  not  clear  which  is  the  right  normalization  for  a,  but  the  observation  in  Nicoud  et  al 
(2001)  that  the  effect  of  the  control  is  mainly  felt  on  the  velocities  near  the  wall  suggests 
that  h  is  not  a  relevant  length  scale,  and  that  a  more  natural  normalization  would  be 
wall  units.  The  value  recommended  by  Nicoud  et  al  (2001)  is  then  a**"  «  6  x  lO"^,  and 
results  in  a/cTp  «  2  X  10“^.  Both  the  small  magnitude  of  the  dimensionless  a  and  of  the 
ratio  of  the  standard  deviations  strongly  suggest  that  the  system  is  overcontrolled. 

A  detailed  analysis  of  the  effect  of  a  is  beyond  the  scope  of  this  work,  and  it  was 
not  attempted,  but  a  simple  approximation  of  the  cost  function  can  be  used  to  estimate 
the  relevant  trends.  Assume  that  the  velocity  u  near  the  wall  is  essentially  a  (random) 
function  of  the  local  wall  stresses,  u  =  /(r^),  where  all  the  equations  in  the  following 
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argument  have  to  be  understood  as  being  applied  at  a  given  x  and  z.  We  can  then 
approximate  the  cost  function  as, 

J  w  25{u  -  Uresf  +  2a(7^,  (3.3) 


where  5  is  a  measure  of  the  height  over  which  the  velocity  is  modified  by  the  control, 
and  u  is  taken  at  some  representative  distance  from  the  wall  of  order  <5.  The  factor  of 
two  reflects  the  contribution  from  both  walls.  The  minimization  of  J  requires  that  its 
derivative  with  respect  to  all  the  r’"  should  vanish,  giving  for  each  grid  point 


dj 

dr^ 


N:,N,  dT'^ 


+  4a 


=  0, 


(3.4) 


where  we  have  assumed  that  t'"  does  not  depend  of  the  control.  Assuming  that  /(t’") 
can  be  linearized  around  and  expressing  u  in  terms  of  /(t*"),  we  obtain  after  some 
algebra  that 


T 


wf 


[Uref-f{^)] 


Sfr/^ 


(3.5) 


where  fr  is  df  /  dr^  evaluated  at  r^.  This  is  an  interesting  expression  because  it  captures 
the  tendency  of  to  increase  with  decreasing  a,  but  saturates  to  some  finite  value  when 
a  — >  0.  In  that  limit  the  cost  function  becomes  u  —  Uref  oc  a. 

This  has  the  simple  interpretation  that,  if  there  is  a  solution  to  the  unconstrained 
control  problem,  i.e.  if  there  is  a  r’"  such  that  the  first  term  in  (2.1)  vanishes,  the  control 
algorithm  approximately  identifies  it  for  some  small  value  of  a,  and  any  further  decrease 
in  a  does  not  change  that  solution  appreciably.  If  such  solution  does  not  exist,  and 
u'  would  diverge  as  a  ^  when  ot  — >  0,  and  the  cost  function  would  saturate  to  some 
non-zero  minimum  value.  This  would  appear  in  our  simple  model  as  =  0, 

We  tested  this  behavior  by  running  case  S2,  in  which  a  was  divided  by  four  with 
respect  to  the  two  other  cases.  The  new  value  of  a  decreases  a  jap,  as  expected,  while 
the  mean  velocity  profile  improves  everywhere  (figure  2  a),  and  the  intensity  of  the  velocity 
fluctuations  near  the  wall  increases  (figure  26).  All  this  is  in  qualitative  agreement  with 
the  previous  analysis.  The  ratio  between  the  standard  deviations  of  the  wall  stresses  in 
cases  S2  and  SI  is  2:1,  which  is  smaller  than  the  ratio  of  4:1  which  would  correspond  to 
an  oT^  behavior,  and  suggests  some  degree  of  saturation  towards  an  exact  solution. 

To  test  whether  such  a  solution  exists,  a  second  experiment  was  run  with  a  =  0.  The 
velocity  fluctuations  grew  still  further,  apparently  without  bound,  leading  to  numerical 
instability  for  any  given  constant  time  step.  When  the  code  was  modified  to  run  at  a 
constant  CFL,  we  were  able  to  trace  the  growth  of  the  fluctuating  velocities  in  the  first 
plane  off  the  wall  to  values  of  the  order  of  600,  implying  that  the  suboptimal 

boundary  conditions,  at  least  in  their  present  form,  are  not  able  to  drive  the  LES  to  full 
agreement  with  the  desired  profile.  The  errors  in  figure  2(a)  suggest  that  the  difficulty  is 
not  with  the  behavior  of  the  near-wall  region,  but  with  the  center  of  the  channel.  It  is  an 
interesting,  although  unresolved,  question  whether  this  is  a  limitation  of  the  LES  model 
itself,  which  cannot  reproduce  the  phenomena  responsible  for  the  wake  component,  or  of 
the  boundary  conditions. 


3.2.  Rough  walls 

The  most  important  effect  of  roughness  on  the  mean  velocity  above  the  buffer  zone  is 
a  constant  velocity  decrement,  AU^  (Raupach  et  al.  1991;  Jimenez,  to  appear  2004). 
A  second  effect  is  a  shift  Ay  in  the  wall-normal  coordinate,  due  to  the  uncertainty  in 
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Figure  3.  (a)  Mean  velocity  profiles.  (6)  Streamwise  velocity  fluctuations,  (c)  Wall-normal 

velocity  fluctuations,  (d)  Spanwise  velocity  fluctuations. - ,  smooth  wall  DNS,  Rer  =  950; 

- ,  reference  velocity  profile  for  the  rough  case;  o  ,  case  SI;  ^  ,  case  Rl. 


the  position  of  the  wall.  In  our  case,  in  which  the  velocity  is  only  computed  at  fairly 
large  values  of  the  wall- normal  shift  is  negligible  and  the  mean  velocity  profile  can 
be  written  as 

U+{y+)  =  i  log(y+)  +  8.5  -  i  log(;:+)  +  -U{y/h),  (3.6) 

K  K  K 

or 

U+{y+)  =  -  log(y+)  +  5.1  -  At/+  +  -Ii{y/h),  (3.7) 

AC  AC 

were  11  is  the  wake  function,  and  either  AC/*^  or  kf  characterize  the  effect  of  roughness 
on  the  mean  velocity  profile. 

Using  equation  (3.7)  we  construct  our  rough  mean  velocity  profile  for  case  Rl  just 
subtracting  a  constant  AU'^  =  Q"*"  from  the  smooth  mean  velocity  profiles  in  del  Alamo 
et  al  (2003).  This  corresponds  to  a  fully-rough  flow  with  an  equivalent  sand  roughness 
kt  «  140. 


3.3.  Statistics 

Figure  3  shows  the  mean  velocity  and  the  velocity  fluctuations  profiles  for  cases  SI  and 
Rl.  The  mean  velocities  share  some  characteristics  with  those  obtained  by  Nicoud  et 
al.  (2001),  even  though  the  latter  used  as  reference  profile  a  logarithmic  law  without  a 
wake  function.  The  error  between  the  mean  velocity  and  Uref  is  given  in  figure  4  for 
the  three  cases  computed.  It  is  quite  small  near  the  wall,  but  grows  to  0(1)  at  the 
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Figure  4.  Error  in  the  mean  velocity  profiles  with  respect  to  their  references,  o  ,  case  SI;  •  , 

case  S2;  ^  ,  case  Rl. 


center  of  the  channel.  Between  the  second  and  the  third  grid  point  there  is  a  weak 
discontinuity  that  changes  the  intercept  of  the  logarithmic  law.  Its  origin  is  probably  the 
spatial  discretization,  because  it  appears  at  the  same  grid  point  in  Nicoud  et  al.  (2001) 
even  if  their  resolution  is  coarser  than  ours  by  a  factor  of  four. 

The  root-mean-squared  velocity  fluctuations  are  presented  in  figures  3(6),  3(c)  and 
3(d),  The  streamwise  and  spanwise  fluctuations  near  the  wall  are  higher  in  all  the  large- 
eddy  simulations  than  in  the  direct  simulation,  although  the  agreement  is  quite  good  in 
the  core  region  for  the  streamwise  direction.  The  wall-normal  and  spanwise  fluctuations 
are  slightly  underpredicted  by  the  suboptimal  code  in  the  core  region.  The  high  values 
for  the  streamwise  velocity  fluctuations  near  the  wall  and  the  velocity  fluctuations  in 
the  core  region  agree  with  the  results  of  Nicoud  et  al  (2001),  but  the  exceptionally  high 
values  of  the  spanwise  velocity  fluctuations  near  the  wall  shown  in  figure  3(d)  do  not. 

The  lower  values  of  the  velocity  fluctuations  near  the  wall  in  case  Rl  with  respect  to 
SI  are  consistent  with  the  effect  of  roughness  on  physical  turbulence.  This  is  often  inter¬ 
preted  as  the  interference  of  the  roughness  elements  with  the  smooth-wall  self-sustaining 
turbulence  cycle  (Jimenez  &  Moin  1991),  as  explained  by  Jimenez  (to  appear  in  2004). 
This  interpretation  is  unlikely  in  the  present  case  because  the  resolution  is  too  coarse 
in  all  three  directions  to  capture  the  scales  associated  with  the  regeneration  cycle,  and 
the  most  likely  explanation  is  that  the  decrease  of  the  fluctuations  is  due  to  the  lower 
turbulence  production  near  the  wall  due  to  the  weaker  velocity  gradients  across  the  first 
grid  element  of  the  rough  reference  profile. 

The  wall  stresses  r^y  and  provided  by  the  control  algorithm  are  studied  using  their 
probability  density  functions  (p.d.f.),  which  are  shown  in  figure  5.  They  are  compared 
at  y'^  =  60  with  the  p.d.f. ’s  of  the  shear  stresses  in  a  DNS  channel  with  Rer  =  550  (del 
Alamo  et  al  2003),  after  box-averaging  the  latter  to  the  LES  grid  (A^:  x  =  lOG"*"  x65‘^). 
Although  it  was  not  possible  to  post-process  the  shear  stresses  from  the  Rcr  —  950  in  time 
for  this  report,  there  is  probably  little  differences  between  them  an  those  at  Rcr  =  550, 
because  this  part  of  the  flow  scales  approximately  in  wall  units. 

It  is  clear  firom  figure  5(a)  that  the  in  the  suboptimal  simulations  are  different  from 
the  DNS  one,  especially  in  that  the  former  are  not  able  to  reproduce  the  asymmetry  of 
the  p.d.f.  and  try  to  reproduce  the  mean  value  of  the  shear  stresses  by  displacing  their 
modes  to  positive  values.  As  expected,  the  standard  deviations  behave  in  the  same  way 
as  the  velocity  fluctuations,  Rl  <  SI  <  S2.  Figure  5(c)  and  5(d)  show  the  p.d.f. ’s  of  the 
three  cases  when  the  stresses  are  normalized  with  theirs  mean  value  (r)  and  standard 
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Figure  5.  Probability  density  functions  (p.d.f.)  of  the  shear  stresses  at  the  wall.  The  shear 
stresses  in  figures  (a)  and  (b)  are  expressed  in  wall  units,  while  in  figures  (c)  and  (d)  they  are 

normalized  as  in  equation  (3.8). - ,  DNS  (see  text  for  details); - ,  Gaussian;  o  ,  case  SI; 

•  ,  case  S2;  ^  ,  case  Rl. 


deviation  o',-, 

Cr 

The  collapse  of  the  three  curves  on  the  Gaussian  distribution,  and  the  differences  with 
the  DNS  results,  suggest  that  there  is  little  physical  information  on  the  sheeir  stresses 
given  by  the  control  algorithm. 

Another  way  of  characterizing  the  shear  stresses  given  by  the  control  is  the  study  of 
their  spectral  distribution.  We  can  define  the  spectrum  Eij 

Eij{k,,k,)  =  (3.9) 

where  rij{kxj  kz)  are  the  Fourier  coefficients  of  the  two-dimensional  Fourier  transform 
of  the  wall  stresses  The  asterisk  *  indicates  complex  conjugation  and  k^.kz  are  the 
wave  numbers. 

Figure  6  shows  these  premultiplied  spectra  for  the  cases  SI  and  Rl,  as  functions  of 
the  wavelengths  =  2TT/kx  and  \z  ^2^^ jkz.  Because  each  spectrum  is  normalized  with 
its  maximum,  it  only  contains  information  about  the  wavelengths.  There  is  very  little 
differences  between  the  two  cases. 

It  is  important  to  notice  that  the  most  energetic  modes  are  located  in  the  large- 
wavelength  end  of  the  spectra,  specially  as  regards  their  widths.  The  ‘infinitely  wide’ 
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Figure  6.  Two-dimensional  premultiplied  spectra  of  the  stresses  at  the  wall  as  functions  of  the 
streamwise  and  spanwise  wavelengths,  (a)  Exy,  {b)  Ezy  Shaded  contours  are  from  the  SI  case 
and  lines  are  from  Rl.  Each  spectrum  is  normalized  with  its  maximum. 


(a,  0)  modes  for  the  spectrum  sums  up  to  26%  of  the  energy  in  the  smooth  case  and 
to  35%  in  the  rough  one,  but  the  energy  in  the  ‘infinitely  long’  (0,  modes  is  below  1% 
of  the  total  in  both  cases.  On  the  other  hand,  for  the  spectrum  the  energy  contained 
in  the  (a,  0)  modes  is  negligible,  while  the  energy  contained  in  the  (0,  /?)  modes  sums  7% 
of  the  total  energy  in  the  smooth  case  and  9%  in  the  rough  case.  That  suggests  that  the 
spectrum  of  is  wider,  but  not  too  much  longer  than  the  simulation  box,  while  the  rfy 
spectrum  almost  fits  in  it.  The  behavior  of  this  quantity  in  the  DNS  is  not  known. 

It  is  interesting  to  analyze  how  the  control  variable  characteristics  affect  flow  variables 
such  as  the  velocities.  In  order  to  do  that,  we  have  studied  the  energy  spectrum  of  the 
velocity  components,  Euu^  defined  as 

Euui^xi^z)  —  {^kXfkz'^kx,kz)T  (3.10) 

The  corresponding  one-dimensional  spectra  are  obtained  adding  equation  (3.10)  over  a 
certain  direction  in  Fourier  space. 

Figures  7(a)  and  7(6)  show  the  one-dimensional  premultiplied  spectrum  of  the  stream- 
wise  velocity  components  at  =  30,  which  is  the  first  grid  point  in  the  mesh.  Although 
the  gradient  of  this  variable  is  determined  directly  by  the  control,  the  agreement  between 
the  suboptimal  cases  and  the  DNS  results  is  reasonable  good,  at  least  as  much  as  can  be 
expected  from  the  coarse  grid  being  used.  The  same  happens  for  the  wall-normal  velocity 
component  (not  shown  here),  but  not  for  the  spanwise  component,  whose  spectrum  is 
shown  in  figures  7(c)  and  7{d).  The  spanwise  velocity  has  a  very  energetic  mode  which 
spans  the  full  width  of  the  box  and  almost  all  of  its  length.  When  the  instantaneous 
velocity  fields  are  examined,  we  observe  fairly  regular  diagonal  bands  of  positive  or  neg¬ 
ative  spanwise  velocity.  This  is  reminiscent  of  the  instabilities  observed  by  Jimenez  et  al 
(2001)  in  a  channel  with  a  porous  wall,  where  they  were  traced  to  a  coupling  between 
a  weakly-damped  mode  of  the  impermeable  channel  and  the  porous- wall  condition.  In 
that  case  the  result  was  a  series  of  spanwise  rollers  spanning  the  full  height  and  width 
of  the  channel,  and  it  is  conceivable  that  a  similar  coupling  might  result  in  the  present 
structures. 

The  spurious  perturbation  of  the  spanwise  velocity  disappears  as  we  move  a  few  grid 
points  away  from  the  wall,  as  can  be  observed  in  the  spectra  in  figures  8.  This  relatively 
fast  relaxation  away  from  the  wall  of  the  defects  of  the  wall  layer,  which  recalls  the  similar 
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Figure  7.  One-dimensional  premultiplied  velocities  spectra  at  —  30,  normalized  in  wall 
units  and  plotted  as  functions  of  the  wavelengths  A®  (a,  c)  and  Xz  (fe,  d).  (a)  and  (6),  streamwise 
component;  (c)  and  (d)  spanwise  component. - ,  DNS;  o  ,  case  SI;  •  ,  case  S2;  ^  ,  case  Rl, 


relaxation  of  the  fluctuation  intensities  in  figures  2{h)  and  3(6),  suggests  that  the  effect 
of  the  wall  is  relatively  local  to  small  values  of  y,  and  that  the  main  role  of  the  boundary 
conditions  is  to  provide  a  correct  intercept  for  the  mean  velocity. 


4.  Conclusions 

In  this  work  we  have  simulated  three  channel  flows  using  the  suboptimal-control  code 
developed  by  Nicoud  et  al  (2001),  after  some  modifications  to  improve  its  performance. 
We  have  seen  that  the  suboptimal  control  code  is  not  able  to  reproduce  the  wake  compo¬ 
nent  of  the  mean  velocity  profile  of  real  channels.  The  magnitude  of  the  error  depends  on 
the  parameter  a  which  weights  the  energy  of  the  control  in  the  cost  function.  Decreasing 
this  parameter  decreases  the  error  in  the  wake,  but  degrades  the  agreement  of  the  velocity 
fluctuation  intensities  near  the  wall.  A  simplified  analysis  of  two  numerical  experiments 
with  diflPerent  values  of  a  suggests  that  the  problem  with  the  velocity  profile  near  the 
channel  centerline  is  intrinsic  to  the  simulation  procedure,  and  not  a  consequence  of  the 
boundary  condition  algorithm.  This  result,  together  with  the  reorganization  of  the  flow 
structures  away  from  the  wall,  raises  the  question  of  whether  it  is  possible  to  control  the 
whole  flow  just  by  acting  on  the  wall. 

There  are  also  open  questions  about  the  effects  of  a  on  the  mean  velocity  profile  and 
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Figure  8.  One-dimensional  premultiplied  velocities  spectra  sX  =  150,  normalized  in  wall 
units  and  plotted  as  functions  of  the  wavelengths  A*  (a,  c)  and  A*  (6,  d).  (a)  and  (6),  streamwise 
component;  (c)  and  (d)  spanwise  component. - ,  DNS;  o  ,  case  SI;  •  ,  case  S2;  A  ^  case  Rl. 

on  the  root  mean  squared  velocity  fluctuations,  where  the  influence  of  this  parameter 
seems  to  be  more  important.  More  work  is  needed  in  that  direction. 

We  have  shown  that  the  suboptimal  code  is  able  to  match  a  synthetic  profile  for  a 
rough  turbulent  channel,  and  that  the  trend  of  the  changes  in  the  root-mean-squared 
velocity  fluctuation  profiles  agrees  with  the  expected  results.  It  is  not  clear  whether  this 
agreement  is  due  to  a  change  in  the  physics  of  the  wall,  or  just  a  secondary  effect  of  a  lower 
mean  velocity  gradient.  However,  the  information  gathered  from  the  spectra  and  from 
the  p.d.f.’s  point  to  the  latter  explanation,  as  there  are  no  clear  differences  between  the 
structures  near  the  wall  in  the  smooth  and  the  rough  cases,  except  for  the  intensities.  The 
structure  of  the  wall  stresses  introduced  by  the  control  algorithm  bear  little  resemblance 
to  the  corresponding  physical  quantities. 

There  are  in  all  the  present  simulations  a  spurious  organization  of  the  near-wall  span- 
wise  velocity  into  large  diagonal  modes,  which  is  most  likely  due  to  some  instability  of 
the  control  procedure,  but  which  also  disappears  a  few  grid  points  away  from  the  wall. 
Its  analysis  also  requires  further  work. 
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Unfolding  of  proteins  :  Thermal  and  mechanical 

unfolding 

By  Joe  S.  Hur  &  Eric  Darve 


1.  Motivation  and  Objectives 

Over  the  past  few  decades,  researchers  have  sequenced  the  human  genome  which  is  a 
blueprint  for  proteins.  However,  given  only  the  information  of  the  sequence  we  cannot 
yet  accurately  predict  specific  structural  information  such  as  the  secondary  and  tertiary 
structure  of  a  given  protein,  let  alone  its  functionality  in  biological  processes.  Recent 
theoretical  and  experimental  findings  have  shown  that  the  topology  or  conformation  of 
the  native  structure  of  small  proteins  plays  a  critical  role  in  determining  its  biological 
function  (Baker  2000;  Aim  &:  Baker  1999).  In  order  to  carry  out  their  biological  function 
properly,  proteins  must  assume  a  shape,  assembling  themselves  into  an  ordered  struc¬ 
ture.  It  is  now  well  known  that  depending  on  the  topology  of  proteins,  for  example, 
when  proteins  do  not  fold  correctly,  there  can  be  serious  medical  complications,  such  as 
Parkinson’s  disease,  Alzheimers  to  name  a  few.  Furthermore,  more  biophysical  manifesta¬ 
tions  of  protein-protein  interactions  are  reflected  in  processes  related  to  phase  equilibria 
such  as  crystallization,  and  in  the  marked  dependence  of  the  diffusion  coefficients  of 
macromolecules  on  their  concentration  (Price  et  al  1999).  The  latter  aspect  is  currently 
becoming  of  much  interest  to  biologists  and  chemists  with  advances  in  techniques  for 
monitoring  protein  diffusion  in  the  crowded  cellular  environment  (Dayel  et  al  1999). 

With  ever  increasing  areas  of  interest  in  biomedical  applications  as  mentioned  above, 
much  effort  has  been  put  into  understanding  the  mechanism  of  protein  folding.  However, 
at  present,  there  exists  neither  a  simple  and  universally  applicable  theoretical  framework 
nor  an  efficient  and  accurate  computational  framework  that  can  account  for  many  exper¬ 
imental  findings.  Current  theories  resort  to  mathematics  that  vary  greatly  in  complexity 
and  analytic  tractablity  in  order  to  solve  technical  difficulties  inherent  in  the  problem  or 
start  from  a  phenomenological  model  (Wolynes  et  al  1995;  Clement!  et  al  2000).  On  the 
computation  frontier,  with  advances  in  computational  resources,  we  are  now  equipped 
with  better  tools  to  tackle  complex  problems  that  are  numerically  expensive.  However, 
for  example,  there  is  much  controversy  over  the  correct  form  of  potential  in  the  force  field 
in  molecular  dynamics  (Baker  2000)  and  folding  proteins  using  Monte-Carlo  simulation  is 
still  expensive  to  be  applied  to  bigger  proteins  -  the  folding  time  scales  for  these  proteins 
lie  between  a  few  milliseconds  to  minutes.  Solving  for  the  stable  structures  of  the  isolated 
proteins  should  not  be  the  final  aim  for  computer  simulations.  After  all,  proteins  perform 
their  biological  function  by  interacting  with  other  macromolecules  through,  for  example, 
electrostatic  and  non-polar  interactions,  and  thus  a  clear  physical  understanding  of  such 
phenomena  is  needed. 

Our  goal  is  to  understand  the  mechanisms  of  protein  folding-unfolding  in  the  presence 
of  an  external  force  field  -  e.g.  mechanical,  and  electrostatic  fields  -  and  to  investigate 
the  differences  in  the  pathways  of  force-induced  unfolding  and  thermally  or  denaturant- 
induced  unfolding.  For  example,  mechanical  stability  is  very  important  for  proteins  that 
form  muscle  fibres,  like  myosin  and  kinesin,  and  for  those  that  have  to  withstand  forces 
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like  cell-adhesion  molecules  that  stabilize  and  form  the  contact  between  cells  in  tissues. 
Having  a  clear  understanding  of  the  mechanisms  of  unfolding  will  provide  us  with  a 
means  to  design  proteins  to  carry  out  specific  functions  as  well  as  to  tackle  more  complex 
problems  that  remain  unsolved.  A  few  examples  of  the  latter  include  understanding  how 
a  substrate  may  be  attracted  to  the  active  site  of  an  enzyme  by  electrostatic  interactions 
and  how  the  local  and  global  structures  of  proteins  change  upon  ligand  docking. 

Recently,  relevant  to  this  work,  researchers  have  used  atomic  force  microscopy  (AFM) 
and  optical  tweezers  for  dynamic  measurement  of  mechanical  unfolding  of  individual  Titin 
immunoglobulin  domains  at  the  single  molecule  level  (Rief  et  al.  1997;  Kellermayer  et  al. 
1997;  Tskhovrebova  et  at.  1997).  The  widely  studied  protein  Titin  is  a  giant  3  MDalton 
muscle  protein  and  a  major  constituent  of  the  sarcomere  in  vertebrate  striated  muscle.  It 
is  a  multi-domain  protein  which  forms  filaments  approximately  1  /xm  in  length  spanning 
half  a  sarcomere  and  has  a  number  of  functions  including  the  control  of  assembly  of  muscle 
thick  filaments,  a  role  in  muscle  elasticity  and  the  generation  of  passive  tension.  Of  the 
two  regions  -  the  I-band  and  the  A-band  -  we  are  interested  in  the  I-band  of  Titin  because 
it  plays  an  important  role  in  muscle  elasticity.  The  I-band  is  composed  of  a  head  to  tail 
linear  array  of  immunoglobulin  domains  interrupted  at  intervals  by  less  highly  structured 
linker  sequences.  All  of  the  immunoglobulin  domains  are  predicted  to  have  the  same  basic 
structure.  The  notation  ’127’  is  used  to  represent  the  27th  domain  of  the  Titin  I-band. 
The  wild  type  Titin  protein  is  far  too  large  for  its  thermodynamic  and  kinetic  properties 
to  be  studied  in  detail  using  current  techniques,  however  its  multi-domain  structure 
allows  investigation  of  its  properties  by  characterization  of  the  constituent  domains  in 
isolation.  This  approach  is  frequently  used  for  proteins  where,  to  a  first  approximation, 
the  domains  behave  independently. 

An  interesting  aspect  of  the  recent  studies  of  Titin  concerns  the  highly  cooperative 
manner  in  which  the  domains  break.  However,  the  structural  changes  under  mechanical 
forces  could  only  be  inferred  from  the  force-extension  curves  in  the  experiment  and  for 
example,  the  stability  of  the  individual  beta-sheets  could  not  be  examined.  To  support 
the  experimental  findings  using  Titin,  steered  molecular  dynamics  (SMD)  simulations 
showed  that  the  force-induced  unfolding  of  Titin  domains  is  an  all-or-none  event,  lacking 
stable  intermediates  (Lu  et  al  1998).  However,  a  more  recent  study  by  Paci  et  al,  showed 
in  their  simulation  a  more  complex  behavior  of  force-induced  unfolding  in  contrast  to 
the  simple  sawtooth  profile  observed  in  the  unfolding  experiments  and  claimed  that  in 
those  experiments  only  the  onset  of  the  unfolding  of  individual  domains  in  multi-domain 
proteins  was  revealed  (Paci  Karplus  2000). 

Even  though  the  experimentad  and  theoretical  investigations  up  to  date  have  given 
us  valuable  information  on  force-induced  unfolding  of  small  proteins,  the  tools  to  probe 
multiple  kinetic  pathways,  more  complex  structures  and  stabifity  of  domains  in  bigger 
proteins  that  carry  out  biological  functions  upon  docking  (where  they  have  to  assume  a 
particular  partially  unfolded  shape)  are  yet  to  be  developed.  In  this  article,  we  present 
a  Hamiltonian  model  which  builds  on  the  important  interactions  of  the  native-state 
topology.  We  make  a  Gaussian  approximation  within  the  model  such  that  the  contact 
probabilities  are  determined  self- consistently,  in  a  spirit  similar  to  a  local  mean-field 
approximation. 

The  paper  is  organized  as  follows.  In  §2,  we  describe  our  mathematical  formulation. 
The  Hamiltonian  is  defined  and  the  self-consistent  Gaussian  approximation  is  introduced 
in  calculating  the  contact  pair  probabilities.  In  §3.1  we  present  results  for  the  equilibrium 
properties  of  several  globular  proteins  and  the  immunoglobulin  domain  of  Titin.  Both 
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structural  and  thermod3maniic  quantities  are  examined.  In  §3.2  the  thermal  denaturation 
of  the  immunoglobulin  domain  of  Titin  is  investigated.  In  particular,  the  stability  of 
the  six  sheet  interactions  are  examined.  In  §3.3  the  results  for  pulling  the  ends  with 
constant  mechanical  forces  of  a  single  immunoglobulin  domain  of  Titin  are  presented 
and  compared  to  the  experimental  findings  as  well  as  the  results  in  §3.2.  We  conclude 
with  a  brief  summary  in  §4. 


2.  Method 

In  our  formulation,  the  Hamiltonian  for  a  given  protein  of  N  residues  consists  of  three 
energy  contributions  as  shown  in  eqn.(2.1).  The  first  term  refers  to  the  energy  fluctuations 
of  adjacent  residues  with  respect  to  the  native  state.  The  second  term  denotes  pairwise 
interactions  between  non-adjacent  (non-consecutive)  residue  pairs  and  the  last  term  is 
the  imposed  external  force  field  which  is  assumed  to  be  linear  for  direct  comparison  to 
experiment  by  Rief  et  al  (1997);  Kellermayer  et  al  (1997);  Tskhovrebova  et  al  (1997). 

H  =  >^B-raax{T,Tmin)  ^  _  ^-^2 

-  E  -  (ti  -  (2.1) 


In  eqn.(2.1),  il  denotes  the  position  vector  of  residue  i  relative  to  its  native  state.  Aij  is 
the  contact  matrix  of  all  residues  in  the  native  state  and  ©  is  the  Heaviside  step  function, 
which  is  defined  as  : 


©(a:)  = 


if  a;  <  0, 
if  re  >  0. 


(2.2) 


We  determine  Aij  from  the  native  state  structures  of  proteins  from  the  Protein  Data 
Bank  (PDB).  We  assign  a  value  of  1  to  residue  pairs  whose  a-caxbons((7a)  are  separated 
by  less  than  6. 5 A  and  0  otherwise. 

In  our  formulation,  pairwise  interactions  that  are  separated  beyond  a  cut-off  radius  of 
R  do  not  contribute  the  total  energy  of  the  system.  We  set  R  to  3A  in  all  calculations. 
Note  that  the  distance  between  two  adjacent  a-carbons  is  3. 78 A  and  3. 63 A  in  a  trans 
and  cis  configuration  respectively.  On  the  other  hand,  pairwise  interactions  within  the 
cut-off  radius  are  modelled  to  vary  quadratically  with  Aij ,  the  contact  matrix,  given  as 
the  weight  factor.  The  requirement  for  a  minimum  cut-off  temperature,  Tmim  Is  to  ensure 
that  at  low  temperatures  the  ratio  between  the  energies  arising  fi:om  the  fluctuations  of 
adjacent  residues  and  other  energy  contributions  is  finite.  Note  that  in  our  formulation 
without  specifying  a  cut-off  temperature,  Cp  diverges  as  temperature  approaches  zero. 
We  determine  Tmin  from  the  mimina  (^^  =  0)  in  the  heat  capacity  constant  Cy  - 
temperature  curves  {Cy  versus  T)  for  each  protein.  We  calculate  the  heat  capacity  from 
the  following  relation. 


dT^’ 


(2.3) 


where  F  is  the  total  firee  energy.  The  second  derivative  is  calculated  using  a  fourth  order 
finite  difference  scheme. 

Due  to  the  s3Tnmetry  of  the  Hamiltonian,  the  corresponding  partition  function  Z  is 
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Z  =  J  Uidriexp{-l3H{7^)  (2.4) 

By  adding  an  additional  spring  to  the  first  term  in  eqn.  (2.1),  one  can  breaJc  the  symmetry 
in  the  Hamiltonian  and  easily  decouple  the  extra  energy  contribution  in  the  total  free 
energy,  where  the  free  energy  is  related  to  the  partition  function  Z  as  : 

F  =  -Tln{Z)  =  -Tin  Uidfl  exp{-l3H{f))^  .  (2.5) 

The  modified  Hamiltonian  is  given  by, 

H  = 

^  i=l 

-  E  (2.6) 

ij 

where  Ks  is  the  spring  constant  for  the  artificially  added  spring  tjj.  By  making  use  of 
the  self-consistent  Gaussian  approximation, 

(2.7) 

Eqn.  (2.6)  can  be  rewritten  in  a  compact  matrix  form  as  follows: 

=  l3MFfM-^it  -  pMF)  -  \0^F'^MF.  (2.8) 

Z  Zt 

/?  is  the  inverse  temperature  (l/fc^T)  where  A;b  is  set  to  unity  for  convenience  and  the 
inverse  of  matrix  M  is  defined  as  : 

M-i  =  5y(A'(2  -  <5«  -  (1  +  ^)hN)  +  ^J^AikPik) 

k 

+(1  -  -  5ij+i)).  (2.9) 

In  eqn. (2. 9),  5ij  is  the  Kronecker  delta  and  pij  denotes  the  contact  probability  of  the 
residue  pair  i  and  j.  The  probability  density  function  of  t  is  then  given  by, 

P(t)  =  (27r)-^(detM)-t  exp(-l(t  -  fiMFfM-^(t  -  pMF)).  (2.10) 

Previously,  Michele tti  et  al.  have  proposed  a  self-consistent  pair  probability  approxi¬ 
mation  for  examining  equilibrium  properties  of  proteins,  and  we  will  follow  the  same 
methodology  (Micheletti  et  al.  2001).  First  the  contact  pair  probability  is  given  by 

Pij  =  {27r)-^{detMri  [  U^dukeKpi-^it- l3MFf  M-\t- fiMF)).  (2.11) 

Physically,  pij  corresponds  to  the  pair  contact  probability  of  residue  i  and  j  that  are 
separated  by  less  than  i?  =  SA,  and  thus  is  a  measure  of  the  structural  and  conformational 
deviation  from  the  native  state.  By  making  a  self-consistent  Gaussian  approximation  for 
pij  with  the  given  Hamiltonian  in  eqn. (2, 6),  we  can  calculate  pij  in  an  iterative  manner. 
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Figure  1.  Free  energy  (F^)  versus  temperature.  Each  free  energy  contribution  is  also  plotted. 


First,  we  transform  eqn.(2.11)  into  spherical  coordinates, 

Pij  =  j  “  l^+  1^)  dr.  (2.12) 

In  eqn.(2.12),  Gij  is  defined  in  terms  of  the  matrix  Mij^ 

Gij  =  Mu  +  Mjj  —  2Mij^  (2.13) 


and  Lij  is  the  imposed  force  field  defined  as 

Llj  =  ^{Ma-MiN-M^i+MjN)  (2.14) 

for  the  case  of  pulling  the  ends  of  a  protein  equally  with  a  force  vector  F.  By  utilizing  the 
isotropicity  of  spherical  coordinates,  eqn.(2.12)  can  be  further  simplified  and  expressed 
as  a  series  of  Incomplete  Gamma  function  of  order  ^  i.e.,  Pi  (x)  which  is  defined  as  : 


exp 


and  Pij  is  given  by  : 


In  the  case  of  no  applied  force,  eqn.(2.16)  reduces  to 

p2 


P'i  - 


2G 


(2.15) 


(2.16) 


(2.17) 


where  Pa  is  the  incomplete  Gamma  function  of  order 

We  first  start  each  calculation  by  initializing  all  pij’s  to  0.5.  Two  different  initial  values 
of  0.25  and  0.75  were  used  to  ensure  that  the  results  are  independent  of  initial  conditions. 
The  matrix  is  then  constructed  using  the  initial  values  of  p^’s  and  the  contact 
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Figure  2.  Total  free  energy  (F^)  versus  the  fraction  of  native  contacts  (Q)  for  protein  ISHG 

and  1A2P. 

matrix  A^  .  The  native  state  structure  for  each  protein  was  taken  from  the  Brookhaven 
Protein  Data  Bank  (PDB)  and  was  first  analyzed  in  a  separate  subroutine  where  the  types 
of  amino-acid  were  identified  and  the  distance  between  all  pair  residues  was  calculated  and 
recorded  to  construct  the  contact  matrix  Aij.  We  have  employed  a  more  refined  discrete 
scheme  of  constructing  the  contact  matrix  -  where  depending  on  the  type  of  amino-acid 
and  distance  between  two  residues,  discrete  leveled  amino-acid  interactions  are  taken  into 
account  -  but  only  minor  quantitative  differences  were  observed  between  the  two  schemes. 
LU  decomposition  is  employed  to  invert  the  symmetric  matrix  (Press  et  al  1992). 
The  new  p^’s  are  then  calculated  using  eqn.(2.16)  with  the  inverted  matrix  Mij  where 
the  incomplete  Gamma  functions  are  evaluated  using  two  different  schemes,  i.e.  a  fast 
converging  series  expansion  and  50-point  Gaussian  quadrature  (Press  et  al.  1992)  to  check 
numerical  accuracy.  The  iteration  continues  until  the  differences  between  the  previous 
and  current  values  for  allpij^s  are  below  a  prescribed  tolerance  <5.  We  used  S  =  10“®  for 
equilibrium  and  thermal  unfolding,  and  10“®  for  mechanical  unfolding  calculations  and 
convergence  was  achieved  within  a  dozen  (10  —  40)  iterations. 


3.  Results 

In  this  section,  we  apply  the  model  to  examine  the  equilibrium  and  non-equilibrium 
properties  of  several  proteins.  First,  the  equilibrium  properties  -  both  structural  and 
thermodynamic  -  are  presented.  We  determine  the  folding  temperature  in  a  systematic 
way  as  outlined  in  the  previous  section  and  calculate  each  free  energy  contributions 
arising  from  the  Hamiltonian  model.  By  varying  the  temperature,  we  further  investigate 
the  thermal  denaturation  of  the  immunoglobin  (Ig)  domains  of  Titin  (ITIT).  Finally  the 
ends  of  the  Ig  domains  are  pulled  mechanically  and  the  unfolding  mechanism  as  well  as 
the  stability  of  six  key  /^-strands  are  studied. 

3.1.  Equilibrium 

Following  the  steps  in  §2,  we  examine  the  equilibrium  properties  of  the  globular  protein 
2CI2,  ISHG  and  barnase  (1A2P)  and  the  immunoglobulin  domain  of  Titin  (ITIT).  The 
remaining  parameters  we  have  to  set  in  the  Hamiltonian  in  eqn.(2.6)  is  the  strength  of 
the  peptide  strength  K  and  for  the  artificially  added  spring.  Physically,  a  larger  K 
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Figure  3.  Heat  capacity  versus  temperature  for  2ci2  with  varying  peptide  strength  parameter 

K. 


corresponds  to  a  more  rigid  rod-like  bond.  The  parameter  Ks  for  the  artificially  added 
spring  can  be  set  to  any  non-zero  value.  The  extra  free  energy  due  to  this  spring  is  Fa' 


=  -Tln{Z)  =  -Tin 


2irT 


.  3 


K. 


(3.1) 


In  all  our  calculations  the  total  free  energy  F^  is  calculated  by  subtracting  the  extra  free 
energy  pA  . 

F'^  =  F^-F^,  (3.2) 

where  F^  is  the  corresponding  total  free  energy  to  the  Hamiltonian  in  eqn.(2.6)  given 
by, 


F^  =  -~  ln(27r)T  -  |  ln(det  M)T  - —Y,  AyPy  -  T In 


27rT 


K. 


(3.3) 


The  free  energy  {F^)  and  the  individual  energy  terms  in  eqn.(3.3)  for  the  protein  1A2P 
are  shown  in  Fig.(l).  Given  our  Hamiltonian,  there  are  free  energies  associated  with  the 
consecutive  pair  interactions  (the  first  term  in  eqn.(3.3)),  and  those  arising  from  the 
non-consecutive  pairwise  interactions  (the  second  and  the  third  term)  as  well  as  those 
due  to  the  artificial  anchoring  (the  last  term).  In  Fig. (2),  the  total  free  energy  (F^)  is 
plotted  versus  the  fraction  of  native  contacts  Q  for  the  protein  ISHG  and  1A2P,  where 
Q  is  defined  as  : 


0  = 


(3.4) 


In  eqn.(3.4)  the  prime  denotes  that  sum  is  carried  out  over  only  non-consecutive  pairs. 
Previously,  Micheletti  et  al.  have  used  used  a  value  of  K  —  -^hy  inspecting  the  behavior 
of  the  fraction  of  native  contacts  (Q)  as  defined  in  eqn. (3.4) (Micheletti  et  al.  2001).  In 
this  work,  three  values  of  K  were  used  -  ^  and  In  Fig. (3),  we  plot  the  heat 

capacity  as  a  function  of  temperature  with  varying  peptide  strength  parameter  K  for  the 
protein  2CI2.  The  maximum  of  the  heat  capacity  corresponds  to  the  folding  temperature 
which  is  defined  as  the  temperature  at  which  a  protein  is  equally  likely  to  be  either  in  a 
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folded  or  unfolded  state.  At  the  folding  temperature  the  fraction  of  native  contacts  was 
shown  to  be  around  0.5  in  previous  studies  (dementi  et  al  2000;  Micheletti  et  al.  2001; 
Plaxco  et  al  1998;  Chan  &  Dill  1998).  To  verify  if  the  chosen  range  of  the  K  parameter 
yielded  consistent  results  with  previous  observations,  we  calculate  the  fraction  of  native 
contacts  Q  for  1A2P  whose  folding  temperature  was  T  =  16.25  for  if  =  ■—.  At  the 
folding  temperature  Q  is  0.56  as  shown  in  Fig.(4).  Note  that  the  folding  temperature 
is  not  a  sensitive  function  of  the  peptide  strength  parameter  K  as  the  location  of  the 
maxima  in  heat  capacity  in  Fig.  (3)  did  not  shift  with  different  values  of  K.  Next  we 
calculate  the  equilibrium  properties  of  the  immunoglobulin  domain  of  the  protein  Titin. 
The  folding  temperature  was  determined  as  above  from  the  C^-T  plot  and  in  Fig.  (4) 
the  fraction  of  native  contacts  Q  is  plotted  versus  temperature.  Whereas  Q  is  a  global 
ordering  parameter  that  measures  the  deviation  of  an  entire  folded  protein  domain  from 
the  native  state,  a  more  relevant  local  ordering  parameter  that  monitors  the  deviation 
of  each  residue  in  the  protein  from  its  native  state  is  Pi  defined  as  : 


The  local  ordering  parameter  Pi  is  shown  at  the  folding  temperature  in  Fig.  (5).  Note 
that  the  eight  p  strands  are  (in  the  order  of  first  residue  number  -  last  residue  number 
in  the  strand  for  each  strand  and  in  the  parenthesis  the  type  of  amino  acid)  :  4(VAL)- 
7(PRO),  11(VAL)-15(VAL),  18(THR)-25(LEU),  32(GLY)-36(LEU),  47(CYS)-52(ASP), 
55(LYS)-61(HIS),  69((GLY)-75(ALA)  and  78(ALA)-88(GLU).  We  can  clearly  see  that 
each  strand  exhibits  different  degrees  of  ordering  at  the  folding  temperature.  In  the  next 
section,  we  examine  the  thermal  denaturation  of  the  same  domain  of  Titin  (ITIT). 


3.2.  Thermal  Unfolding 

The  eight  /3-strands  in  the  immunoglobulin  domain  of  Titin  are  stabilized  via  hydrogen 
bonding.  The  six  interacting  residue  pairs  are  :  6-24,  11-85,  19-60,  35-72,  48-59  and  69-84. 
The  corresponding  strand-strand  or  sheet  interactions  are  denoted  as  :  AB,  A’G,  BE,  CF, 
DE  and  FG.  First  we  vary  the  temperature  to  examine  both  the  global  (Q)  and  local 
(Pi)  ordering.  As  shown  in  Fig.  (6)  as  the  temperature  increases,  the  global  ordering  is 
slowly  destroyed  and  at  about  twice  the  folding  temperature  (T/  =  17.75),  the  protein 
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Figure  5.  Local  ordering  parameter  Pi  for  ITIT  at  the  folding  temperature.  The  arrows 
denote  the  location  of  the  eight  /9-strands. 


Figure  6.  The  fraction  of  native  contacts  (Q)  versus  temperature  for  the  protein  ITIT. 


has  almost  denatured.  The  individual  residues  which  are  in  the  ordered  state  at  low 
temperatures  (for  example  at  0.35T/  =  6.21)  slowly  denature  from  the  native  state  with 
varying  degrees  of  ordering  at  high  temperatures.  Another  global  parameter  to  monitor 
the  denaturation  process  is  the  size  of  the  domain  as  a  function  of  temperature  which 
can  be  calculated  by  the  following  relation, 

S^{T)  =  3GiNiT)  +  Sl  (3.6) 

where  is  the  mean  square  of  the  end-to-end  distance  of  the  protein  and  the  subscript 
o  denotes  the  native  state,  and  Gin  is  the  component  (1,  iV)  of  the  matrix  Gij  as  defined 
in  eqn.(2.13).  In  Fig. (8),  the  extension  versus  temperature  is  shown  and  we  see  a  smooth 
growth  of  the  domain  with  increasing  temperature.  Note  that  at  2T/  =  35.5,  the  domain 
size  has  increased  only  by  5%  compared  to  T/  =  17.75.  The  six  sheet  interactions  repre¬ 
sented  by  the  six  individual  pair  interactions  are  shown  in  Fig.  (9).  The  sheet  interaction 
FG  (69-84)  is  the  most  stable  interaction  over  the  entire  temperature  range  and  A’G  is 


434 


Joe  S.  Hur  &  Eric  Darve 


--  Tf=17.75 

—  T=35.5(2Tf) 

—  .  T=6.2125(0.35TO 


0.6  h 


0.4 


0.2 


ifi 


A'  \ 

A  ' 

/  ’  \ 


4 


An*' 

j 


h! 


•  /V 

i/' 


A  Ky 

r  \i' 
M 
U 


W 

w 

II 

I 


20 


40 

Residue  # 


60 


80 


Figure  7.  Local  ordering  parameter  Pi  for  ITIT  with  varying  temperature  near  the  folding 

temperature. 


Figure  8.  Domain  size  as  a  function  of  temperature  for  ITIT. 


the  least  stable  interaction  at  low  temperatures.  Near  the  folding  temperature  all  five 
interactions  except  for  FG  are  comparable  in  strength. 

3.3.  Mechanical  Unfolding 

In  this  section  we  apply  mechanical  forces  to  the  immunoglobulin  domain  of  Titin.  The 
experiments  mentioned  in  §1  used  two  different  tools  to  probe  the  unfolding  pathways 
of  the  same  molecule.  Pulling  the  ends  of  it  showed  that  the  series  of  individual  im¬ 
munoglobulin  domains  open  one  by  one.  Also  the  protein  domains  were  shown  to  resist 
a  mechanical  force  of  the  order  of  a  few  hundreds  of  piconewtons  (pN)  after  which  one 
domain  unfolds  causing  a  reduction  in  the  applied  force.  Further  extension  gradually 
increases  the  applied  force  until  another  domain  unfolds.  This  stepwise  single  domain 
unfolding  results  in  a  so  called  saw-tooth  pattern.  The  six  sheet  pair  contact  probabilities 
are  shown  in  Fig. (10).  The  interaction  A’G  is  the  most  unstable  one  below  F  =  3.7,  which 
corresponds  to  a  dimensional  force  of  ISOpN.  The  interaction  AB  is  lost  at  F  ^  150pN, 
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Figure  9.  Six  sheet  contact  probabilities  as  a  function  of  temperature  for  ITIT. 


Figure  10.  Six  sheet  contact  probabilities  as  a  function  of  pulling  force  for  ITIT. 


suggesting  the  two  ^-strands  A  and  B  are  no  longer  in  contact.  At  F  =  5.16(212piV')  the 
entire  immunoglobulin  domain  is  unfolded  as  seen  from  the  vanishingly  small  contact 
pair  probabilities  for  all  six  sheet  interactions.  This  finding  that  the  sheet  interaction 
A’G  and  AB  are  the  least  stable  ones  is  consistent  with  the  results  obtained  from  steered 
molecular  dynamics  by  (Lu  et  al  1998).  The  fraction  of  native  contacts  (Q)  as  larger 
forces  are  applied  is  shown  in  Fig.  (11).  Compared  to  Fig.  (6),  we  see  discrete  jumps  in 
the  total  nativeness  of  the  protein  domain. 

To  directly  compare  to  previous  experimental  findings  (Rief  et  al  1997;  Kellermayer 
et  al  1997;  Tskhovrebova  et  al  1997),  we  calculate  the  mean  square  end-to-end  distance 
in  the  case  of  a  constant  pulling  force  F  at  the  ends  of  a  protein,  which  is  given  by, 

S^{T)  =  3Gijv(T)  +  |5„  +  Lwl'^  (3.7) 

where  L  is  defined  in  eqn.(2.14).  In  Fig.(12),  the  end-to-end  distance  is  plotted  as  a 
function  of  the  applied  pulling  force.  We  observe  similar  stalls  in  the  plot  where  the 
domain  size  increases  but  the  force  remains  constant.  Related  to  the  stability  of  each 
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Figure  11.  The  fraction  of  native  contacts  (Q)  versus  pulling  force  for  the  protein  ITIT. 


Figure  12.  Force-extension  plot  for  ITIT. 


sheet  interaction,  we  conclude  that  the  first  force  stall  in  Fig. (12)  is  due  to  the  breakage  of 
the  hydrogen  bonding  pair  in  the  AB  sheet  (residue  pair  6-24).  The  AB  sheet  completely 
breaks  at  F  =  3.7  and  at  F  =  5.16(210pAf),  the  six  sheet  interactions  are  destabilized 
and  the  entire  immunoglobulin  domain  is  open.  After  the  critical  force  of  F  =  5.16,  the 
linear  growth  in  extension  isintrinsically  due  to  the  quadratic  potential  of  the  residues 
as  given  by  the  Hamiltonian  (see  eqn.(2.6)). 


4.  Conclusions 

We  have  employed  a  Hamiltonian  model  based  on  a  self-consistent  Gaussian  appoxima^ 
tion  to  examine  the  unfolding  process  of  proteins  in  external  -  both  mechanical  and  ther¬ 
mal  -  force  fields.  The  motivation  was  to  investigate  the  unfolding  pathways  of  proteins 
by  including  only  the  essence  of  the  important  interactions  of  the  native-state  topology. 
Furthermore,  if  such  a  model  can  indeed  correctly  predict  the  physics  of  protein  un¬ 
folding,  it  can  complement  more  computationally  expensive  simulations  and  theoretical 
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work.  The  self-consistent  Gaussian  approximation  by  Micheletti  et  al.  has  been  incorpo¬ 
rated  in  our  model  to  make  the  model  mathematically  tractable  by  significantly  reducing 
the  computational  cost.  All  thermodynamic  properties  and  pair  contact  probabilities  are 
calculated  by  simply  evaluating  the  values  of  a  series  of  Incomplete  Gamma  functions 
in  an  iterative  manner.  We  have  compared  our  results  to  previous  molecular  dynamics 
simulation  and  experimental  data  for  the  mechanical  unfolding  of  the  giant  muscle  pro¬ 
tein  Titin  (ITIT).  Our  model,  especially  in  light  of  its  simplicity  and  excellent  agreement 
with  experiment  and  simulation,  demonstrates  the  basic  physical  elements  necessary  to 
capture  the  mechanism  of  protein  unfolding  in  an  external  force  field. 
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Numerical  simulation  of  high  drag  reduction 
in  a  turbulent  channel  flow  with  polymer 

additives 

By  Yves  Dubief 


1.  Introduction 

The  addition  of  small  amounts  of  long  chain  polymer  molecules  to  wall-bounded  flows 
can  lead  to  dramatic  drag  reduction.  Although  this  phenomenon  has  been  known  for 
about  fifty  years,  the  action  of  the  polymers  and  its  effect  on  turbulent  structures  are 
still  unclear.  Detailed  experiments  have  characterized  two  distinct  regimes  (Warholic 
et  al  1999),  which  are  referred  to  as  low  drag  reduction  (LDR)  and  high  drag  reduction 
(HDR).  The  first  regime  exhibits  similar  statistical  trends  as  Newtonian  flow:  the  log- 
law  region  of  the  mean  velocity  profile  remains  parallel  to  that  of  the  Newtonian  flow 
but  its  lower  bound  moves  away  from  the  wall  and  the  upward  shift  of  the  log-region  is 
a  function  of  drag  reduction,  DR,  Although  streamwise  fluctuations  are  increased  and 
transverse  ones  are  reduced,  the  shape  of  the  rms  velocity  profiles  is  not  qualitatively 
modified.  At  higher  drag  reductions,  of  the  order  of  40-50%,  the  flow  enters  the  HDR 
regime  for  which  the  slope  of  the  log-law  is  dramatically  augmented  and  the  Reynolds 
shear  stress  is  small  (Warholic  et  al  1999;  Ptasinski  et  al  2001).  The  drag  reduction 
is  eventually  bounded  by  a  maximum  drag  reduction  (MDR)  (Virk  &  Mickley  1970) 
which  is  a  function  of  the  Reynolds  number.  While  several  experiments  report  mean 
velocity  profiles  very  close  to  the  empirical  profile  of  Virk  Mickley  (1970)  for  MDR 
conditions,  the  observations  regarding  the  structure  of  turbulence  can  differ  significantly. 
For  instance,  Warholic  et  al  (1999)  measured  a  near-zero  Reynolds  shear  stress,  whereas 
a  recent  experiment  (Ptasinski  et  al  2001)  shows  evidence  of  non-negligible  Reynolds 
stress  in  their  MDR  flow.  To  the  knowledge  of  the  authors,  only  the  LDR  regime  has 
been  documented  in  numerical  simulations  (Sureshkumar  et  al  1997;  Dimitropoulos  et  al 
1998;  Min  et  al  2001;  Dubief  k  Lele  2001;  Sibilla  k  Baron  2002).  This  paper  discusses 
the  simulation  of  polymer  drag  reduced  channel  flow  at  HDR  using  the  FENE-P  (Finite 
Elastic  non-linear  extensibility-Peterlin)  model  which  was  used  for  the  first  LDR  simu¬ 
lation  by  Sureshkumar  et  al  (1997).  Flow  and  polymer  parameters  are  close  to  realistic 
polymer  drag  reducing  conditions.  High  drag  reductions  are  achieved  by  using  finite  dif¬ 
ferences  and  a  robust  time  stepping  technique.  A  minimal  channel  flow  is  also  used  as 
a  numerical  experiment  to  investigate  the  effect  of  the  outer  region  turbulent  structures 
on  the  overall  drag  at  HDR.  The  drag  reducing  action  of  the  model  is  finally  studied 
through  the  structure  of  energy  transfers  from  the  polymers  to  the  velocity  components. 
This  investigation  sheds  some  light  on  the  details  of  polymer  drag  reduction. 


2.  Governing  equations  and  numerical  method 

The  formalism  of  the  constitutive  equations  for  viscoelastic  flows  typically  includes 
the  assumption  of  uniform  concentration  of  the  polymer  solution,  and  the  momentum 


440 

equations  thus  become: 
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UjdjUi  ^iP 


■^jdjUi  +  djTij  , 


fi 


(2.1) 


where  (3  is  the  ratio  of  the  solvent  viscosity  v  to  the  total  viscosity  and  effectively  controls 
the  concentration  of  polymers.  The  Reynolds  number  is  defined  as  Re  =  Uh/i',  where 
the  velocity,  U,  and  length,  /i,  scale  are  defined  in  the  next  section.  Note  the  addition  of 
the  viscoelastic  stress  which  is  later  referred  to  as  /i.  The  viscoelastic  tensor  Tij  in  fi  is 
obtained  by  solving  the  FENE-P  equation. 


T  ;  dtCij  =  -  UkdkCjj  ^-CkjdkUj  +  CjkdkUj^  -  ^  I  ~  j  ’ 

advection  stretching  v  . — . ^ 


(2.2) 


where  the  conformation  tensor,  c^j,  is  the  phase  average  of  QiQj^  Qi  being  the  component 
of  the  end-to-end  vector  of  each  individual  polymer  which  has  a  maximum  dimensionless 
extensibility,  L.  The  Weissenberg  number  Weis  the  ratio  of  the  largest  polymer  relax¬ 
ation  time  A  to  the  flow  time  scales,  such  that  We  =  XU/h.  The  numerical  method  is 
essentially  that  of  Min  et  al  (2001)  modified  to  simulate  very  elastic  and  long  polymer 
molecules.  The  successful  modification,  consisting  of  a  novel  time  advancement  scheme 
for  Eq.  (2.2),  is  described  and  validated  in  Dubief  et  al,  (2003).  In  the  present  paper 
only  a  brief  outline  of  the  method  is  given.  The  momentum  equations  are  solved  on  a 
staggered  grid  with  second-order  central  finite  differences.  The  divergence  of  the  pol5mier 
stress  (Eq.  2.1)  and  the  spatial  derivatives  of  Cij  are  computed  using  a  fourth  order  com¬ 
pact  scheme  and  a  third  order  upwind  compact  scheme,  respectively.  Time  advancement 
of  Eqs.  (2.1)  and  (2.2)  is  performed  by  the  classical  semi-implicit  second-order  Crank- 
Nicolson/third-order  Runge-Kutta  scheme.  In  the  momentum  equation,  the  Newtonian 
viscous  stress  are  treated  implicitly  in  the  wall-normal  direction.  Eq.  (2.2)  is  solved  with 
a  new  semi-implicit  time  scheme  which  guarantees  the  trace  of  the  Cij  remains  upper 
bounded  {ckk  < 

In  turbulent  flows,  Eq.  (2.2)  proves  to  be  fairly  stiff  and  therefore  delicate  to  solve. 
Originally,  Sureshkumar  et  al  (1997)  added  a  diffusive  term  to  the  FENE-P  {D{cij)  ~ 
dkdkCij)  and  used  a  fairly  significant  diffusivity  coefficient  k.  Min  et  al.  (2001)  later 
pointed  out  that  the  addition  of  a  diffusivity  everywhere  in  the  flow  causes  the  smearing  of 
polymer  stress  gradients  and  suggested  a  local  approach.  The  Local  Artificial  Dissipation 
(LAD)  is  a  second-order  numerical  error  {D{cij)  =  Afc  denoting  the  local  grid 

size)  which  is  applied  only  to  nodes  for  which  the  positiveness  of  the  conformation  tensor 
is  not  satisfied.  Min  et  al  designed  the  LAD  as  an-extra  diffusion  of  the  scheme  used  for 
the  advection  of  Cij . 

As  discussed  in  Dubief  et  al  (2003),  the  advection  term  in  Eq.  (2.2)  creates  small 
scales  similar  to  the  ones  observed  for  a  passive  scalar  at  high-Schmidt  number,  i.e.  a 
few  orders  of  magnitude  smaller  than  the  dissipative  flow  scale,  the  Kolmogorov  scale. 
The  LAD  allows  the  polymer  field  to  develop  sharper  gradients  than  a  global  diffusivity 
approach,  however  the  quality  of  the  simulation  depends  strongly  on  the  resolution  of 
the  smallest  turbulent  scales.  When  the  drag  is  very  close  to  its  Newtonian  value,  direct 
numerical  simulations  can  only  resolved  up  to  Kolmogorov  which  is  then  the  cutoff  scale 
for  the  advection  of  Cij.  At  HDR,  the  turbulence  is  so  reduced  that  the  simulation  of 
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Numerical  simulation  of  high  drag  reduction  with  polymers 


Figure  1.  Left:  Normal  stress  profiles  of  the  viscoelastic  simulation  L100W120MC,  □  , 
compared  to  the  Brownian  dynamic  simulation  , - , 


smaller  scales  for  the  conformation  tensor  becomes  possible.  The  quality  of  a  FENE-P 
simulation  is  assessed  by  comparing  the  polymer  stress  obtained  by  Eq.  (2.2)  and  the  one 
obtained  with  a  Brownian  dynamic  simulation  (Terrapon  et  al  2003).  Since  the  Brownian 
simulation  is  only  a  one-way  coupling  from  the  flow  to  polymers,  the  comparison  is 
achieved  by  using  the  velocity  field  computed  from  the  viscoelastic  simulation.  In  the 
case  of  HDR  (Fig.  1)  the  agreement  is  within  10%  which  is  considered  satisfactory. 

Finally,  as  in  any  simulation  involving  dramatic  reduction  of  drag,  particular  atten¬ 
tion  to  the  dimensions  of  the  computational  domain  must  be  paid.  Here,  simulations  are 
performed  in  a  channel  flow,  where  periodicity  is  enforced  in  the  homogeneous  direction, 
X  and  and  no-slip  is  prescribed  on  the  walls.  Periodicity  is  a  very  satisfactory  bound¬ 
ary  condition  providing  that  the  energy-containing  turbulent  structures  are  smaller  than 
the  dimensions  of  the  computational  domain.  In  the  case  of  polymer  drag  reduction, 
a  coarsening  of  the  streaks  is  observed  (White  et  al  2003),  suggesting  that  all  turbu¬ 
lent  scales  in  the  near-wall  region  are  likely  to  grow  with  increasing  drag  reduction.  As 
demonstrated  by  Jimenez  k  Moin  (1991)  in  their  numerical  experiment  of  the  minimal 
flow  unit  capable  of  sustaining  turbulence,  turbulence  vanishes  when  the  computational 
domain  is  smaller  than  1000  by  100  wall  units  in  the  streamwise  and  spanwise  directions, 
respectively.  The  wall  unit  is  defined  the  ratio  of  the  kinematic  viscosity  u  to  the  friction 
velocity  =  y/i^idU/dy)waii>  Based  on  the  Newtonian  friction  velocity,  the  length  and 
width  of  the  computational  domain  have  been  varied  from  1000  to  6000  and  from  300  to 
1200,  respectively  for  a  drag  reduction  of  DR  =  60%.  While  velocity  correlations  in  the 
streamwise  direction  do  not  go  exactly  to  zero,  even  for  Lj  =  6000,  the  difference  in  drag 
reduction  is  less  than  1%  for  a  domain  4000  x  1200  compared  with  6000  x  1200.  In  the 
spanwise  direction,  correlations  drop  to  zero  for  Lf  =  1200,  which  has  led  us  to  choose 
the  intermediate  domain  4000  x  600  x  1200  or  Airh  x2hx  Ah  in  integral  units,  as  shown 
in  Table  1.  In  the  course  of  the  study  of  the  channel  dimensions,  it  was  noticed  that  tur¬ 
bulence  never  disappears  in  the  smallest  domain,  in  spite  of  its  sub-critical  dimension  in 
drag  reduction  mode  with  LJ  600  and  L'f  150  (based  on  the  reduced  skin-friction). 
Results  obtained  with  this  domain  are  also  discussed  as  a  numerical  experiment. 

Simulations  are  performed  in  a  channel  flow  at  an  intermediate  Reynolds  number. 
Re  =  7500  based  on  the  half-width  h  of  the  channel  and  the  centerline  velocity  of  the 
initial  Poiseuille  profile.  The  bulk  Reynolds  number  is  Rcm  =  5000.  Conservation  of 
the  mass  flow  is  imposed  which  gives  =  hu^/v  =  300.  The  resolution  is  Ax'^  =  9, 
Ay***  =0.1—5  and  Az"^  =  6,  when  normalized  by  the  skin  friction  at  DR  =  0%.  Statistics 
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Name 

Line/symbol 

Dimensions 

L 

Wero 

DR 

L60W84LC 

• 

47r/i  X  2h  X  4h 

60 

84 

0.9 

47% 

L60W84MC 

o 

nh  X  2h  X  h 

60 

84 

0.9 

67% 

L100W120LC 

■ 

Airh  X  2hx  4h 

100 

120 

0.9 

60% 

L100W120MC 

□ 

i:h  X  2h  X  h 

100 

120 

0.9 

72% 

Table  1.  Polymer  parameters  used  for  the  viscoelastic  simulations.  The  Weissenberg  number 
WerQ  is  normalized  the  wall-shear  stress  for  the  Newtonian  simulation  {DR  =  0%),  For  clarity, 
data  from  simulation  L60W84MC  appear  only  on  the  mean  velocity  profile  plot  (Fig  2). 


Figure  2.  Left:  Mean  velocity  profiles  scaled  with  inner  variables. - :  Newtonian  simula¬ 
tion  {DR  ~  0%); - :  MDR  asymptote,  =  11.71n]/‘^  -f  17.  Experimental  data  (White 

et  al  2003): .  ,  DR  =  45%; - ,  DR  =  67%.  Other  symbols  and  lines  are  defined  in 

Table  1.  Right:  RMS  of  velocity  fluctuations  scaled  with  inner  variables.  Newtonian  simulation 

{DR  —  0%): - - >  For  the  viscoelastic  simulations,  symbols  are  defined  in 

Table  1,  is  denoted  by  symbols  only;  is  indicated  by  symbols  connected  by - . 


are  collected  over  300  to  400  convection  times  h/C/,  starting  after  the  transient  period, 
typically  200h/U. 


3.  Results 

In  the  following,  the  simulations  are  referred  as  to  by  LxxWyyCD,  where  xx,  yy  and  CD 
designate  respectively  the  dimensionless  maximum  extensibility  L,  yy  the  Weissenberg 
number  normalized  the  Newtonian  wall-shear  and  CD  the  computational  domain,  MC 
for  minimal  channel,  LC  for  large  channel  (see  Table  1). 

Two  observations  can  readily  be  made  from  table  1.  First  the  FENE-P  model  requires 
fairly  high  Weissenberg  numbers  to  achieve  HDR  with  long-chain  type  polymers,  while 
HDR  has  experimentally  been  measured  for  We  ranging  from  unity  to  100.  The  need 
for  high  We  can  be  attributed  to  the  underestimation  of  polymer  stress  by  the  model 
in  the  case  of  low  extension,  and  therefore  be  blamed  on  the  simplicity  of  the  FENE-P 
model,  based  on  a  dumbbell,  neglecting  internal  modes.  The  second  observation  arises 
from  the  comparison  between  drag  reductions  obtained  with  the  minimal  channel  and  the 
larger  domain.  For  L  =  60  and  WerO  =  84,  the  difference  is  the  largest,  with  the  minimal 
channel  showing  20%  more  reduction  than  the  large  domain.  As  discussed  in  the  previous 
section,  turbulence  in  the  minimal  channel  flow  under  condition  of  drag  reduction  is 
very  likely  to  be  affected  by  the  periodic  boundary  conditions.  In  the  present  case,  the 
streamwise  turbulent  intensity  is  significantly  reduced  around  the  centerline  (Fig.  2b), 
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Figure  3.  Reynolds  shear  stress  (3a)  and  polymer  stress  (3b)  normalized  by  Ur  and  u.  Symbols 

are  defined  in  Table  1.  In  Fig.  3b, - represents  the  contribution  the  polymer  stress  would 

have  to  Eq,  (3.1)  in  the  case  of  MDR  defined  by  the  velocity  profile  =  11.7 \n{y'^)  -  17  and 

—uv^  =  0. 

indicating  that  large  scale  turbulent  structures  which  are  otherwise  present  in  the  large 
domain  cannot  develop.  Deprived  of  this  energy  coming  from  the  outer  region  of  the  flow, 
the  near- wall  region  produces  a  weaker  shear. 

All  the  mean  velocity  profiles  domain  exhibit  a  change  of  slope  in  the  log-law  region,  but 
only  the  ones  obtained  with  minimal  channel  flow  approach  Virk’s  asymptote,  shown  by 
a  solid  line  in  Fig.  2a.  For  L60W84LC  (DR  =  47%),  the  slope  of  the  log  region  is  roughly 
twice  that  of  the  Newtonian,  which  ascertains  the  fact  that  this  simulation  belongs  to 
the  lower  part  of  the  HDR  regime,  while  L100W120LC  is  intermediate.  In  the  case  of 
the  minimal  channel,  increasing  We  for  this  simulation  had  no  effect  on  the  amount  of 
drag  reduction.  The  simulation  L100W120MC  seems  thus  representative  of  an  asymptotic 
state  for  the  constraints  imposed  by  the  boundary  condition  channel  flow.  Also  plotted  in 
Fig.  2a  are  some  experimental  data  obtained  at  Stanford  by  White  et  al.  (2003),  showing 
that  similar  results  velocity  profiles  can  be  obtained  in  a  turbulent  boundary  layer  with 
non-uniform  polymer  concentration. 

The  turbulent  velocity  fluctuations  (Fig.  2b)  behave  as  observed  experimentally  (see 
White  et  al  2003).  The  peak  of  u'  shifts  away  from  the  wall  and  its  magnitude  increases 
slowly  compared  to  the  Newtonian  flow  when  normalized  by  The  wall-normal  com¬ 
ponent  v'  follows  an  opposite  trend;  behaves  as  v'  and  consequently  does  not  appear 
on  the  plot  for  clarity.  In  drag  reduced  flow,  the  maximum  of  is  indeed  higher  or 
comparable  with  the  DR  =  0%  case,  as  found  in  experiments  (Warholic  et  al.  1999; 
Ptasinski  et  al.  2001;  White  et  al.  2003).  The  strong  reduction  of  the  transverse  fluctu¬ 
ations  suggests  that  polymers  target  preferentially  the  vortices,  which  have  a  significant 
contribution  to  the  transverse  velocity  components. 

The  balance  of  stresses, 

_  (l  _  +  (1  _  =  0  ,  (3.1) 

contains  significant  information  regarding  the  mechanism  of  polymer  interaction  with 
the  mean  flow.  As  indicated  in  Fig.  3a,  the  Re3aiolds  shear  stress  reduces  with  increasing 
drag  reduction.  For  DR  =  60%  (L100W120LC),  is  approximately  a  third  of  its 

magnitude  in  the  Newtonian  case.  Conversely,  the  pol3mer  stress  increases  with  increas¬ 
ing  drag  reduction  (Fig.  3b).  At  DR  =  60%,  its  near-wall  contribution  to  Eq.  (3.1)  has 
the  same  magnitude  as  the  Reynolds  shear  stress.  In  the  case  of  the  minimal  channel, 
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Figure  4.  Snapshot  of  vortices  identified  by  the  Q-criterion  (Dubief  &  Delcayre  2000)  and  the 
trace  (cfc^/X^  x  100).  Left  L60W84MC;  right  L60W84LC.  Vortices  are  only  shown  in  the  lower 
half  of  the  domain. 

the  polymer  stress  is  actually  1.5  higher  than  the  Reynolds  shear  stress,  which  outlines 
the  mechanism  by  which  turbulence  is  sustained  even  in  a  minimal  channel  flow.  The 
level  of  Reynolds  shear  stress  and  polymer  stress  are  comparable  to  the  ones  measured 
by  Ptasinski  et  al  (2001),  even  for  their  MDR  experiment.  Also  plotted  in  Fig.  3b  is 
the  polymer  stress  contribution  in  case  of  zero- Reynolds  shear  stress  as  observed  in  the 
experiments  of  Warholic  et  al  (1999)  and  MDR,  i.e.  above  ^  20  the  mean  velocity 
profile  is  assumed  to  collapse  with  Virk’s  as3nmptotic  profile  (see  Fig.  2a).  In  that  case,  the 
polymer  stress  is  almost  twice  the  one  measured  in  the  minimal  channel  flow  for  the  same 
drag  reduction.  The  different  behavior  observed  in  Ptasinski  et  al  (2001) ’s  experiment, 
as  well  as  our  simulation,  and  Warholic’s  demonstrates  the  essential  role  played  by  the 
polymer  stress  in  the  self-sustaining  mechanism  which  produces  the  MDR  turbulence. 


4.  Observations  and  perspectives  on  the  drag  reduction  mechanism 

The  topology  of  the  drag  reduced  flows  is  based  on  the  same  structures  as  Newtonian 
wall-turbulence:  streaks  and  vortices.  In  Fig.  4,  showing  snapshots  of  L60W84MC  and 
L60W84LC,  the  streaks  are  identified  by  the  contours  of  the  polymer  extension  Ckkll^ 
at  the  wall,  where  Ckk  is  the  trace  of  Cij.  The  regions  of  high  and  low  stretch  denotes  high 
and  low-speed  streaks,  respectively.  The  coherence  of  the  streaks  is  rather  impressive 
compared  to  Newtonian  turbulence  (not  shown  here).  The  streamwise  persistence  of  the 
stress  has  also  been  observed  in  White  et  al  (2003) ’s  experiments,  as  well  as  their 
spanwise  stability.  Vortices  are  identified  using  isosurfaces  of  the  second  invariant  Q  of 
the  velocity  gradient  tensor.  Positive  values  of  Q  =  —  S^,  where  Q.ij  =  djUi  —  diUj 

and  Sij  =  djUi  -h  diUj  isolate  regions  where  the  rotation  rate  dominates  the  strain  rate, 
which  provides  a  reliable  identification  method  of  vortices  (Dubief  &  Delcayre  2000).  The 
minimal  channel  flow  contains  a  few,  elongated  vortices  while  the  large  domain  has  a  more 
varied  population  of  near- wall  vortices,  short  and  long  quasi-streamwise  vortices  and 
hairpin-type  vortices.  These  differences  in  the  topology  illustrate  the  different  statistical 
behavior  observed  between  the  two  simulation.  On  the  side  view,  polymer  extension 
is  shown  to  burst  away  from  the  near-wall  region  intermittently  in  the  upwash  and 
downwash  flows  generated  by  vortices. 
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Figure  5.  (a)  Correlation  velocity- viscoelastic  stress  in  the  three  directions, 

{Ruifi  =  Uififuifi,  no  summation  on  i).  -  ,  streamwise  direction; - ,  wall-normal; 

.  j  spanwise,  (b)  Conditional  probabilities  based  on  viscoelastic  stress  fluctuations  satisfy¬ 
ing  \fi\  <  {max{fi(y))  ,-h<y  <  +/i)  (the  lower  curves  show  the  fraction  of  samples  satisfying 

this  condition).  Upper  curves: - ,  P{ufx  >0); - ,  P{vfy  <  0); .  ,  P{wfz  <  0). 

Data  obtained  from  simulation  L100W120MC. 


The  most  interesting  aspect  of  polymer  drag  reduction  is  to  understand  how  such 
small  concentrations  of  microscopic  molecules  can  drive  turbulence  to  states  like  the 
ones  depicted  in  Fig.  4.  One  simple  measure  of  the  exchange  of  energy  between  the  flow 
and  polymers  is  the  correlation  velocity-viscoelastic  stress, 


Pi  = 


(4.1) 


as  shown  in  Fig.  5a  (the  viscoelastic  stress  fi  is  defined  in  Eq.  2.1).  The  term  uifi 
enters  the  transport  equation  for  the  kinetic  energy  and  through  this  term  only  the  flow 
can  be  perturbed  by  polymers:  when  pi  is  positive,  polymers  tend  to  enhance  velocity 
fluctuations  while  pi  <  0,  polymers  dampen  velocity  fluctuations. 

Only  results  from  simulation  L100W120MC  are  plotted  since  all  simulations  show  the 
same  trends.  In  the  near-wall  region,  streamwise  velocity  fluctuations  and  viscoelastic 
stress  fluctuations  are  positively  correlated  while,  for  the  components  normal  to  the  mean 
flow,  they  are  anti-correlated.  Similar  results  were  obtained  by  De  Angelis  et  al  (2002) 
at  LDR.  The  correlations  indicates  that  the  viscoelastic  stress  applies  some  opposition 
control  on  the  transverse  velocity  fluctuations  and  plays  a  significant  role  in  the  increase 
of  streamwise  velocity  fluctuations.  Away  from  the  viscous  sublayer,  the  maximum  cor¬ 
relation  is  about  ±0.3,  ruling  out  the  possibility  that  polymers  enhance  all  streamwise 
velocity  fluctuations  nor  oppose  all  the  transverse  ones. 

Details  of  the  viscoelastic  stress  action  can  only  be  captured  by  using  conditional 
statistics.  In  this  approach,  we  are  interested  in  the  large  fluctuations  of  the  viscoelas¬ 
tic  stress,  fi  since  energy  is  exchanged  between  polymers  and  turbulence  through  this 
term.  The  probabilities  P({ufx){y)  >  0,y  €  [-/i,  ±h]),  P{{vfy)  <  0,2/  €  [-h,±/i])  and 
P{{wfz){y)  <  0,2/  G  [-/i,  ±/i])  axe  computed  over  samples  for  which  \fi\  is  larger  than 
the  maximum  of  the  RMS  f[  over  the  entire  channel.  Also  plotted  are  the  fractions  of 
samples  satisfying  such  a  condition  for  each  component.  The  probability  that  ufx  >  0 
peaks  at  80%  around  2/"*"  =  10,  while  the  probabilities  that  vfy  >  0  and  wfz  >  0  ex¬ 
hibit  a  plateau  in  between  70%  and  80%  for  y'^  >  10.  These  strong  probabilities  suggest 
that  large  fluctuations  of  viscoelastic  stress  are  almost  perfectly  correlated  to  either  tur¬ 
bulence  enhancement  for  the  streamwise  component  in  the  near  wall  region  or  to  drag 
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Figure  6.  Snapshot  of  vortices  (white  isosurfaces)  and  isosurfaces  of  large  viscoelastic  stress 
fluctuations:  blue,  negative  fluctuations;  red,  positive  fluctuations.  Fig.  (a):  streamwise  viscoelas¬ 
tic  stress;  Fig.  (b):  wall-normal  viscoelastic  stress.  The  flow  is  from  left  to  right,  the  bottom 
views  show  the  lower  half  a  portion  of  simulation  L100W120LC,  at  DR  =  60%. 


reduction  for  the  transverse  components  in  most  of  the  channel.  However  it  appears  that 
large  fluctuations  of  fx  away  from  the  wall  are  highly  anti- correlated  with  u  fluctuations, 
indicating  that  where  the  mean  shear  is  weak,  fx  behaves  like  fy  or  The  separation 
of  the  drag  reducing  and  drag  enhancing  activities  between  velocity  components  was 
also  put  forward  by  the  numerical  experiments  (Dubief  Lele  2001)  which  isolated  the 
action  of  polymers  in  the  buflfer  region  and  also  suggested  that  the  drag  reducing  activ- 


Numerical  simulation  of  high  drag  reduction  with  polymers  447 

ity  of  the  FENE-P  equations  comes  predominantly  from  the  wall-normal  and  spanwise 
components. 

Fig.  6  illustrates  the  instantaneous  location  of  large  fluctuations  of  fx  and  fy.  The 
view  from  the  side  gives  an  idea  of  the  preferred  location  of  these  fluctuations  while  the 
view  from  the  top  indicates  the  relation  between  polymers  and  vortices.  As  observed 
in  the  correlation  of  u  and  fx,  a  major  portion  of  the  large  fluctuations  is  confined  at 
the  wall  (Fig.  6a).  Their  occurrence  is  somewhat  related  with  the  presence  of  quasi- 
streamwise  vortices  in  the  buffer  region  and  even  above.  The  near-wall  activity  of  the 
streamwise  viscoelastic  stress  has  just  been  shown  (Fig.  5)  to  enhance  streamwise  velocity 
fluctuations  however,  away  from  the  wall,  the  regions  of  large  fluctuations  are  attached 
to  the  vortices  in  a  similar  way  as  the  wall-normal  viscoelastic  stress  (Fig.  6b).  Large 
wall-normal  viscoelastic  stress  appear  to  be  produced  exclusively  around  vortices  and 
the  same  occurs  for  the  spanwise  fluctuations  (not  shown  here).  This  observation  holds 
regardless  of  the  amount  of  DR.  These  visualizations  show  the  strong  correlation  which 
exists  between  drag  reducing  polymer  action  and  vortices. 


5.  Conclusion 

A  set  of  four  viscoelastic  simulations  has  been  investigated,  all  in  the  high  drag  re¬ 
duction  regime,  i.e  change  of  slope  in  the  log-law  of  the  mean  velocity  profile  and  a 
significant  decrease  of  Reynolds  shear  stress.  Numerical  experiment  were  performed  in  a 
minimal  channel  to  show  that  the  basic  topology  of  drag  reduced  flow  can  be  contained 
in  a  small  computational  domain.  In  its  present  form  and  for  the  polymer  parameters 
under  consideration,  it  appears  that  the  FENE-P  model  does  not  produce  enough  stress 
to  damp  large  scale  structures  in  the  outer  region  of  the  large  domain.  As  drag  reduction 
increases,  the  polymer  stress  is  found  to  contribute  as  much  as,  and  even  in  the  mini¬ 
mal  channel  larger  than,  the  Reynolds  shear  stress  to  the  stress  balance  in  the  near-wall 
region.  Therefore  the  polymer  stress  is  essential  for  sustaining  the  weak  turbulent  state 
of  MDR.  The  injection  of  energy  from  the  polymers  to  the  flow  is  confined  to  the  very 
near  wall  region  and  it  affects  the  streamwise  velocity  component  only.  Lastly,  it  is  shown 
that  the  drag  reducing  activity  targets  exclusively  the  near-wall  vortices,  main  source  of 
turbulent  friction  drag  (Kravchenko  et  al  1993)  and  key  ingredient  of  the  autonomous 
regeneration  cycle  of  near-wall  turbulence  (Jimenez  &  Pinelli  1999). 
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MHD  turbulence  at  moderate  magnetic 
Reynolds  number 

By  B.  Knaepen,  S.  Kassinosf  and  D.  CaratiJ 


1.  Introduction 

1.1,  Motivation  and  objectives 

Magnetohydrodynamics  applies  to  many  conductive  fluid  and  plasma  flows  encountered 
in  nature  and  in  industrial  applications.  In  numerous  circumstances,  the  flow  is  subject 
to  a  strong  mean  magnetic  fleld.  This  happens  in  the  earth’s  liquid  core  and  is  ubiquitous 
in  solar  physics  for  topics  like  sunspots,  solar  flares,  solar  corona,  solar  wind  etc.  Mean 
magnetic  fields  play  an  important  role  on  even  larger  scales,  for  instance  in  the  dynamics 
of  the  interstellar  medium.  Among  the  industrial  applications  involving  applied  external 
magnetic  fields  are  drag  reduction  in  duct  flows,  design  of  efiicient  coolant  blankets  in 
tokamac  fusion  reactors,  control  of  turbulence  of  immersed  jets  in  the  steel  casting  process 
and  advanced  propulsion  and  flow  control  schemes  for  hypersonic  vehicles. 

Depending  on  the  application,  the  magnetic  Reynolds  number,  Rm,  can  vary  tremen¬ 
dously.  In  astrophysical  problems,  Rm  can  be  extremely  high  as  a  result  of  the  dimensions 
of  the  objects  studied.  On  the  contrary,  for  most  industrial  flows  involving  liquid  metal, 
Rrn  is  very  low,  usually  less  than  10“^.  When  an  external  magnetic  field  is  present,  it 
is  customary  at  such  low  values  of  Rm  to  make  use  of  the  so-called  quasi-static  (QS) 
approximation.  In  this  approximation,  induced  magnetic  fluctuations  are  much  smaller 
than  the  applied  magnetic  field  and  the  overall  magnetic  effect  amounts  to  adding  in  the 
Navier-Stokes  equations  an  extra  damping  term  which  only  affects  Fourier  modes  having 
a  component  parallel  to  the  magnetic  field  (more  details  below).  The  derivation  of  the 
QS  approximation  involves  taking  the  limit  of  vanishing  Rm  and  its  domain  of  validity 
is  thus  an  interesting  question.  Indeed  certain  applications,  such  as  advanced  schemes 
for  the  control  of  magnetogasdynamic  flows  around  hypersonic  vehicles,  involve  values 
of  Rm  of  the  order  1  to  10.  It  is  thus  valuable  to  possess  reliable  approximations  in  this 
regime  that  can  be  used  in  place  of  the  full  non-linear  MHD. 

The  limit  of  vanishing  Rm  (with  mean  magnetic  field)  has  been  the  subject  of  several 
theoretical  studies  in  the  past.  In  Lehnert  (1955)  the  author  concentrates  on  the  final 
period  of  decay  of  a  convective  fluid  governed  by  the  completely  linearized  MHD  equations 
{Re  <  1,  Rm  <  !)•  The  suppression  of  turbulence  by  a  magnetic  field  was  studied  in 
Moffatt  (1967)  {Re  »  1,  <  1)  again  using  linearized  equations.  In  short,  both 

works  focus  on  the  time  evolution  of  the  energy  of  the  Fourier  modes  as  a  function  of 
their  wave  vectors.  Using  prescribed  energy  spectra,  Moffatt  (1967)  also  obtains  global 
energy  decay  rates.  Another  theoretical  investigation  relevant  to  the  present  study  is  the 
work  of  Davidson  (1995).  In  that  article,  the  author  derives  in  the  quasi-static  framework 
the  conservation  of  momentum  and  angular  momentum  parallel  to  the  direction  of  the 
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magnetic  field  (neglecting  viscous  dissipation).  Focusing  on  jets  and  vortices,  the  author 
then  describes  how  the  flow  structures  need  to  elongate  in  the  direction  of  the  magnetic 
field  in  order  to  lower  their  energy  loss  while  satisfying  the  above  conservation  laws.  The 
elongation  of  structures  in  the  direction  of  the  magnetic  field  was  also  studied  earlier  in 
Sommeria  &  Moreau  (1982)  however  in  the  context  of  linearized  equations. 

To  our  knowledge,  the  first  numerical  study  of  MHD  turbulence  in  the  regime  <  1 
is  due  to  Schumann  (1976).  All  the  simulations  in  that  work  were  done  using  a  modified 
3D  spectral  code  implementing  the  QS  approximation.  However,  due  to  the  computer 
resources  available  at  that  time,  the  resolution  of  the  simulations  was  limited  to  32^.  The 
numerical  experiment  of  Schumann  (1976)  reproduces  the  thought  experiment  described 
in  Moffatt  (1967)  in  which  an  initially  homogeneous  isotropic  flow  is  suddenly  subjected 
to  an  applied  external  magnetic  field.  A  quantitative  description  of  the  magnetic  damping 
and  building  of  anisotropy  is  presented  as  well  as  the  dependence  of  the  results  on  the 
presence  or  not  of  the  non-linear  term  in  the  Navier-Stokes  equation.  Again  considering 
the  QS  approximation,  the  case  of  forced  turbulence  in  a  3D  periodic  domain  has  first 
been  studied  in  Hossain  (1991)  and  more  recently  in  Zikanov  Sz  Thess  (1998). 

Performing  FMHD  simulations  in  the  limit  of  low  Rm  is  impractical.  Aside  from  the 
increased  complexity  arising  from  having  to  carry  a  separate  evolution  equation  for  the 
magnetic  field,  the  main  problem  lies  in  the  time-scales  involved  in  the  problem.  Indeed 
at  vanishing  magnetic  Reynolds  number,  the  magnetic  diffusion  time-scale  tends  to  zero. 
The  only  possibility  in  that  case  is  to  resort  to  the  QS  approximation  for  which  this 
time-scale  is  not  explicitly  relevant.  Simulations  of  FMHD  have  thus  been  restricted  so 
far  to  cases  where  the  magnetic  and  kinetic  time-scales  are  of  the  same  order.  This  is  the 
case  when  the  magnetic  Prandtl  number  (see  below)  is  close  to  1.  Among  the  numerous 
previous  numerical  studies  of  MHD  in  this  regime,  we  mention  the  work  of  Oughton  et  al 
(1994)  which  is  the  most  relevant  to  the  present  discussion.  In  that  work,  the  authors 
consider  the  same  3D  periodic  geometry  with  an  applied  external  magnetic  field  as  in 
Schumann  (1976). 

In  the  present  article  we  will  consider  the  decay  of  MHD  turbulence  under  the  influence 
of  a  strong  external  magnetic  field  at  moderate  magnetic  Reynolds  numbers.  Typical 
values  of  Rm  that  are  considered  here  range  from  Rm  ~  0.1  to  Rm  20.  As  a  comparison, 
the  initial  kinetic  Reynolds  number  common  to  all  our  simulations  is  Rex,  =  199.  This 
means  that  the  range  of  Prandtl  numbers  explored  is  5  x  lO"'^  to  10“  ^  Our  motivation 
is  mainly  to  exhibit  how  the  transition  from  the  QS  approximation  to  FMHD  occurs.  At 
the  lowest  values  of  Rm  studied  here,  the  QS  approximation  is  shown  to  model  the  flow 
faithfully.  However,  for  the  higher  values  of  Rm  considered,  it  is  clearly  inadequate  but  can 
be  replaced  by  another  approximation  which  will  be  referred  to  as  the  Quasi-Linear  (QL) 
approximation.  Another  objective  of  the  present  study  is  to  describe  how  variations  in 
the  magnetic  Reynolds  number  (while  maintaining  all  other  parameters  constant)  affect 
the  dynamics  of  the  flow.  This  complements  past  studies  where  variations  in  either  the 
strength  of  the  external  magnetic  field  or  the  kinetic  Reynolds  number  were  considered. 

This  article  is  organized  as  follows.  In  section  2  we  recall  the  definition  of  the  quasi¬ 
static  approximation.  Section  3  is  devoted  to  the  description  of  the  numerical  experiments 
performed  using  the  quasi-static  approximation  and  full  MHD.  In  section  4  we  describe 
the  quasi-linear  approximation  and  test  it  numerically  against  full  MHD.  A  concluding 
summary  is  given  in  section  5. 
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2.  MHD  equations  in  the  presence  of  a  mean  magnetic  field 

2.1.  Dimensionless  parameters 

Two  dimensionless  parameters  are  usually  introduced  to  characterize  the  effects  of  a 
uniform  magnetic  field  applied  to  unstrained  homogeneous  turbulence  in  an  electrically 
conductive  fiuid.  They  are  the  magnetic  Reynolds  number  Rm  and  the  interaction  number 
N  (also  known  as  the  Stuart  number): 


r,  pv 


(2.1) 


In  the  above  expressions,  v  =  y/(uiUi)  /3  is  the  r.m.s.  of  the  fiuctuating  velocity  Ui]  L 
is  the  integral  length  scale  of  the  flow;  rj  =  l/i(rfi)  is  the  magnetic  diffusivity  where  cr  is 
the  electric  conductivity  of  the  fluid,  and  p  is  the  fluid  magnetic  permeability;  p  is  the 
fluid  density  and  B  is  the  strength  of  the  applied  external  magnetic  field.  The  magnetic 
Reynolds  number  represents  the  ratio  of  the  characteristic  time  scale  for  diffusion  of  the 
magnetic  field  L^/77  to  the  time  scale  of  the  turbulence  r  =  Ljv,  Related  to  Rmy  one  can 
also  define  a  magnetic  Prandtl  number  representing  the  ratio  of  Rm  to  the  hydrodynamic 
Reynolds  number  Rcl^ 


=  -  =  ^ 
”  rj  Rsl  ’ 


(2.2) 


The  interaction  number  N  represents  the  ratio  of  the  large-eddy  turnover  time  r  to  the 
Joule  time  Tm  ==  i.e.  the  characteristic  time  scale  for  dissipation  of  turbulent 

kinetic  energy  by  the  action  of  the  Lorentz  force  (Davidson  2001).  N  can  be  viewed 
as  a  measure  of  the  ability  of  an  imposed  magnetic  field  to  drive  the  turbulence  to 
a  two-dimensional  three-component  state.  Indeed,  under  the  continuous  action  of  the 
Lorentz  force,  energy  becomes  increasingly  concentrated  in  modes  independent  of  the 
coordinate  direction  aligned  with  B.  As  a  two-dimensional  state  is  approached.  Joule 
dissipation  decreases  because  fewer  and  fewer  modes  with  gradients  in  the  direction  of  B 
are  left  available.  In  addition,  the  tendency  towards  two-dimensionality  and  anisotropy 
is  continuously  opposed  by  non-linear  angular  energy  transfer  from  modes  perpendicular 
to  B  to  other  modes,  which  tends  to  restore  isotropy.  If  N  is  larger  than  some  critical 
value  iVc,  the  Lorentz  force  is  able  to  drive  the  turbulence  to  a  state  of  complete  two- 
dimensionality.  For  smaller  iV,  the  Joule  dissipation  is  balanced  by  non-linear  transfer 
before  complete  two-dimensionality  is  reached.  For  very  small  N,  the  anisotropy  induced 
by  the  Joule  dissipation  is  negligible. 


2.2.  The  Quasi-Static  approximation 

If  the  external  magnetic  field  is  explicitly  separated  from  the  fluctuations  bi,  the 
MHD  equations  can  be  written  as 

dm  =  -di(p/p)  -  ujdju,  +  ^(5r‘  +  +  bi)  +  I'Auu  (2.3) 

dt{Br*  +  bi)  =  -ujdjiBr*  +  bi)  +  (£f  *  +  bj)djUi  +  +  h),  (2.4) 

where  p  is  the  sum  of  the  kinematic  and  magnetic  pressures  and  u  is  the  kinematic 
viscosity.  Since  we  consider  initially  isotropic,  freely  decaying  homogeneous  turbulence 
there  is  no  mean  velocity  field. 

Also,  the  external  magnetic  field  is  taken  to  be  homogeneous  and  stationary.  Therefore, 
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Resolution 

Box  size  {lx  X  ly  X  I z) 

Rms  velocity 
Viscosity 

Integral  length-scale  (37r/4  x  {J  K~^E{K)dK/  f  E(K)dK)) 
Re  —  uLjv 
Dissipation  (c) 

Dissipation  scale  (7  = 
k/max'y 

Microscale  Reynolds  number  {R\  =  \/15/(^'e)u^) 

Eddy  turnover  time  (r  =  (3/2)u/e)) 


256^ 

27r  X  27r  X  27r 

1.76 

0.006 

0.679 

199 

8.39 

0.0127 

1.62 

53.5 

0.554 


Table  1.  Turbulence  characteristics  of  the  initial  velocity  field.  All  quantities  are  in  MKS 

units. 


(2.3)  and  (2.4)  reduce  to 

dtUi  =  -di{p/p)  -  UjdjUi  +  (2-5) 

dtbi  =  -Ujdjbi  +  bjdjUi  +  +  77A6i.  (2.6) 

As  pointed  out  in  Roberts  (1967),  this  system  can  be  simplified  considerably  for  flows 
at  low  magnetic  Reynolds  numbers.  Using  a  Fourier  representation  for  Ui  one  has  in  this 
limit, 

^gcart  .  ^\2 

dtUmiKt)  =  -ik^p'{k,t)  -  [UjdjUi]m.{k,t)  -  <7- — ■-nm(k,t)  -  I7k\m{k,t), 

(2.7) 

where  =  pi p  and  UmiK  0  =  S  ^^m(x,  Thus  one  can  take  into  account  the  ef¬ 

fect  of  the  magnetic  on  the  velocity  field  through  a  damping  term  and  not  solve  explicitely 
the  evolution  equation  for  the  magnetic  fluctuations. 

In  the  next  sections,  we  test  the  QS  approximation  by  comparing  its  predictions  to 
those  obtained  using  the  full  MHD  equations  (2.5)  and  (2.6). 


3.  Numerical  Results:  QS  vs.  FMHD 

3,1.  Parameters 

To  test  the  domain  of  validity  of  the  QS  approximation,  we  have  used  two  different 
pseudo-spectral  codes.  The  first  one  simulates  the  full  MHD  equations  (2.5)  and  (2.6), 
while  the  second  one  simulates  (2.7).  All  the  runs  presented  here  have  a  resolution  of 
256^  Fourier  modes  in  a  (27r)^  computational  domain. 

The  initial  condition  for  the  velocity  field  is  common  to  both  codes.  It  consists  of 
a  developed  turbulence  field  that  is  adequately  resolved  in  the  computational  domain 
adopted.  Some  of  its  characteristics  are  Usted  in  table  1.  For  the  full  MHD  case,  an  initial 
condition  for  bi  has  to  be  chosen  at  t  =  fo-  Here  we  have  made  the  choice  bi{to)  =  0. 
In  other  words,  our  simulations  describe  the  response  of  an  initially  non-magnetized 
turbulent  conductive  fluid  to  the  application  of  a  strong  magnetic  field.  The  corresponding 
completely-linearized  problem  has  been  described  in  detail  in  Moffatt  (1967).  For  the  QS 
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# 

V 

next 

N{to) 

Rymito 

1 

11.95 

5.57 

1 

0.1  ' 

2 

0.239 

0.787 

1 

5.0 

3 

0.119 

.557 

1 

10.0 

4 

0.0597 

0.394 

1 

20.0 

5 

11.95 

17.6 

10 

0.1 

6 

0.239 

2.49 

10 

5.0 

7 

0.119 

1.76 

10 

10.0 

8 

0.0597 

1.24 

10 

20.0 

Table  2.  Summary  of  the  parameters  for  the  different  runs  performed 


Figure  1 .  Evolution  with  time  of  the  kinetic  energy  at  different  Stuart  niunbers  and  magnetic 
Reynolds  numbers. .  QS  approximation; -  Rm  =  0.1; .  Rm  =  5; - Rm  =  10; 

- Rm  =  20; - ^*^"^'=0. 


approximation  case,  an  initial  condition  for  hi  is  of  course  not  required  since  the  equation 
for  the  velocity  field  is  completely  closed. 

In  order  to  distinguish  between  our  numerical  runs,  we  will  vary  the  values  of  the 
interaction  parameter  and  the  magnetic  Reynolds  number  (at  t  =  to)-  When  these  two 
quantities  are  set,  the  only  fi:ee  parameters  in  the  evolution  equations  (2.5),  (2.6)  and 
(2.7)  are  completely  determined,  i.e.: 


Bext 
A 


Nv^ 

Rm 


7}  = 


vL 


(3.1) 


where  is  the  external  magnetic  field  strength  in  Alfven  units  =  B^^^/y/JTp  and 
the  values  of  v  and  L  are  listed  in  table  1.  The  values  of  Rm  and  N  for  all  our  runs  are 
listed  in  table  2  along  with  the  corresponding  values  of  rj  and 


3.2.  Results 

In  this  section  we  present  some  results  obtained  by  performing  the  simulations  detailed 
in  section  3.1. 
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Figure  2.  Evolution  with  time  of  the  magnetic  energy  computed  from  (3.3). -  Rm  =  0.1; 

.  i?m  =  10; - /?m  =  20 


3.2.1.  Kinetic  energy  decay 

In  fig.  1  we  plot  the  time  evolution  of  the  normalized  kinetic  energy, 

Ek  =  j  dxiui(x)ui(x),  (3.2) 

In  this  and  subsequent  figures,  time  has  been  non-dimensionalized  using  the  Joule  time- 
scale.  Keeping  N  constant,  it  is  clear  from  the  figure  that  as  the  magnetic  Reynolds 
number  is  decreased,  the  decays  converge  to  the  quasi-static  limit  (dotted  curve).  At 
Rm  ~  0.1,  FMHD  and  the  QS  approximation  are  barely  distinguishable  for  the  cases 
run.  As  expected,  the  discrepancy  between  FHMD  and  the  QS  approximation  is  quite 
severe  at  intermediate  values  of  the  Rm  •  We  also  note  here  the  presence  of  oscillations  in 
the  kinetic  energy  at  long  times  for  the  case  N  =  10.  Their  origin  is  well  known  (Lehnert 
1955;  Moffatt  1967)  and  result  from  the  laminarization  of  the  flow  for  long  times.  In 
that  case  the  MHD  equations  (2.5)  and  (2.6)  reduce  to  their  linear  versions  and  become 
(in  Fourier  space)  a  system  of  linear  oscillators  coupled  through  the  external  magnetic 
field.  In  both  figures,  the  case  =  0  has  been  included  to  emphasize  the  role  of  the 
magnetic  field  in  the  other  runs. 

3.2.2.  Magnetic  energy  evolution 

The  next  diagnostic  we  examine  is  the  evolution  of  the  energy  contained  in  the  magnetic 
fluctuations.  This  quantity  is  defined  through, 

Em  =  j  (3.3) 

and  its  time  evolution  is  presented  in  Fig.  2.  After  some  time,  the  magnetic  energies  all 
reach  their  maximum  value  and  then  start  to  decrease.  The  rate  of  decay  increases  at 
lower  magnetic  Reynolds  numbers  since  in  the  limit  chosen,  rj  —  vLjRm.  Related  to  the 
oscillations  in  the  kinetic  energy  we  observe  for  AT  =  10  some  oscillations  in  the  magnetic 
energy  at  long  times. 

3.2.3.  Anisotropy 

A  characteristic  feature  of  MHD  flows  subject  to  a  strong  external  magnetic  field  is  the 
appearance  of  a  strong  anisotropy  in  the  flow.  In  the  QS  approximation  this  is  easily  seen 
by  observing  that  in  eq.  (2.7)  only  Fourier  modes  with  wave  vectors  having  a  nonzero 
projection  onto  are  affected  by  the  extra  Joule  damping.  In  order  to  quantify  the 
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Figure  3,  Anisotropy  angle  Ou  computed  from  (3.4). .  QS  approximation; 

-  Rm  =  0.1; .  =  Rm  =  10; - iU  =  20. 


anisotropy  we  follow  the  approach  of  Shebalin  et  al.  (1983)  and  Oughton  et  al.  (1994)  by 
introducing  the  anisotropy  angles, 


2. 

E*IIK(k)P’ 
2.  EfejllfciWlP 
‘'Efc|INk)P’ 


(3.4) 

(3.5) 


where  fcx  =  summations  are  extended  to  all  values  of  k. 

When  the  flow  is  completely  isotropic,  one  has  tan^Ou  =  2  implying  Ou  —  54.7®. 
If  the  flow  becomes  independent  of  the  2:-direction  then  tan^  >  oo  or  equivalently 
0^  90®.  Figure  3  shows  the  evolution  with  time  of  Ou  for  the  different  runs.  At  AT  =  1 

the  anisotropy  is  only  important  for  the  QS  and  Rrn  =  0.1  runs.  For  iV  =  10  all  the  runs 
become  highly  anisotropic. 

The  initial  anisotropy  in  the  magnetic  field  can  also  be  computed  exactly.  At  time 
to  +  At  {At  <  1),  bi{k)  is  given  by  6i(k,io  +  Ai)  ==  iBf^kzUi{k,to)At.  Using  this  form 
and  the  fact  that  Ui  is  initially  homogeneous  and  isotropic  one  gets  after  some  direct 
calculations, 

tan^  0h{to  -b  At)  =  i.e.,  Oh{to  -b  At)  ~  39.2®.  (3.6) 


Figure  4  shows  the  evolution  with  time  of  Oh  for  the  different  runs.  Both  plots  exhibit 
surprising  behavior.  In  the  case  iV  =  1,  one  would  expect  Oh  to  remain  close  to  its  initial 
value  since  the  velocity  field  remains  largely  isotropic  (as  it  is  at  the  beginning  of  the 
simulation).  Instead,  Oh  evolves  to  a  value  compatible  with  an  isotropic  magnetic  field. 
This  is  also  the  case  for  the  runs  at  AT  =  10  although  there  the  velocity  field  clearly 
evolves  to  an  anisotropic  state. 


4.  The  Quasi-Linear  approximation 

4.1.  Governing  equations 

The  preceding  section  indicates  that  for  our  numerical  simulations  at  magnetic  Reynolds 
numbers  of  the  order  10"^  the  QS  approximation  and  FMHD  produce  nearly  identical 
results.  For  higher  values  of  Rm  the  QS  approximation  is  not  valid  and  has  to  be  replaced 


456 


B.  Knaepen,  S.  C.  Kassinos  AND  D.  Carati 


100 

N  =  1 

80 

- 

- 

60 

/JTivn  u  rwvu'.'cray.i 

40 

20 

0 

t 


Figure  4.  Anisotropy  angle  9b  computed  from  (3.5). .  QS  approximation; 

-  Rm  =  0.1;  ------  =  5;  Rm  —  10;  Rm  =  20. 

to  predict  the  flow  accurately.  Since  magnetic  fluctuations  remain  small  in  all  the  runs 
performed,  it  is  natural  to  still  consider  a  linearized  induction  equation.  We  thus  consider 
here  an  intermediate  approximation  which  is  defined  by  the  following  simplified  MHD 
equations: 

dtUi  =  -di{p/p)  -  UjdjUi  +  +  u^Ui,  (4.1) 

dA  =  B^^^djUi+v^bi.  (4.2) 

This  approximation  will  be  referred  to  as  the  quasi-linear  (QL)  approximation  since  only 
the  non-linear  terms  involving  the  magnetic  field  are  discarded  whereas  the  non-linear 
convective  term  in  the  velocity  equation  is  retained.  Of  course,  if  dtbi  is  neglected  in  (4.2) 
one  immediately  recovers  the  quasi-static  approximation. 

4.2.  Results 

In  order  to  compare  the  QL  approximation  with  full  MHD,  we  have  performed  the  same 
numerical  simulations  as  described  in  section  3,  but  this  time  using  (4.1)  and  (4.2)  instead 
of  the  QS  approximation. 

4.2.1.  Kinetic  energy  decay 

In  fig.  5  we  present  the  time  history  of  the  kinetic  energy  (as  defined  by  (3.2))  obtained 
from  both  FMHD  and  the  QL  approximation.  For  reference,  we  have  also  included  the 
predictions  obtained  using  the  QS  approximation.  For  //  =  1,  the  QL  approximation 
and  FMHD  agree  nearly  perfectly  for  all  values  of  the  magnetic  Reynolds  number.  For 
AT  =  10,  the  agreement  is  still  very  good. 

4.2.2.  Magnetic  energy  evolution 

Figure  6  represents  the  time  evolution  of  the  energy  of  the  magnetic  fluctuations  (de¬ 
fined  by  (3.3))  for  the  different  runs.  For  =  1  there  is  a  systematic  overestimate  of 
the  energy  by  the  QL  approximation  which  (as  expected)  increases  with  the  magnetic 
Reynolds  number.  Contrary  to  the  predictions  of  the  kinetic  energy,  the  performance  of 
the  QL  approximation  is  better  here  when  N  =  10.  Even  at  Rm  =  20,  the  agreement 
between  the  QL  approximation  and  FMHD  is  very  good. 
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Figure  5.  Evolution  with  time  of  the  kinetic  energy. -  FMHD;  QL  approximation; 

.  QS  approximation. 


Figure  6.  Evolution  with  time  of  the  magnetic  energy. -  FMHD; - QL 

approximation. 


4.2.3.  Anisotropy 

In  fig.  7,  the  anisotropy  angle  9u  computed  from  the  QL  approximation  and  FMHD  is 
displayed.  For  reference  we  have  also  included  the  anisotropy  evolutions  predicted  using 
the  QS  approximation,  which  as  expected  are  inadequate  especially  for  Rm  =  10  and 
Rm  =  20.  In  the  runs  with  iV  =  1,  the  anisotropy  predicted  by  the  QL  approximation 
is  always  more  pronounced  than  for  FMHD.  For  the  runs  at  iV  =  10,  the  same  remark 
holds  for  the  beginning  of  the  decay.  After  a  certain  amount  of  time,  the  trend  inverses 
and  the  anisotropy  is  more  pronounced  in  the  case  of  FMHD.  This  appears  to  be  due  to 
a  rapid  saturation  of  anisotropy  in  the  QL  runs. 

The  comparison  of  the  anisotropy  angles  are  presented  in  fig.  8.  Here  the  trend  is 
given  by  an  underestimate  of  9b  by  the  QL  approximation.  The  discrepancy  is  somewhat 
more  important  for  the  runs  where  iV  =  1 . 

The  initial  trends  observed  for  both  9u  and  9b  are  to  be  expected.  Indeed,  it  is  clear  that 
the  additional  non-linear  terms  present  in  the  FMHD  equations  tend  to  restore  isotropy. 


458  B.  Knaepen,  S.  C.  Kassinos  AND  D.  Carati 


t  t  t 

Figure  7.  Evolution  with  time  of  the  anisotropy  angle  9u. -  FMHD; - QL 


approximation; .  QS  approximation. 


t  t  t 

Figure  8.  Evolution  with  time  of  the  anisotropy  angle  6b. -  FMHD; - QL 

approximation. 


This  effect  will  be  more  pronounced  at  the  beginning  of  the  decay  when  the  flow  is  more 
turbulent.  In  the  case  of  9^  it  is  therefore  natural  to  observe  an  initial  overestimate  of  6^ 
by  the  QL  approximation.  Similarly,  we  know  from  FMHD  results  discussed  earlier  that 
Ob  starts  from  an  initial  value  of  ~  39.2°  and  evolves  progressively  towards  values  close 
to  the  isotropic  value  of  54.7°.  This  trend  should  be  slower  in  the  QL  case  because  of  the 
absence  of  the  non-linear  terms  and  this  is  exactly  what  is  observed  in  fig.  8. 

5,  Conclusions  and  future  plans 

The  Quasi-Static  (QS)  approximation  offers  a  valuable  engineering  approximation  for 
the  prediction  of  MHD  flows  at  small  magnetic  Reynolds  numbers  Rm  1.  However,  im¬ 
portant  technological  applications,  such  as  advanced  propulsion  and  flow  control  schemes 
for  hypersonic  vehicles,  involve  MHD  and  MGD  flows  at  moderate  magnetic  Reynolds 
numbers  1  ;$  Rm  ~  20.  In  order  to  devise  successful  schemes  for  the  prediction  of  these 
technological  flows  we  need  to  understand  better  the  intermediate  regime  that  bridges 
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the  domain  where  the  QS  approximation  is  valid  and  the  high-i?^  regime,  where  full 
nonlinear  MHD  (FMHD)  is  the  only  resort. 

By  studying  the  case  of  decaying  homogeneous  MHD  turbulence,  we  have  established 
that  the  Quasi-Static  (QS)  approximation  is  valid  foxRm^h  but  progressively  deterio¬ 
rates  as  Rm  is  increased  beyond  1.  The  magnetic  Stuart  number  does  not  seem  to  have 
a  strong  effect  on  the  accuracy  of  the  QS  approximation.  That  is,  at  a  given  Rm,  the 
accuracy  of  the  QS  approximation  is  roughly  the  same  for  iV  =  1  as  it  is  for  iV  =  10. 

We  have  studied  another  approximation,  the  QL  approximation^  for  use  at  higher  Rm- 
As  with  the  QS  approximation,  this  approximation  assumes  small  magnetic  fluctuations, 
but  it  resolves  the  time  dependence  of  these  fluctuations  explicitly.  The  QL  approxima¬ 
tion,  as  we  expected  when  we  proposed  it,  performs  like  the  QS  approximation  for  Rm  ^  I5 
but  has  the  advantage  that  it  retains  good  agreement  with  FMHD  for  1  ^  Rm  ^  20.  It 
should  be  noted  that  Rm  =  20  is  the  highest  value  of  the  magnetic  Reynolds  number  that 
we  have  tested  during  this  effort.  Therefore,  our  numerical  simulations  indicate  that  the 
QL  approximation  should  be  adopted  in  place  of  the  QS  approximation  for  flows  with  a 
moderate  value  of  the  magnetic  Reynolds  number  (0  <  Rm  ^  20). 

We  are  currently  engaged  in  the  development  of  structure-based  closures  of  the  QL 
approximation  for  homogeneous  turbulence  in  a  conductive  fluid  subject  to  mean  defor¬ 
mation  and  a  uniform  external  magnetic  field.  This  effort  builds  on  earlier  work  that 
dealt  with  the  modeling  of  decaying  homogeneous  MHD  turbulence. 
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Linearly  forced  isotropic  turbulence 

By  T.  S.  Lundgren  f 


Stationary  isotropic  turbulence  is  often  studied  numerically  by  adding  a  forcing  term 
to  the  Navier-Stokes  equation.  This  is  usually  done  for  the  purpose  of  achieving  higher 
Reynolds  number  and  longer  statistics  than  is  possible  for  isotropic  decaying  turbulence. 
It  is  generally  accepted  that  forcing  the  Navier-Stokes  equation  at  low  wave  number  does 
not  influence  the  small  scale  statistics  of  the  flow  provided  that  there  is  wide  separation 
between  the  largest  and  smallest  scales.  It  will  be  shown,  however,  that  the  spectral 
width  of  the  forcing  has  a  noticeable  effect  on  inertial  range  statistics.  A  case  will  be 
made  here  for  using  a  broader  form  of  forcing  in  order  to  compare  computed  isotropic 
stationary  turbulence  with  (decaying)  grid  turbulence.  It  is  shown  that  using  a  forcing 
function  which  is  directly  proportional  to  the  velocity  has  physical  meaning  and  gives 
results  which  are  closer  to  both  homogeneous  and  non-homogeneous  turbulence. 

Section  1  presents  a  four  part  series  of  motivations  for  linear  forcing.  Section  2  puts 
linear  forcing  to  a  numerical  test  with  a  pseudospectral  computation. 


1.  Motivation  for  Linear  Forcing 

1.1.  Linearity  of  energy  production  in  non-homogeneous  turbulence 
In  shearflow  turbulence  the  equation  for  the  fluctuating  part  of  the  velocity,  u',  is 

+  u  •  Vu'  -f-  u'  •  Vu  +  u'  •  Vu'  -  V  •  u'l?  =  -Vp'lp  -h  (1) 

at 

The  third  term  on  the  left,  u'  •  Vu  appears  in  the  turbulent  energy  equation  as  the  energy 
production  term,  <  u'  •  Vu  •  u'  >.  (Both  angle  brackets  and  overbars  are  used  to  denote 
averages.)  In  (1)  it  appears  as  a  forcing  term  proportional  to  u'.  This  suggests  that  for 
isotropic  homogeneous  turbulence  it  might  be  appropriate  to  force  a  stationary  flow  with 
a  driving  term  proportional  to  the  velocity.  Of  course,  for  isotropic  turbulence  there  is 
no  mean  velocity  gradient,  so  the  only  way  to  have  the  flow  be  isotropic  and  stationary 
is  to  have  the  forcing  be  isotropic.  It  is  proposed  here  to  use 

^  4-  u  •  Vu  =  - Vp/p  +  i/V^u  +  f  (2) 


with  the  driving  force 


f  =  Qu  , 


(3) 


where  Q  is  a  constant.  The  prime  on  the  velocity  has  been  omitted  here  and  henceforth 
with  the  understanding  that  <  u  >=  0.  The  turbulent  energy  equation  is  now 


ia<u-u> 

2  Ft 


=  -e  +  Q  <  u-u  >, 


(4) 


where 


e  =  -1/  <  u  •  V^u  > 


f  University  of  Minnesota 


(5) 
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is  the  mean  dissipation  rate  and  the  last  term  could  be  called  isotropic  turbulent  produc¬ 
tion.  For  stationary  turbulence  therefore  (setting  the  time  derivative  to  zero) 

Q  =  e/SU^  (6) 

where  ?7^=<u-u>  /3is  the  mean  square  of  one  component  of  the  velocity.  The 
proposal  is  to  numerically  solve 

5^+u- Vu  =  -Vp//)  +  vV2u  +  (e/3[/>  (7) 

at 

with  the  objective  of  comparing  the  statistics  with  those  of  grid  flow  turbulence.  Equa¬ 
tion  (7)  has  the  property  that  the  rest  state  is  unstable  to  long  waves.  Therefore  solutions 
cannot  decay  to  zero  but  must  transfer  energy  to  shorter  waves  in  order  to  dissipate  en¬ 
ergy.  Some  reasons  are  given  below  for  expecting  computational  results  to  be  comparable 
with  experiments  for  inertial  scales  of  turbulence. 


1.2.  Linear  forcing  of  the  Karman-Howarth  equation 
A  derivation  of  the  Karman-Howarth  equation,  following  the  steps  given  in  detail  by 
Landau  and  Lifshitz  (1959),  but  including  a  forcing  term  as  in  (2),  gives 

4r  = 

dt  2  dt  6  dr^  ^ 

h  Jo  +  (8) 

where  B2(r,t)  and  B^{r,t)  are  second  and  third  order  longitudinal  structure  functions, 
X2  =  Xi  +  r  and  r  =  |r|.  With  f  given  by  (3),  the  last  term  can  be  written 

i  J  2Qr^Rii(r,t)dr  (9) 

where  Rij{r^t)  —<  Ui{xi,t)uj{xi  +  r,t)  >  is  the  velocity  correlation  tensor.  Since  the 
trace  of  the  correlation  tensor  is  related  to  the  second  order  structure  function  by 

=  (10) 

(9)  can  be  integrated  to  the  form 

2QU^-QB2{r,t)  .  (11) 


Using  this  with  Q  given  by  (6),  and  dropping  the  time  derivatives  for  stationary  turbu¬ 
lence,  gives  the  result 


2 

3C/2 


_l_^  ^dB2 

r^  dr  dr 


in  which  e  is  a  constant  given  by  (5).  This  differs  from  the  standard  decaying  version  of 
the  Karman-Howarth  equation  which  is 


_2  ldB2 
3^  2  dt 


6  dr  ^  r'^  dr  dr 


where  here  e  is  a  function  of  time  given  by 


2dU^  _1^v(PB2 
2  dt  "  2  dr‘^ 


0 


(14) 
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The  Kolmogorov  law  may  be  derived  from  (12),  by  the  method  of  matched  asymp¬ 
totic  expansions,  in  a  manner  similar  to  that  employed  by  Lundgren  (2002)  to  get  that 
law  from  (13)  but  without  the  necessity  of  using  similarity  in  time.  The  result  is  the 
same: 

B2  =  C^U^irlLf^^  =  C72(er)2/3  (15) 

where  L  =  U^/e  and  e  and  are  independent  of  time  now. 

Equation(12)  can  be  integrated  to  obtain  Bs  in  terms  of  B2,  as 


Bs  =  61/ 


dB2 

dr 


4  2e  1  r 


r^B2dr  . 


(16) 


Using  (15)  for  B2  gives  the  simple  result 

W"  Rl  \l)  17  \l) 

This  may  be  rewritten  using  the  Taylor  microscale  A  to  scale  r: 


(17) 

(18) 


Here  Rl  =  UL/u\  Ri  =  R\l^^  relates  Rx  and  Rl  and  A/I  =  IB/Rx  relates  A  and 
I.  The  corresponding  result  for  decaying  turbulence  (Lundgren  2002;  Lindborg  1999)  is 
almost  the  same: 


where  n  is  the  energy  decay  exponent  (U^  oc  t“”).  Equations  (18)  and  (19)  would  be 
exactly  the  same  if  n  =  2,  which  is  not  a  realistic  decay  exponent;  n  =  1.2  is  often 
observed  and  n  =  4/3  is  the  maximum  value  possible.  These  equations  give  a  Reynolds 
number  correction  to  the  Kolmogorov  “4/5”  law  showing  that  it  is  approached  slowly  as 
00.  When  C2  =  2  and  n  =  1.2  the  compensated  forms  have  maxima  at  r/A  =  1.23 
(for  linearly  forced  turbulence)  and  r/A  =  1.11  (for  decaying  turbulence). 

The  similarity  of  these  equations  can  be  seen  in  Figure  1  where  they  are  plotted  for 
=  350  and  compared  with  an  experiment  in  a  turbulent  jet. 


1.3.  Normalized  decaying  turbulence 

Consider  (7)  again,  with  and  without  the  isotropic  forcing  term.  In  the  stationary  case 
with  forcing  introduce  dimensionless  variables 

v  =  u/C/,  x  =  r/I,  T  =  tU/L  (20) 

where  U  and  L  =  U^/e  are  constants.  A  simple  change  of  variables  gives 

^+y.Vv  =  -VP  +  R7^V^u+lv  .  (21) 

or  o 

Now  consider  the  case  without  the  forcing  term,  with  the  change  of  variables 


v  =  u/U(t),  x  =  r/L(t), 


(22) 
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Figure  1.  Compensated  third  order  structure  function  vs.  r/A  at  R\  =  350.  The  data  points  are 
from  a  laboratory  jet  (Gagne,  2002)  at  the  same  value  of  Rx.  The  long  dashed  curve  is  from  (19). 
The  dashed  curve  is  the  linear  forcing  result  from  (18).  The  solid  line  is  from  the  computation 
of  section  2  using  the  scaling  law  to  extrapolate  from  Ha  =  170  to  Ha  =  350. 

The  equation  transforms  to 

+  V  •  Vv  =  -VP  +  Rl^V'^v  -  •  Vv.  (23) 

Using  €  =  -|^  and  L  -  U^/e  the  coefficient  of  v  is  so 

|l+vVv  =  -VP  +  P7^V2v+iv  +^x-Vv.  (24) 

dr  ^3  6/ 

While  this  is  not  exactly  the  same  as  (21)  because  of  the  last  term,  it  is  apparent  that 
energy  decay  has  the  effect  of  an  isotropic  forcing  term.  Note  also  that  if  a  then 
€  oc  and  L=^U^/eo:  So  L  would  be  zero  if  n  =  2.  In  this  case  the  equations 

would  be  the  same  except  for  the  time  dependence  of  H^. 

1.4.  Comparison  with  low  wavenumber  forcing 

In  this  subsection  a  more  general  forcing  function  is  applied  to  the  Karman-Howarth 
equation  in  order  to  show  that  the  forcing  range  has  a  significant  effect  on  the  third  or¬ 
der  compensated  structure  function  and  presumably  on  any  inertial  range  statistics.  This 
analysis  is  carried  out  in  detail  in  Appendix  I  and  only  summarized  here.  A  Gaussian 
filter  is  applied  to  the  velocity  field,  filtering  out  a  variable  part  of  the  high  wavenumber 
content.  This  filtered  velocity  is  used  as  a  forcing  function  for  the  Karman-Howarth  equa¬ 
tion.  In  one  limit  there  is  uniform  linear  forcing.  The  results  of  a  calculation  are  shown 
in  Figure  2a  for  different  values  of  KL,  Here  K  is  the  width  of  the  filter;  wavenumbers 
greater  than  K  are  filtered  out.  When  K  is  small  only  low  wavenumbers  are  forced,  while 
if  K  — ►  00  forcing  is  uniform  over  all  wavenumbers.  The  figure  shows  the  compensated 
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Figure  2a.  Third  order  compensated  structure  functions  for  variations  of  the  forcing  range  com¬ 
puted  from  (A17).  The  curves  are  (from  the  bottom)  for  KL=^  1000, 100, 25, 10, 5, 3.  The  lowest 
curve  (KL  -  1000)  is  close  to  the  linear  forcing  result  from  (18).  All  the  curves  are  computed 
for  Rx  =  1000. 


Figure  2b.  Solid  curves,  third  order  compensated  structure  function  vs.  r/r)  for  KL  =  5  and 
Rx  =  125,284,381,460  from  the  bottom  up.  This  compares  with  the  low  wavenumber  forced 
computation  of  Gotoh  et.  al.  (2002)  at  the  same  Reynolds  numbers  (compare  their  Fig.  12).  The 
maximum  values  shift  to  the  right  and  increase  with  increasing  Rx  in  a  similar  manner.  The 
maxima  are  .70,  .76,  .77,  .78  comparing  with  ,66,  .77,  .78,  .76  from  Gotoh.  The  dashed  curves 
are  for  linear  forcing  at  the  same  values  of  Rx  from  (18)  showing  the  differences. 
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Figure  3.  Time  History  of  Rx  with  linear  forcing.  Numerical  data  for  the  following  figures  was 
taken  over  a  time  range  of  about  .5  near  T=10,  where  Rx  =  170. 


third  order  structure  function  for  different  values  oiKL  for  Rx  =  1000.  When  KL  =  1000 
the  curve  is  nearly  the  same  as  computed  from  (18).  As  /CL  decreases  the  maximum  value 
moves  to  the  right  and  increases  towards  4/5,  greatly  distorting  the  structure  function 
in  the  inertial  range. 

Figure  2b  shows  compensated  structure  functions  for  several  values  of  Rx  for  the  single 
value  KL  =  S.  This  was  constructed  in  order  to  compare  with  the  high  resolution  DNS 
of  Gotoh  et.  al.  (2002),  which  was  driven  by  white  noise  in  a  low  wavenumber  band 
which  corresponds  roughly  to  a  Gaussian  filter  with  width  KL  =  5,  (In  their  numerics 
at  Rx  =  460  L  ~  2.5,  making  A'  =  2  which  is  in  approximate  accord  with  their  forcing 
range  of  1  <  k  <  \/6.) 


2.  Pseudospectral  Computation  with  Linear  Forcing 

Computations  have  been  carried  out  with  a  Rogallo/Wray  pseudospectral  code,  mod¬ 
ified  slightly  to  accomodate  linear  forcing.  This  was  done  with  (256)^  resolution  with 
1/  =  .003,  box  size  2tt  on  a  side,  and  time  scale  set  by  taking  Q  =  1.  Figure  3  shows 
the  time  history  of  Rx  during  a  lengthy  run.  As  can  be  seen  the  computation  is  not 
exactly  stationary  (but  should  be  statistically  stationary  after  an  initial  transient).  The 
instantaneous  value  of  e/SC/^  (not  shown  here)  fluctuates  about  unity  by  about  ±20%. 
There  are  fairly  stationary  periods,  however.  Data  for  the  following  figures  was  taken  in 
a  relatively  stationary  period  near  T  =  10  where  Rx  =  170. 

Figure  4  shows  the  energy  spectrum  versus  kri.  The  spectrum  is  a  little  shallower  than 
^-5/3  upper  straight  line  on  the  figure).  Mydlarski  and  Warhaft  (1996)  indicate 
approximately  at  this  Reynolds  number  for  grid  flow  turbulence. 
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Figure  4.  Energy  spectrum  in  Kolmogorov  variables  for  Rx  —  170.  The  upper  straight  line  is 
and  the  lower  one  is 


Figure  5.  Compensated  even  order  structure  functions  versus  r/A  for  Rx  =  170.  Solid  lines  are 
curve  fit  using  (25).  The  solid  straight  lines  are  an  extrapolation  to  =  C)0  using  V2,  Vi,  Ve. 


In  Figure  5  compensated  structure  functions  of  second,  fourth,  and  sixth  order  are 
plotted  versus  r/A.  The  minimum  separation  between  two  points  (27r/256)  is  very  nearly 
.2A.  The  output  was  taken  by  averaging  over  all  pairs  of  points  along  the  x  direction  with 
separation  r  (which  is  a  multiple  of  .2A).  For  each  structure  function  there  are  six  curves 
(the  lighter  long-dashed  curves  on  the  figure),  one  each  for  times  separated  by  1000  time 
steps.  The  total  elapsed  time  for  5000  time  steps  is  about  .5  time  units  on  Figure  3.  The 
spread  of  these  curves  indicates  the  random  nature  of  the  output  even  after  the  spatial 
averaging. 
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Figure  6.  Odd  order  compensated  structure  functions  for  Rx  =  170.  Curve  fit  same  as  in  Figure 
5. 


The  pth  order  compensated  structure  function  should  take  the  form  (Lundgren  2003) 

=  V,(l-  +  Bp(r/A)-V3))  (25) 

This  gives  Reynolds  number  corrections  to  Kolmogorov  (1941)  theory  and  can  be  re¬ 
garded  as  a  scaling  law.  If  the  parameters  Vp,  Ap,  Bp  were  determined  for  some  Re5molds 
number  (numerically  or  by  experiment)  one  could  extrapolate  the  data  to  another  Reynolds 
number.  The  coefficients  for  p  =  2, 3, 4, 5, 6  were  determined  as  follows.  The  six  time  sets 
were  truncated  to  about  .5  <  r/A  <  5  in  order  to  get  the  upper  parts  of  the  sets,  roughly 
centered  about  the  maxima.  These  were  accumulated  into  into  a  single  set,  which  looks 
like  a  lot  of  scattered  experimental  points.  Then  using  a  nonlinear  curve  fitting  algorithm 
(on  xmgr)  the  coefficients  Vp^Ap^Bp  were  determined  for  Rx  =  170  {Rx^^^  =  .033).  The 
values  are  shown  in  the  table  below. 


p 

Vp 

Ap 

Bp 

(v  /  A)niax 

VpM 

2 

2.11 

2.62 

6.15 

2.17 

1.05 

3 

-.824 

6.56 

3.75 

1.07 

-.137 

4 

15.24 

4.85 

7.65 

1.78 

.635 

5 

-16.91 

7.81 

4.53 

1.08 

-.141 

6 

197.5 

6.56 

6.87 

1.45 

.274 

Table  1.  Coefficients  for  (25).  Fifth  column  is  position  of  maximum  of  B^/er,  Sixth 
column  compares  Vp  with  p!. 


The  fit  curves  are  shown  as  heavy  lines  which  approximate  the  data  fairly  well.  These 
should  be  thought  of  as  time  averages  of  the  six  curves  of  each  set.  The  horizontal  straight 
lines  above  each  set  are  the  curves  J9p/(er)P/^  =  Vp,  representing  an  extrapolation  to 
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Figure  7.  Second  and  third  order  structure  functions  repeated  from  figures  5  and  6  on  a  semilog 
plot  in  order  to  better  show  the  nature  of  the  curve  fit. 


Rx  ^  oo.  In  particular  note  that  the  horizontal  line  above  the  second  order  stucture 
function,  V2  =  2.11,  is  an  acceptable  value  for  that  asymptote. 

The  third  and  fifth  order  structure  functions  were  treated  in  the  same  way  and  shown 
in  Figure  6.  The  individual  sets  show  much  more  scatter  than  the  even  order  structure 
functions  because  of  cancellation  between  the  left  and  right  sides  of  the  almost  symmetric 
pdfs.  Note  the  value  V3  =  .824.  This  should  be  exactly  .8,  the  Kolmogorov  “4/5”  law. 
Figure  7  repeats  the  B2  and  curves  from  Figures  5  and  6  on  a  semilog  plot. 

The  maxima  of  the  compensated  structure  functions  have  positions  which  scale  with  A. 
For  even  orders  the  positions  shift  towards  smaller  values  with  increasing  order.  For  odd 
orders  there  is  not  much  shift.  The  rapid  increase  of  the  magnitude  of  the  even  orders 
with  increasing  order  required  that  they  be  presented  on  a  log-log  plot  in  order  to  show 
them  on  the  same  figure.  A  rapid  increase  of  moments  like  p!,  as  seen  in  the  table,  is  a 
signature  for  exponential  tails  on  the  pdf.  This  is  observed  approximately  in  Figure  8. 

An  example  of  extrapolation  for  the  third  order  structure  function  is  shown  in  Figure 
1,  where  the  curve  fit  values  of  Vs,  AzyB^  are  used  to  extrapolate  to  Rx  ==  350  {Rx^^^  — 
.020).' 

Figure  8  is  the  final  figure.  This  shows  the  velocity  pdf  versus  vjcj  where  v  is  the  velocity 
difference  between  two  points  along  the  x  direction  and  a  is  the  standard  deviation, 
a  =<  In  these  variables  the  average  and  the  second  moment  are  both  unity. 

The  outermost  curve  is  as  close  to  the  pdf  of  the  velocity  derivative  as  can  be  reached 
with  this  resolution.  The  fluctuations  in  the  tails  were  ameliorated  to  some  extent  by 
accumulating  the  pdfs  over  10  successive  time  steps  (in  addition  to  spatial  averaging). 


3.  Conclusions 

There  were  two  objectives  to  this  research.  The  first  was  to  show  that  it  is  desirable  and 
useful  to  compute  stationary  isotropic  turbulence  with  a  forcing  function  which  is  a  simple 
linear  function  of  velocity,  which  thus  forces  uniformly  at  all  wavenumbers.  This  was  done 
by  analysis  of  of  a  forced  Karman-Howarth  equation,  which  allows  calculation  of  third 
order  structure  functions  in  terms  of  second  order  structure  functions.  This  allowed  a 
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Figure  8.  pdf  of  velocity  difference  vs.  v/a^a  =<  The  curves  are  for  values  of  the 

separation.  From  the  outside  r/A  =  2.,  .4,  .6, 1.0, 1.4, 2.0, 2.4 


favorable  comparison  between  decaying  isotropic  turbulence  and  linearly  forced  isotropic 
turbulence  in  subsection  1.2. 

By  applying  filtered  linear  forcing  to  the  Karman-Howarth  equation  it  was  shown  that 
forcing  at  low  wavenumber  has  a  large  effect  on  third-order  structure  functions,  and  would 
very  likely  influence  all  inertial  range  statistics,  in  partcular  it  could  affect  the  computa¬ 
tion  of  anomalous  exponents.  The  third  order  structure  function  with  low  wavenumber 
filtered  forcing  was  compared  with  high  quality  DNS  (Gotoh  et.  al.,  2002)  and  linear 
forcing  was  compared  with  experiments  of  Gagne  (2002).  The  differences  between  low 
wave  number  forcing  and  linear  forcing  were  considerable,  as  seen  in  Figure  2b,  with  low 
wavenumber  forcing  approaching  the  four-fifths  law  too  rapidly  with  increasing  Reynolds 
number. 

The  second  objective  was  to  compute  a  moderate  resolution  DNS  of  box  turbulence 
with  linear  forcing  to  show  the  feasibility  of  such  a  computation.  This  was  done  in  section 
2.  Compensated  structure  functions  of  second  through  sixth  order  were  computed  at 
Rx  =  170.  It  was  shown  that  these  could  be  fit  with  an  Rx^^^  scaling  law,  determining 
the  coefficients  to  fit  equation  (25).  (The  analysis  which  produced  this  law  (Lundgren 
2003)  applies  equally  to  the  forced  Navier- Stokes  equation.)  The  usefulness  of  the  scaling 
law  was  demonstrated  in  Figure  1,  where  the  third-order  structure  function  computed  at 
=  170  was  extrapolated  to  Rx  =  350  (the  solid  curve  in  Figure  8  was  extrapolated 
to  the  solid  curve  in  Figure  1),  where  it  compares  with  the  Karman-Howarth  results  and 
with  experiment. 
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5.  Appendix  I.  Filtered  Forcing. 

With  a  general  forcing  term,  the  integrated  Karman-Howarth  equation  is 

Bs  =  -  ^  f  rdr  f  <  U2  •  fi  +  Ui  •  f2  >  .  (Al) 

dr  5  Jo  Jo 

It  is  desired  to  develop  a  general  case  which  includes  forcing  at  small  wavenumbers 
and  also  broader  forcing.  A  simple  model  takes  the  forcing  function  proportional  to  the 
velocity,  but  with  a  variable  part  of  the  high  wavenumber  end  filtered  out  with  a  Gaussian 
filter.  A  filtered  velocity  in  Fourier  space  may  be  written 

u<(k)  =  p;,(fc)u(k)  (A2) 

where  the  filter  and  its  transform  are 

gK(x)  =  j  exp(ik  •  x)gK{k)dk  (i43) 

gK(k)  =  -^2^  J  exp(-ik  •  x)gK{x)dx  (^44) 

It  is  assumed  that  5ic(0)  =  1  so  that 

j  gK{x)dx={2Trf  .  (^5) 

For  a  Gaussian  filter 

=  exp(-.5A:Vi^")  • 

This  filters  out  wavenumbers  k>  K  iox  0  <  K  <  oo\  K  —  oo  is  the  uniform  forcing  case. 
The  transform  of  qk  is 

p^(x)  =  (27r)3/2ii:3exp(-ii:V/2)  .  (^17) 

In  general  the  filtered  physical  space  velocity  is  given  by  a  convolution: 

u<(x)  =  ^^  y ffJf (|x  -  sl)u(s)ds  .  (^8) 

The  forcing  function  will  be  assumed  to  be  f  =  where,  since  €  =<  u  •  f  > 

Q  =  e/  <  u  •  u<  >  .  (A9) 


Prom  (A8) 

<  u  •  u<  >=  J  9k{\^  “  s|)  <  u(s)  •  u(x)  >  ds  (AlO) 

where 

<  u(s)  •  u(x)  >=  Rii{\x  ~  s|)  (All) 

is  the  trace  of  the  correlation  function  given  by  (10).  By  using  (A9)  and  (AlO)  the  force 
correlation  in  (Al)  may  be  written 


<  U2  •  fi  +  Ui  •  f2  >= 


g  /gA:(|x-s|)i?ii(s)cis 
S  9Kis)Rii{s)ds 


(.412) 


Substituting  this  into  (Al)  gives 


Bs  =  61/ 


dB 


2 


dr 


(A13) 
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|€r(27r)^3f/2  +  ^  Jo  rdr  fg  r'^drJgitHs  -  r|)(  -  i^^s®J52(s))<fe 
(2x)33f/2  +  j9K{s)i-  l^£s^B2{s))ds  ^ 

where  the  integration  over  the  3Z73  part  of  Ru  was  done  using  (A5)  and  JJ  rdr  fj  r'^dr  = 
r® /15.  In  the  upper  integral  do  the  integration  over  the  angle  variables  with  the  Gaussian 
filter,  obtaining 

"  S*r(ls  -  r|)  sm{e)d0dcl>  =  {2-!r)^/^KB{s,  r)  (A14) 


/ 


where 


B{s,r)  = 


[exp{—.5K^{s  -  r)3)  —  exp(—.5K^(s  +  r)^)) 


sr 


{A15) 


is  a  temporary  notation.  Now  do  the  integration  by  parts  on  s,  which  shifts  the  differen¬ 
tiation  onto  B{s,r).  The  following  identity  may  be  proved 

(^,e) 

ds  dr 

where 

A(s,  r)  =  (1  -  K'^sr)  exp(-.5K'^{s  -  r)^)  -  (1  4-  K^sr)  exp{-.5K‘^{s  +  r)^)  . 

Because  of  the  l/r^  factor  in  (A16)  the  inner  /  r^dr  may  be  carried  out,  resulting  in  the 
near-final  form 

61,3  I  +  (27r)~ ^3  JJ-  j-dr  A(5,  r)b2{s)sds 


Bz 

er  Rl  dr  1  -  {2Tr)-^/^K^^  J^  exp{-.5K^s^)b2{s)s^ds 


(A17) 


where  62  =  The  double  integrals  have  to  be  integrated  numerically  with  an 

assumed  function  for  B2-  An  appropriate  form  is 

B2  =  2C/2tanh(.5C2(r/L)2/3)  (A18) 

which  gives  the  Kolmogorov  two-thirds  law  for  small  r/L  and  tends  to  the  proper  limit 
2?/^  r/L  00. 
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Transition  in  hypersonic  flows  including 
high-temperature  gas  effects 

By  Christian  Stemmer  f 


1.  Motivation  and  Objective 

Hypersonic  transition  poses  a  special  challenge  for  direct  numerical  simulations.  Com¬ 
parable  data  from  Wind-tunnel  tests  or  free-flight  testing  are  not  available  or  not  accurate 
enough  for  comparison.  The  wind-tunnel  testing  does  not  allow  for  the  exact  match  to 
the  free-flight  conditions  at  such  high  Mach-numbers. 

Flat-plate  boundary-layer  transition  at  high  Mach-numbers  is  investigated  in  this  work. 
A  simulation  case  was  chosen  where  chemical  non-equilibrium  plays  an  important  role 
but  ionization  can  be  neglected.  The  chosen  case  at  an  altitude  of  H=50Km  lies  close 
to  one  point  on  the  descent  path  of  the  Space  Shuttle.  The  failure  of  the  Space  Shuttle 
has  shown  that  an  improved  vehicle  for  space  transportation  is  imperative  in  the  close 
future.  Transition  research  for  an  improved  space-transportation  vehicle  is  crucial  in  order 
to  estimate  the  heat  load  during  re-entry. 


2.  Numerical  Method 

A  sixth-order  accurate  numerical  method  (Adams  Sz  ShariflP  1996;  Adams  1998,  2000) 
is  extended  to  incorporate  chemical  source  terms  and  a  conservation  equation  for  the 
vibrational  temperature  (Stemmer  Sz  Mansour  2001).  This  is  necessary  for  the  simulation 
of  chemical  non-equilibrium  which  is  present  in  the  investigated  regime. 

Compact  finite  differences  are  employed  and  the  grid  is  stretched  in  the  wall-normal 
direction.  Periodic  conditions  in  the  spanwise  direction  are  enforced.  A  third-order  ac¬ 
curate  Runge-Kutta  method  is  used  for  the  advancement  in  time.  Shocks  can  be  treated 
separately  through  a  hybrid  ENO  method,  which  is  applied  only  in  the  areas  where 
shocks  are  present. 

For  the  presented  simulation,  a  resolution  of  1500  x  240  x  6  points  in  x,  y  and  z- 
direction  was  used.  This  yields  a  resolution  of  Arc  =  0.066,  Aymin  ==  7.717  •  10”^  and 
Az  =  0.146,  where  the  lengths  are  made  dimensionless  with  the  boundary-layer  thickness 

=  0.2197m. 


3.  Results 

A  comparison  for  the  steady  base-flow  results  for  three  different  cases  is  presented. 
Firstly,  the  ideal-gas  case  is  considered.  The  second  case  considers  chemical  equilibrium 
and  at  last,  the  chemical  non-equilibrium  case  is  calculated. 

The  most  notable  difference  for  the  three  steady  flows  is  in  the  temperature  which  is 
shown  in  the  following  graphs.  The  wall-normal  profiles  of  the  five  chemical  species  are 
also  shown. 

t  Current  Address:  Institut  fur  Stromungsmechanik,  Technische  Universitat  Dresden, 
George-Bahr-Str.  3c,  01069  Dresden,  Germany 
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Figure  1.  Ideal  gas  case;  temperature  in  the  FIGURE  2.  Chemical  equilibrium  case:  temper* 
M=20  boundary  layer;  contours  in  intervals  of  ature  in  the  M=20  boundary  layer;  contours  in 
200K  from  200-5000K  intervals  of  200K  from  200-5000K 


Figure  3.  Chemical  non-equilibrium  case;  FIGURE  4.  Chemical  non-equilibrium  case:  vi- 
temperature  in  the  M=20  boundary  layer;  con-  brational  temperature  in  the  M=20  bound- 
tours  in  intervals  of  200K  from  200-5000K  ary  layer;  contours  in  intervals  of  200K  from 

200-5000K 

For  the  ideal-gas  case  (Fig.l),  the  similarity  solution  given  at  the  inflow  (Re=1.13  x 
10®)  exhibits  a  maximum  temperature  of  T=4773.2K  at  2/=0.033m  away  from  the  wall. 
This  temperature  is  approximately  retained  in  the  growing  boundary  layer. 

For  the  chemical  equilibrium  case  (Fig. 2),  after  a  short  accommodation  effect  down¬ 
stream  of  the  similarity  solution  inflow,  shows  a  maximum  temperature  of  r=4478K  for 
a  given  downstream  location  of  x=5.0m  at  a  wall-normal  distance  of  2/=0.047m.  This 
constitutes  a  decrease  in  temperature  of  At=6.2%. 

For  the  chemical  non-equilibrium  case  (Fig.3),  the  development  of  the  non-equilibrium 
conditions  takes  somewhat  longer  and  the  maximum  temperature  drops  to  T=2028K  at 
y~0,066m  at  the  same  downstream  location.  The  vibrational  temperature  in  this  case 
is  shown  in  Fig.4.  The  vibrational  temperature  at  T=2100K  is  close  to  the  level  of  the 
translational  temperature,  but  the  maximum  is  observable  closer  to  the  wall  at  y=0.042m 
for  the  same  downstream  location. 

The  wall-normal  profiles  of  the  species  concentrations  for  the  chemical  equilibrium 
case  are  shown  in  Fig.5  and  for  the  non-equilibrium  case  in  Fig.6.  In  both  cases,  the 
concentrations  of  the  species  N  and  NO  are  multiplied  by  a  factor  in  order  to  make  them 
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Figure  5.  Chemical  equilibrium  case:  concen¬ 
tration  of  chemical  species  (cjv  x  5 - ;  cn2 

- ;  Co - ;  C02 - ;  c^o  x  10 - ) 


Figure  6.  Chemical  non-equilibrium  case:  con¬ 
centration  of  chemical  species  (cjv  x  10 - ; 

CN2 - ;  Co - ;  C02 - ;  cjvo  x  10 


visible  in  the  chosen  graph  range.  In  the  equilibrium  case,  the  concentrations  are  a  direct 
function  of  the  temperature  distribution  as  shown  in  Fig.2.  The  temperatures  are  high 
enough  to  almost  entirely  dissociate  molecular  oxygen  inside  the  boundary  layer.  Nitrogen 
is  dissociated  to  a  lesser  extent  and  the  molecular  level  remains  at  almost  50%  for  the 
maximum  temperature  of  T=4478K.  For  the  non-equilibrium  case,  the  deviation  from 
the  equilibrium  state  is  most  noticeable  closer  to  the  wall.  The  maximum  dissociation 
levels  are  attained  at  y=0.02m  and  the  maximum  level  of  NO  is  reached  a  little  further 
away  from  the  wall  at  ?/=0.045m  for  the  same  downstream  location  x=5.0m. 


4.  Future  Work 

Normal  and  oblique  mode  transition  studies  for  the  described  Ma=20  flow  will  be 
performed.  Simulations  will  be  undertaken  to  provide  for  chemical  and  thermal  non¬ 
equilibrium  conditions. 

To  mimic  closer  the  introduction  of  disturbances  in  an  experimental  environment, 
a  point  source  disturbance,  Stemmer  (2001),  will  be  introduced.  Therewith,  a  single 
frequency  but  all  possible  spanwise  wave  numbers  can  be  excited  simultaneously  leaving 
it  to  the  flow  to  amplify  the  unstable  components  of  the  disturbance. 

Laminar-turbulent  transition  scenarios  under  varying  disturbance  conditions  will  be 
investigated  to  understand  more  about  the  physical  behavior  of  chemically  reacting  flows 
in  transition  on  a  flat  plate. 

Qualitative  comparison  to  the  experiments  by  Mironov  Sz  Maslov  (2000)  will  be  con¬ 
ducted. 
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1999,  Keldysh  Institute  of  Applied 
Math,  Russia) 

Solar  dynamics 

YOUNG,  Dr.  Yuan-Nan 

9/02  -  present 

(Ph.D.  Astronomy  &  Astrophysics, 
2000,  University  of  Chicago) 

Turbulence  in  multi-phase 
flows 

SR.  RESEARCH  ASSOC. 

WANG,  Dr.  Meng 

9/92-present 

(Ph.D.  Mech.  Engr.,  1989, 

University  of  Colorado) 

Aeroacoustics,  LES 

FATICA,  Dr.  Massimiliano 
10/95-present 

(Ph.D.  Fluid  Mechanics,  1995, 

Univ.  of  Rome,  Italy) 

Parallel  computing 

RESEARCH  ASSOCIATES 

APTE,  Sourabh,  Dr. 

9/00-present 

(Ph.D.  Engineering,  2000, 
Pennsylvania  State  University) 

Large  eddy  simulation  of 
multiphase  flows 

CONST ANTINESCU,  Dr. 

George 

11/99-7/03 

(Ph.D.  Environmental  Eng.  1998 
University  of  Iowa) 

LES  for  complex  geometries 

DUBIEF,  Dr.  Yves 

5/01 -present 

(Ph.D.  Fluid  Mechanics,  2000, 
Institute  National  Polytechnique  de 
Grenoble,  France) 

Polymer  drag  reduction 

lACCARINO,  Gianluca 
4/98-present 

(Masters  Aeronautical  Engineering, 
1994,  University  of  Naples,  Italy) 

Turbulence  modeling 

KALITZIN,  Dr.  Georgi 

1/97  -  present 

(Ph.D.  Mechanical  Engineering, 

1992  University  of  Magdeburg, 
Germany) 

Turbulence  modeling  & 
numerical  methods 

Wu,  Xiaohua 

7/03  -  present 

(Ph.D.  Mechanical  Engineering, 

1993  Manitoba,  Canada) 

RANS/LES  Integration 
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SCHLUTER,  Dr.  Jorg, 

10/00-present 

(Ph.D.  Mechanical  Engineering, 
2000,  CERFACS,  France) 

RANS/LES  integration 

SR.  VISITING  FELLOWS 

ABARZHI,  Dr.  Snezhana 

9/02  -  present 

Landau  Institute  for  Theoretical 
Physics,  Moscow 

Hydrodynamic  instabilities 
and  turbulent  mixing 

DIETRICH,  Dr.  David 

2/03-3/03 

Acusea  Inc. 

Turbulent  ocean  modeling 

FEDOTOV,  Dr.  Sergei 

8/03-9/03 

Univ.  Manchester  Inst,  of  Science 
and  Technology,  U.K. 

Turbulent  combustion 

HE,  Dr.  Guo-wei 

5/1/03-10/30/03 

Chinese  Academy  of  Sciences, 
Institute  of  Mechanics,  China 

LES  for  aeroacoustics 

SR.  RESEARCH  FELLOWS 

JIMENEZ,  Prof.  Javier 

1987-present 

University  of  Madrid,  Spain 

Wall  turbulence 

Lundgren,  Thomas 

1999-present 

University  of  Minnesota 

Turbulence  &  multiphase 
flows 

NAME/TERM 

AREA  OF  RESEARCH 

GRADUATE  STUDENTS 

BHASKARAN,  Rathakrishnan 
6/02-3/03 

(Stanford  University) 

Plasma  flow  control 

VENAYAGAMOORTHY,  Karan 
1/03-9/03 

(Stanford  University) 

Stratified  turbulence 

TSENG,  Yu-Heng 

6/02-6/03 

(Stanford  University) 

Numerical  modeling  of 
coastal  ocean 

KELLENERS,  Philip 

11/02-3/03 

(University  of  Twente) 

Multiphase  flow 
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